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Real Numbers

Students’ Learning Qutcomes
At the end of the unit, the students will be able to:

# Explain, with examples, that civilizations throughout history have systematically studied
living things [e.g., the history of numbers from Sumerians and its development to the present
Arabic syvstem]

Deseribe the set of real numbers as a combination of rational and irational numbers
Demonstrate and verify the properties of equality and inequality of real numbers

Apply laws of indices to simplify radical expressions

Apply concepts of real numbers to real-world problems (such as temperature, banking,

YV VY

measures of gam and loss, sources of meome and expenditure)

1.1 Introduction to Real Numbers

The  history of numbers comprises
thousands  of  years. from ancient : I E (ﬂ ;ﬂ;
![:_;Tilj;-ﬂﬂtiﬂ; .tc;. theﬁ modean Arabic system. s T?T a0 P T[.TIT ;,
ere is a brief overview: 4V 30 (¢ wo B
Sumerians (4500 — 1900 BCE) used a s W an ¢ soo WI-
sexagesimal (base 60) system for counting. & g 600 i -
The Sumerians used a small cone. bead, TR e KK o0 % 1-
large cone, large perforated cone, sphere 8 W E ;ﬁ y o gr"
and perforated sphere, corresponding to 1, o W " o0 i I
) 10 < oo T€¢ | 1000 T4
10, 60 (a large unit), 600.

Egyptians (3000 - 2000 BCE) used a decimal (base 10) system for counting.
Here are some of the symbols used by the Egyptians, as shown in the figure below:

The Egyptians usually wrote numbers left to right, starting with the highest
denominator. For example, 2525 would be written with 2000 first, then 500, 20, and 5.

1| N | € j || Yy iﬂ!

1 10 100 1,000 10,000 100,000 1,000,000
4 I A



Mathematics - 9 Unit = 1: Real Numbers

Romans (300BCE-500CE) used the Roman numerals system for counting.

Roman numerals represent a number system that was widely used throughout Europe
as the standard writing system until the late Middle Ages. The ancient Romans
explained that when a number reaches 10 it is not easy to count on one’s fingers.
Therefore, there was a need to create a proper number system that could be used for
trade and communications. Roman numerals use 7 letlers to represent different
numbers. These are 1, V, X, L. C, DD, and M which represent the numbers 1, 5, 10, 50,
100, 500 and 1000 respectively.

Indians (500 — 1200 CE) developed
the concept of zero (0) and made a
significant  contribution (o the

I
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decimal (base 10) system.

Ancicnt  Indian  mathematicians
have contributed immensely to the
field of mathematics. The invention nm 20

Q
o
8 4
& X
s <

of zero 15 atinbuted to Indians, and

this contribution outweighs all '? '7- 7./_ ? ?;.
500

others made by any other nation r
since it is the basis of the decimal 1000 4000 70000

=e

number system, without which no

advancement in mathematics would have been possible. The number system used today
was invented by Indians, and it is still called Indo-Arabic numerals because Indians
invented them and the Arab merchants took them to the Western world.

Arabs (800 — 1500 CE) introduced Arabic numerals (0 — 9)
to Europe. The Islamic world underwent significant
developments in mathematics. Muhammad ibn Musa al-
Khwarizmi played a key role in this transformation,
introducing algebra as a distinct field in the 9" century, Al-
Khwarizmi's approach, departing from earlier arithmetical
traditions, laid the groundwork for the arithmetization
of algebra, influencing mathematical thought for an extended
period. Successors like Al-Karaji expanded on his work,
contributing to advancements in wvarious mathematical
domains. The practicality and broad applicability of these mathematical methods
facilitated the dissemination of Arabic mathematics to the West, contributing
substantally to the evolution of Western mathematics.

L 2 A




Mathematics - 9 Unit = 1: Real Numbers

Maodern era (1700 — present): Developed modern number systems e.g., binary system
{base - 2) and hexadecimal system (base - 16).

The Arabic system is the basis for modem decimal system used globally today. Its
development and refinement comprise thousands ol years [rom ancient Sumerians (o
modern mathematicians.

[n the modern era, the set { 1.2, 3,,..} was adopted as the counting set. This counting set
represents the set ol natural numbers was extended to set of real numbers which 1s used
most frequently in everyday life.

1.1.1 Combination of Rational and Irrational Numbers
We know that the sct of rational numbers is defined as ¢ {E; P.geE L g+ U}
i

and sct of irrational numbers ((27) confains those clements which cannot be expressed
as guotient of mtegers. The set of Real numbers is the union of the set of rational

numbers and irrational numbers ie., R=0

Real Numbers

[ ]

Rational Numbers Irrational Numbers
Terminating Non-terminating and Non-terminating and
Decimal Recurring Non-recurring
Numbers Decimal Numbers Decimal Numbers

1.1.2 Decimal Representation of Rational Numbers

(i) Terminating Decimal Numbers

A decimal number with a finite number of digits after the decimal point is called a
terminating decimal number.

For example, %::125. 8 —1::.32,5:&.3?5,

55 = =0.8are all terminating decimal

|

numbers,

L 3 A



Mathematics - 9 Unit = 1: Real Numbers

(i) Non-Terminating and Recurring Decimal Numbers

The decimal numbers with an infinitely repeating pattern of digits after the decimal
point are called non-terminating and recurring decimal numbers.

Here arc some examples.

1 ax
3 ={0.333... = 0.3 (3 repeats infinitely)
?1 =0.1666...=0.16 (6 repeats nfinitely)
1
22 i
5 = 3.142857142857... = 3142857 (the pattern 142857 repeats infinitely)
4 - sy
= = 044444 . = 0.4 (4 repeats infinitely)

Non-terminating and recurring decimal numbers are also rational numbers.

1.1.3 Decimal Representation of Irrational Numbers

Decimal numbers that do not repeat a pattern of digits after the decimal point continue
indefinitely without terminating.

Non-terminating and non-recurring decimal numbers are known as irrational numbers.

For examples,

« w=3.1415926535897932... ;:—]27"1‘:‘?2113 called
e e=271828182845904_ uler's Mumber.

+ /2 =1.41421356237309...
Example 1: Identify the following decimal numbers as rational or irrational numbers:

(i)  0.35 (i) 0.444... (i) 35
(iv)  3.36788542.., {v) 1. 709975947, ..
Solution: (1) 0.35 is a terminating decimal number, therefore it is a rational
number.

(11) 0.444... 15 a non-terminating and recurring decimal number,

therefore 1t 15 a rational number,

(i)  3.5=3.5555... is a non-terminating and recurring decimal number,
therefore it is a rational number.

(iv)  3.36788542... is a non-terminating and non-recurring decimal
number, therefore it 15 an wrrational number.

L 4 A



Mathematics - 9 Unit - 1: Real Numbers
(v) 1.709975947 .., is a non-terminating and non-recurring decimal
number, therefore it is an irrational number,

1.1.4 Representation of Rational and Irrational Numbers on Number
Line

In previous grades, we have learnt to represent rational numbers on a number line.
Now, we move 1o the next step and learn how Lo represent irrational numbers on a
number line.

Example 2: Represent «E on a number line.

Solution: -J'Ecan be located on the number line by geometric construction. As,
-\E-= 2.236... which is near to 2. Draw a line of mﬂi=l unit at point 4, where
mOA = 2 units, and we have a right-angled tnangle 045, By using Pythagoras theorem
(maf}:’ = {mﬂj]: + (mﬂ?}z
~@P+(1P=4+1=5 = mOB=+5

|
|
-+ 3 2 1 0 1 2 3 4

A

2

i

e
W

Draw an arc of radius m(}‘3=£tﬂk1ng O as
centre, we got point “FP" representing nE on the @ E'ﬂlt[::::i:n:;} l'ml_ ol A
. e I (i1} Rational no. (£ ) = Irrational no.
number line. So, | OF| —\E it oy
Example 3: Express the following recurring decimals as the rational number E,
q
where p and q are integers.
(1) (0.5 (i1) 093
Solution: (i) 05
Let x= 05
X =1E555558... (1)
Multiply both sides by 10
10x = 10(0.5555...)
L= 558355 - (11)
4 5 A



Mathematics - 9 Unit - 1: Real Numbers
Subtracting (1) from (i1)
10x —x =(5.55555...) = (0.55555...)

Oy =35

3

= " B
0

Which shows the decimal number in the form of E_
(f

(i)  Letx= 093
x=0.939303... ...(Q)
Multiply by 100 on both sides
100x = 100 (0.939393. )
100x =93.939393, a0
Subtracting (i) from (ii)
100x —x=93.930393... — 0.939393 ..
99x = Q3

93 o !
x = — which is in the form of E.
99 g

Example 4 : Insert two rational numbers between 2 and 3.

Selution: There arc infinite rational numbers between 2 and 3.
We have to find any two of them.

T 2+3 5
For this, find the average of 2 and 3 as =—

i . £
S0, E is a rational number between 2 and 3, to find another rational number between
: R .5
2 and 3 we will again find average ol 3 and 3

2 3 Pl 1 What will be the product
1.8, 2 e B gl of two irrational numbers?

2 2 2 4
5 11

Hence, two rational numbers between 2 and 3 are E and I :

1.1.5 Properties of Real Numbers
All calculations involving addition, subtraction, multiplication, and division of real

numbers are based on their properties. In this section, we shall discuss these properties.

L 6 A
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Additive properties

Unit = 1: Real Numbers

Name of the property Va, b ce R Examples
Closure a+be R 2+3=5e R
R at+h=hb+a 2+5=5+2

T=7
a+{b+e)={a+d)+c 2+(3+5)=2+3)+5
Associative 2+8=5+5
10=10
Identity a+0=g=0M ¢ 5+0=5=0+35
Inverse a+(—a)=—a+a= 0 B+ 'I:—E}} — (—ﬁ} Fa=10

Multiplicative properties

Name of the property Va b ce R Examples
Closure ahe R 2x5=10e R
Commutative ab=ba ITxF=Fn2=6< R

2x(3x5)=(2x3)x5

Associative albe)y=(ab)e Ix]5=6%5
30 =30
Identity axl=l1xg=a dx]l=1x%x5=)
1 1 I
Inverse ¥ —=—xg =] Tx—=—xT=
a T 7

Distributive Properties
For all real numbers a, b, ¢

called left distributive

property of multiplication over addition,

called nght distributive

property of multiplication over addition.

(i) alb+c)=ab+acis
(1)

subtraction.
(111) (a+bc=ac+beis
(iv)

subtraction.

0 and | are the additive and
multiplicative identities of real
numbers respectively.

alb—c)=ab—acis called left distributive property of multiplication over

U= 8 has no
IMverse,

multiplicative

(a—b)e=ac—beis called right distributive property of multiplication over
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Properties of Equality of Real Numbers

i |Reflexive property Yacs R, a=u
i |Symmetric property VYabe R, a=b=hbh=a
iii |Transitive property YabceR, a=brb=c=a=c
iv  |Additive property Yabce R, a=b=a+c=b+c
v |Multiplicative property Vabce R, a=b=ac=bc
vi |Cancellation property w.r.t addition Yahce R, atc=b+c=a=5h
vii |Cancellation property w.r.t multiplication|V ¢, b,ce Rande 20, ac=bc=a=~5
Order Properties
1 Trnchotomy property Wa,be R etther a=bora=bora<h
it | Transitive Property vabce R
o a>habze = a>c
r g<hab<e = a<c
i | Additive property va,bce R
« agx»b = a+c >b+c
v g<h = a+c <b+e
iv | Multiplicative property Ya.bce R
o a>h=ac>bcif ¢c>0
e aga<h=ac<bc if c=0
o« ag>h=ac<bcif c<0
« a<b=ac>bc if ¢<0
« azbnrc>d = ac>bd
v a<brc<d =ac<bd
v Division property vabce R
¢ a<b=s E~=:Eif' c=>0
iy i
b
o a<h= £52 if ¢<0
I
a_bh .
e g@xb= —>—if >0
i [
b ..
v asb= Z<2 if <0
iy i
4 8 .
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vi

Reciprocal property

% a,be Rand have same sign

I

I

e a<h = —>-—
a b
« g>h = l{l
a b

ExampleS: If a=

L=

mlru

|

Solution: (i) Left distributive property

alb+¢) = ah+ ac

L= 5 then verify the distributive properties over addition.

LHS = a(b+¢) RH’% = ab+ac
2(3 5Y 2(9+10 ( E(E]
JLE 3 3{ 6 J J \3 A3
2197 19 _9““_%
75}? ¥ 3
LHS =RHS
Hence, it 1s verified that a(h + c) = ab + ac
(ii) Right distributive property
(a+bhc=ac+be
LHS = (a+ )¢ RHS = gc+be
2 35 (44935 (2 [ Y5Y 10 15
(; 23 L 6 ]3 _L3][_J 2)\3J 9 6
13 4 65 _20+45 _65
(-5 =

LHS = RHS

Hence, it 1s verified that (a + b)c = ac + be

Example 6: |dentify the property that justifies the statement

(1) L
(ii) I
(iii) |
(iv) I
L

fa>13then a+2>15
f3<9%and 6 <12 then 9 <21
f7=>4dand 5> 3 then 35 =12
f-5<-4 =20=>16
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Solution:
(1) a=13
Add 2 on both sides
a+2>T3+2
a+2=15 (order property w.r.t addition)
a+l2=>134+2

a+2>15
(1) Asi=Qand o= 12

=3+6<9+ 12

9 <21 {order property w.r.t addition)

(1i1) T=4and 5> 3

= Tx5>=4x3

—» 35>12 {order property w.rt multiplication)
(1v) As —5<—4

Multiply on both sides by —4

e el VRl
o 20= 16 {order property w.r.t multiplication)

€ EXERCISE1.1 )

Identity cach of the following as a rational or irrational number:

(1) 2.353535 (1) 0.6 (iii)  2.236067... (iv) 7

(v) e (vi) 7 (vii) 5+l (viii) V3++/13
()2 X 2-V222)

Represent the following numbers on number line:

i) 2 (i) <3 (iii) 4%

: l 5 : 3

(1v) —:’-; (v) Y (vi) 31

Express the following as a rational number fwhczm p and g are integers
and g + 0:

(i) 04 (i) 037 (i) 021

L 10 A
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4. Name the property used in the following:
i) (a+d)+b=a+(4-+b) (i)  2+3=B+2
(i) x—x=10 (iv) alb+eg)=ab+ac
v} 16+0=16 (vi)  100%1=100
(vit) 4=(5=8)=(4=5)=8 (viit) ab=bha

5. Name the property used in the following:
(i) B=-1=>0<2 (i) If a< bthen — >~

a
(m) Ifa<bthena+c<b+e (1v) Ifac<bcandc>=0thena < b

(v) Ifac<bcandc<=0thena > h (vi) FEitherg>=hora=hora<h

6. Insert two rational numbers between:
2 1 1 : 3 4
" and — ) 3and 4 Zand =
(1) S an : (11) an (111) 3 an :

1.2 Radical Expressions

If n is a positive integer greater than 1 and « is a rcal number, then any real number x
such that x = {E is called #" root of .

Here, \r"_ is called radical and # is the index of radical. A real number under the radical

sign is called a radicand. «E iﬁ are the examples of radical form.
1
Exponential form of x= {E is x={a) .

1.2.1 Laws of Radicals and Indices

Laws of Radical Laws of Indices
G) Yab=dalp Gy o=V |0 dnd'=a"" (i) (@)'=a™
b n IE} = .
i) (ab)' =a'h (v [2] =2
(iti) Yo" = (fa)” G e ) [b] b
{iv}(#{_:.\]-r - {:5.'; H =g [1} 'g_” i ﬂm—.‘l {"r‘l} {.I'“ P 1
' i

Example 7: Simplify the following:

4

(i) fex (i)  ¥27x%°7° (i)  (64) °

L 1 A
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] 1
Solution: (i) 161" =(16x°1%) o ffa @

= “ﬁjdr{xdjlti,]-"ﬂ}l* T I';.H.F.'r]m =ﬂ'"l|r;""'
a1 4ok g. ) .
=:’_' 4}{ X 4}{},‘ 4 L {l"—?m]n=ﬂml
= 2x)
' 1
(i) 27272 =(27y2") -+ 4fa =a
|

(i) (64)7 = ——

256
1.2.2 Surds and their Applications
An rrational radical with rational radicand 15 called a surd.

For example, if we take the »" root of any rational number a then ¥ & is a surd.\"’_ Is a
surd because the square root of 5 does not give a

whole number but \Eis not a surd because it m

Every surd is an irrational number
but every irrational number 15 not

simplifies to a whole number 3 and our result is not
- . ' N . 14
an irrational number, Therefore, the radical V& is | asurd ez, T 15 not a surd.

irr"alionalwﬁ:ﬁ.:fﬂare surds but \Eﬂfrf; are not

surds.
The different types of surds are as follow:

L 12 A
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(1) A surd that contains a single tenm 15 called a monomial m

e.g., w"_wj_¢t::

(11) A surd that contains the sum of two monomial surds 1s

called a binomial surd e.g., \JG+ \,E,'JE+ ﬁelc_

The product of two
conjugate surds is a
rational number.

(111) N',f_T T Jf_l and VG _'Jb_ are called conjugate surds of each other.

1.2.3 Rationalization of Denominator

To rationalize a denominator of the form « + b \"T ora—bh \1"’; . we multiply both

the numerator and denominator by the conjugate factor.
Example 8: Rationalize the denominator of:
s 3 2 3
O B NCRNE
3 3 NS-N2

Solution (i): €+~u"'_ 5 w'{_ NN
W5y -(2y  5-2
B

" 3 J_+«.|"_

- «f - 53
3(VE+B) _3(45 +4A)
TWBr-(B)Y 53

_3(5+443)

2

{( EXERCISE1.2 )

. Rationalize the denominator of following:

13 L 245

(1) 1B (i1) F (1i1)

L 13
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642

(1v) v)
6+ 42 {
2. Simplify the following:

1

(81 )
(i) [m,, (i)

2 ¥ Tt lag ™
(1v) \/ '::L =
vz

(16)"" + 20(47)

Unit = 1: Real Numbers

. 43
RN

i
=

&
&,

Fﬁ !’“T 16 iy (0.027) 3

_LE
5-(25)"" = 25-(5)™
5‘ {-51}2!.'—3 _ {_25]”1-]

(v)

(vii)  (64) *=(9)

(v1) PTEWPTE
I i ) 5™ — 6.5
(viil) T (1x) 9x 5" — 2" x 5"
3. If x =23 +./8 then find the value of’
@ e R gin L
X X X

= = ]
(1v) X

=

4. Find the rational numbers p and ¢ such that ———=

5. Simplity the ﬁ}llowing:

=~
a

M (25 :-:{*43}"
(16)" % (8)

216) % (2 ;

G (216) x{_zﬁ}
(0.04) 2

L . g
pd o [+
X X

-32
+::~Jr_
432 © ¢

(i) 54 Y27y

0! 4+ 216(37)

“ |k

pr., X 2 i a2 .
(iv) La‘+b‘ Wxira -a‘f;r-“‘+h-‘}
2 i

1.3 Applications of Real Numbers in Daily Life.

Real numbers are extremely useful in our daily life. That is probably one of the main

reasons we learn how to count, add and subtract from a very young age. We cannot

imagine life without numbers.

14 A



Mathematics - 9 Unit = 1: Real Numbers

Real numbers are used in various fields including

e Science and engineering (physics, mechanical systems, electrical cireuits)

¢ Medicine and Health

e Environmental science (climate modding, pollution monitoring ete.)

e Computer science (algorithm design, data compression, graphic rendering)

« Navigation and transportation (GPS, [light planning)
e Surveying and architecture
e Statistics and data

Example 9: The sum of two real numbers is 8. and their difference is 2. Find the

numbers.

Solution: et g and b be two real numbers then

a+h=8 ..01)
a—-h=2 _. (i)
Add (i) and (ii)

2a=10 = a=35 putin (i)
=% S=p=) = p=d=i = p==3=5=3
S0, 5 and 3 are the required real numbers.

1.3.1 Temperature Conversions

. Kelvin Celsius Fahrenhet
In the figure, three types of daale scale(“C) scale(“F)
thermometers are shown. = s - o
We can convert three Botling point of H,O g 100 A
temperature scales, Celsius, = — =
Fahrenheit, and Kelvin, with ] N B
each other. T u ]
Conversion  formulae  are gy temperature (] 218:1 127 []28:6
given below: W B B
(i) E="C+273 — = — B
| L { O [ |3
5 Freezing point of H.O — 21213 = — :
(i) °C= ‘E(F—BE}” | H ]
(i) = 9o 3 Absolute zero 4 = JEH =Coh
111 b S |
5 | U U

Where K, °C, and °F show the Kelvin, Celsius, and Fahrenheit scales respectively.

L 15
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Example 10: Normal human body temperature 1s 98.6 °F. Convert it into Celsius and
Kelvin scale.

Solution: Given that °F = 98.6
S0, to convert it into Celsius scale, we use

5
°C == (F-32)F
9(

5
°C = 5(98.6-32)

5
=4 (66.6)

(0.55)66.6)
=37

I lence, normal human body temperature at Celsius scale is 377,
Now, we convert 1t into Kelvin scale.

K="+ 73°

K=37"+273°

K =310 kelvin
1.3.2 Profit and Loss

The traders may earn profit or incur losses. Profit and loss are a part of business. Profit
and loss can be calculated by the following formula:

(1) Profit = selling Price — cost price
P =8p—CP

profit
Profit % =
rofit %o (CP

x 100 }%

(11) Loss = cost price — selling price

Loss =CP =58P

8
Loss % = Lgx Iﬂﬂw 0%

A

Example 11: Hamail purchased a bicycle for Rs. 6590 and sold it for Rs.6850. Find
the profit percentage.

L 16 A



Mathematics - 9 Unit - 1: Real Numbers
Solution: Cost Price = CP = Rs. 6590
Selling Price = 5P = Rs. 6850
Profit =58P-CP
= (850 — 6591
= Rs. 260

Now, we [ind the prolit percentage.

Profit % —[‘”mﬂ mn}%
CP

260x | {]'II}] o
—H e vt |
H 390

= 3.94%,
= 4%
Example 12: Umair bought a book for Rs. 850 and sold 1t for Rs. 720. What was his

loss percentage?

Solution: Cost price of book = CP = Rs. 850
Selling price of book = 5SP = Rs. 720
Loss =CP -5P
=830 -"T20
=Rs. 130
{ Loss
Loss percentage = | P x 100 ‘%
130 )
= =x an %
| 850
= 15.29%

Example 13: Saleem, Nadeem, and Tanveer earned a profit of Rs. 4,50,000 from a
business. If their investments in the business are in the ratio 4; 7: 14, find each person’s
profit.
Solution: Profit eamned = Rs. 4,50,000
Givenratio =4:7:14
Sum of ratios =4 -7+ 14
=25

L 17 A
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Saleem carned profit = %x 4, 50,000 = Rs. 72,000
Nadeem earned profit = %x 4, 50,000 = Rs. 126,000

Tanveer earned profit = ;—ix 4. 50,000= Rs. 252,000

Example 14: If the simple profit on Rs. 6400 for 12 vears is Rs. 3840, Find the rate of

profit.

Solution: Principal = Rs. 6400
Simple profit = Rs. 3840
Time = 12 years

To find the rate we use the following formula:

_amount ofprofit= 100

Rate : :
time» principal

3840 100
= =5%

1 2% 6d0M)

Thus, rate of profit is 5%,

¢ EXERCISE 1.3 )

I The sum of three consecutive integers 1s forty-two, find the three integers.

2 The diagram shows right angled A4BC in which the &
length of AC is (‘JE+VE}CIH. The area of A4BC is

[1 -I-\n'fﬁ} em®. Find the length AB in the form
(av/3 +b +/5) cm, where a and b are integers. A (B+dsem C

3 A rectangle has sides of length 2+ 18 m and [5— Lt ] m. Express the area

V2

of the rectangle in the form «a + 5+/2 , where g and b are integers.
4. Find two numbers whose sum is 68 and difference is 22.

5: The weather in Lahore was unusually warm during the summer of 2024, The
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TV news reported temperature as high as 48°C. By using the formula,

(°F = : =C +32) find the temperature as Fahrenheit scale.

The sum of the ages of the father and son 1s 72 years. Six years ago, the father’s
age was 2 times the age of the son. What was son’s age six years ago?
Mirha sells a toy for Rs. 1520, What will the selling price be to geta 15% profit?

The annual mcome of Tayyab 15 Rs. 9,60,000, while the exempted amount 15

Rs, 1,30,000. How much tax would he have to pay at the rate of 0.75%?

Find the compound markup on Rs. 3.75,000 for onc vear at the rate of 14%
compounded annually.

@ REVIEWEXERCISE 1 P

Four options are given against each statement. Encircle the correct option.

(1) J7 s
(a) integer (b) rational number
(c) irrational number (d) natural number

(i) 7 and e are:
(a) natural numbers (b) miegers
(c) rational numbers (d) irrational numbers

(iii)  If & is not a perfect square, then ~/n is:

(a) rational number (b) natural number

(c) integer (d) irrational number
(Iv)  J3+5 s

(a) whole number (b) integer

(c) rational number (c) irrational number

(v) For all x € R, x = x 15 called:

(a) reflexive property (b) transitive number
(c) Symmetric property (d) trichotomy property
(vi) Leta.b,ceR, thena=>bandb>c=a>ciscalled property.
(a) trichotomy (b) transitive
(c) additive (d) multiplicative
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(vii) 2°x B*=64 thenx=

3 3 3 2
a) - b it c 5 d =
( 5 (b) (c) 5 (d) 3
(viii) Leta. be R, thena=band b = ais called property.
(a) reflexive (b) symmetric
(c) transitive {d) additive
(ix) J75+27=
(@ oz (b) 93 () 53 (d) 83
(x)  The product of (3 + /5)3 —5) is:
(a) prime number (b) odd number
(c) irrational number {d) ralional number
2 IlMa= % b= < and ¢ = 3, then verily that
5
(1) alb+c)=abh+ac (il) {(a+ byc=ac+bc

=3 Ifa= 2 , D= % . ¢ = — then verify the associative property of real numbers
w.r.t addition and multiplication.

4, Is 0 a rational number? Explain.

P State trichotomy property of real numbers.

6. Find two rational numbers between 4 and 5.

T Simplify the following:

15,35 _ 6{3}n+3
! Xy . r
(1) | T (i) 27y (111) wel_n
z 33

8. The sum of three consecutive odd integers 1s 51, Find the three integers.

9. Abdullah picked up 96 balls and placed them into two buckets. One bucket has
twenty-eight more balls than the other bucket. How many balls were in each
bucket?

10. Salma mvested Rs. 3,50,000 in a bank, which paid simple profit at the rate of

gy ; :
7 2 % per annum. After 2 yvears, the rate was increased to 8% per annum. Find

the amount she had at the end of 7 years.
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Logarithms

Students’ Learning Qutcomes
At the end of the unit, the students will be able to:

#  Express a number in scientilic notation and vice versa,

# Describe logarithm of a number
#  Dilferentiate between common and natural logarithm

INTRODUCTION

Logarithms are powerful mathematical tools used to simplify complex calculations,
particularly those mvolving exponential growth or decay. They are widely applicable
across various fields, including banking, science, engineering, and information
technology. In chemistry, the pH scale, which measures the acidity or alkalinity of a
solution, is based on logarithms. They help in transforming non-linear data into linear
form for analvsis, solving cxponential equations and managing calculations involving
very large or small numbers efficiently.

2.1 Scientific Notation

A method used to express very large or very small numbers in a more manageable form
15 known as Scientific notation. It 15 commonly used n science, engineering and
mathematics to simplify complex calculations,
A number in scientific notation is written as;

a* 10", where | <a<10andne Z If the nu_mhcr is greater l_ham 1
then » is positive and if the
number is less than | then 7 1s

negalive.

Here “a™ is called the coefficient or base number.

2.1.1 Conversion of Numbers from
Ordinary Notation to Scientific Notation
Example 1: Convert 78,000,000 to scientific notation.
Solution: Step 1: Move the decimal to get a number between | and 10:
1.8
Step 2:Count the number of places you moved the decimal:
7 places
Step 3:Write in scientific notation:
78,000,000 = 7.8 = 10/

Since we moved the decimal to the left, the exponent is positive.
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Example 2: Convert 0.0000000315 to scientific notation.

Solution: Convert the following

, ko scientific notation:
Step 1:Move the decimal to get a number between 1 and 1(); ) 29,000,000

3.15 (i) 0.000006

Step 2:Count the number of places you moved the decimal:
B places
Step 3:Write in scientific notation:
0.0000000315 =3.15 = 107

Since we moved the decimal to the right, the exponent is negative,

2.1.2 Conversion of Numbers from Scientific Notation to Ordinary

Notation
Example 3: Converl 3.47 = 10° to ordinary notation.
Solution:  Step 1@ Tdentify the parts: Lf exponent is positive then the
. 4 ; decimal will move to the right.
Coefficient: 3.47 If exponent is negative then the
Exponent: 108 decimal will mowve to the left.

Step 2:Since the exponent is positive 6, move the decimal point 6 places to the right.
3.47 = 10°=3,470,000

Example 4: Convert 6.23 » 10 * to ordinary notation.

Solution: Step 1: Identify the parts: Convert the following
: . nto ordmary notation:
Coeflicient: 6.23 (i) 5.63 =107

: o
Exponent: 10~ (i) 6.6 % 10

Step 2:5ince the exponent 15 negative 4, move the decimal point 4 places to the left.
6.23 x 10™* = 0.000623

@(EXERCISE 2.1))
1. Express the following numbers in scientific notation:
(1) 2000000 (i 48900 (i)  0.0042
(iv)  0.0000009 (v) 73100 (vi)  0.65=10?
744 Express the following numbers in ordinary notation:
(1) R.04 % 107 (i) 3= 10° (i) 1.5 =107
(iv) 1.77x=10° (v) 55=10%  (vi) 4x107°
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3 The speed of light is approximately 3 » 10" metres per second. Express it in
standard form.

4. The circumference of the Earth at the equator 1s about 40075000 metres.
Express this number in scientific notation.

The diameter of Mars is 6.7779 x 10" km. Express this number in standard form.

E.-h

6. The diameter of Earth is about 1.2756 = 10% km. Express this number in

standard form.

2.2 Logarithm

A logarithm is based on two Greck words: logos and arithmos which means ratio or
proportion. John Napier, a Scottish mathematician, iniroduced the word logarithm. It
1s a way to simphify complex calculations, especially those involving multipheation
and division of large numbers, Today, logarithm remain fundamental in mathematics,
with applications in scicnee, finance and technology.,

2.2.1 Logarithm of a Real Number

In simple words, the logarithm of a real number tells us how many times one number

must be multiplied by itself to get another number.

The general form of a logarithm 1s: log(x) =y

Where:  + b is the base,

*  xis the result or the number whose logarithm is being taken,
+  yi15 the exponent or the logarithm of x to the base h.

hY=x

This means that: \[' = x (Exponential form)
In words, "the logarithm of x to the base b is y, loglx = ¥ (Logrithmic form)

means that when b is raised to the power y, it equals x.
The relationship between logarithmic form and exponential form is given below:
log,(x)=y < P =xwherehp=0,x>0and h=1
Example 5: Convert log,8 = 3 to exponential form,
Solution: log, 8=13
Its exponential form is: 2° = §
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Example 6:

Solution:

Example 7:

Solution:

Example 8:

Solution:

Unit — 2: Logarithms

Convert log, 100 = 2 to exponential form.

log,,100 =2

[ts exponential form is; 10° =100

Find the value of x in each case:

(i) leg25=x (ii) log,x = 6

(i) log,25=x

Its exponential form 1s;

5 =95
o G = 52
- y =2

(ii) log,x = 6

Its exponential form 1s;

Convert the following in logarithmic form:
(i) 3*=81 (i Fh=a

(i) 3'=8I
[ts loganithmie form 1s:

log, 81 =4

25 =x
— x=04
(i) 7"=1

Its Togarithmic form 1s:

log-1=0

¢ EXERCISE2.2 )

1. Express each of the following in logarithmic form:

1
(i) 10°=1000 (i) 2%=256 (i) 3=
(iv)  20° =400 (v) 16 %= L1 (vi) 11*=121
=

(vil) p=4q' (viii) (32)% = 5

2. Express each of the following in exponential form:
(i) log. 125=3 (ii) log, 16=4 (iii) log,, 1=0

" ] I

(iv) log, 5=1 (V) log. i -3 (vi) 5= log, 3
(vii) S=log,, 100000 (viii) log, -2

24
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3. Find the value of x in each of the following:

(i) log 64=73 (ii) log. 1=x (iii) log, &=1

(iv) log, x=-3 (v) log, x= (vi) log,1024=x

b | Lad

2.3 Common Logarithm

The common logarithm is the logarithm with a base of 10. It is writien as log,, or

simply as log (when no base 1s mentioned, it is usually assumed to be base 10).

For example: ,

2.3.1

10 =10 < logli=1 English  mathematician  Henry
107 =100 < lozl0d=2 Briggs extended Napier's work

i and developed the common
W = 1000 < log 1000 = 3and soon. logarithm.  He  also  introduced

10" = IlrII O logarithmic table,

107 = —— = 0,01 < log0.01=-2
100

|
0" =——=0001 < log.00]=—3andsoon.
1000

Characteristic and Mantissa of Logarithms

The logarithm of a number consists of two parts: the characteristic and the

mantissa. Here 1s a simple way to understand them:

(a) Characteristic
The characteristic is the integral part of the logarithm. It tells us how big or small the

number 1s.

Rules for Finding the Characteristic When the characteristic is
: ; negative, we write it with bar.

(1) For a number greater than 1:

(ii)

Characteristic = number of digits to the left of the decimal point — |
For example, in log 567 the characteristic=3-1=2
For a number less than 1:

Characteristic = — (number of zeros between the decimal point and the first
non-zero digit + 1)

For example, in log 0.0123 the characteristic =— (1 + 1) =-2 or 2
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Example 9: Find characteristic of the followings:

(1) log 725 (i)  log 9.87
(1ii)  log 0.00045 {iv)  log 0.54
Solution: (i) log 725 (i}  log 9.87
Characteristic=3-1=2 Characteristic=1-1=10
(111) log 0.00045 (iv)  log0.54
Characteristic=-(3+ 1N =4 Characteristic=— (0+ 1) =1

Characteristic of the logarithm of numbers can also be find by expressing them in

scientific notation. For example,

Number | Scientific Notation | Characteristic of the logarithm
125 125 % 10° 2
9.587 9,87 x 10" 0

0.00045 4.5 =10 4 —4
0.54 5.4 = 10! |

(b) Mantissa

The mantissa is the decimal part of the logarithm. It represents the "fractional”
component and is always positive.

For example, in log 5000 = 3.698 the mantissa is (.698

2.3.2 Finding Common Logarithm of a Number

Suppose we want to find the common logarithm of 13.45. The step-by-step procedure
to find the logarithm is given below:

Step 1: Separate the integral and decimal parts.

Integral part= 13
Decimal part = 45 log (Mumber) = Characteristic + Mantissa

Step 2: Find the characteristic of the number

Characteristic = number of digits to the left of the decimal point — 1
=2-1=1
Step 3: In common logarithm table (Complete table 1s given at the end of the book),
check the intersection of row number 13 and column number 4 which 15 1271,
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Step 4: Find mean difference: Check the intersection of row number 13 and column
number 5 in the mean difference which 1s 16.

Logarithm Table

Mean Difference

3/4Ff5 6|7 B 9
1217 2% 25(29 33 37
15719 23|26 30 34

0 (1] 2|3 s 5|6 (7|89

10 | 0000 | 0043] 0086 | 0128| 0170| 0212 { 0253 | 0294|0334 | 0374
11 (0414 (0453|0452 | 0531 0568 0607| 0645 ( 0682 | 0719|0755
12 | 0792 | 0828| 0864 [ 0899 | 0934 | 0965( 1004 | 1038|1072 | 1106 10114 717 21|24 28 31
13 (1139(1173| 1206|1239 1271| 1303| 1335( 1367|1399 1430 10013 16 19|23 26 29
14 | 1461| 1492] 1523 1553| 1584 | 1614 1644 | 1673|1703 | 1732 9112 15 18|21 M 27
Step 5: Add the numbers tound in step 3 and step 4. i.¢., 1271 + 16 = 1287 which is
the mantissa of given number.

Step 6: Finally, combine the characteristic and mantissa parts found in step 2 and
step 5 respectively. We get 11287

So, the value of log 13.45 is 1.1287

Wi W o e
oy o =] o0 00|k
[

'—'I.

Example 10: Find logarithm ot the following numbers:

(i) (i) log35.67% (i) log0.0036 (iv) log0.0478
Solution: (1) log 345
Charactenisiic =3 -1=2
Mantissa =.53378  (Look for 34 in the row and 5 in the column of the log table)
S0, log (345) =2+ 0.33/8=2.5378
11 log 5.678
" E,'Eam{:teriﬁtic =1=1=0 108 (0) = undefined
Mantissa = 0.7542 (7536 + 6 = 7542) log (1) =0
So, log (5.678) =0+0.7542 = 0.7542 log (a) =1
(i) log 0.0036
Characteristic == (2+ 1)=-3
Mantissa =0.3563  (Look for 36 in the row and 0 in the column of the log table)
S0, log (0.0036) =-3+0.5563 = 2.4437
(iv) log 0.0478
Characteristic =—(1 + 1)=-2
Mantissa =0.0794  (Look for 47 in the row and & in the column of the log table)
S0, =_2+0.6794=1.3206
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2.3.3 Concept of Antilogarithm

. . i : ; | Logarithm{exponent) Antilogarithm(result)
An antilogarithm 1s the inverse operation of o —
a logarithm. An antilogarithm helps to find a 4 =1024
number whose logarithmic value is given. /
- . Hase
In simple terms:

I log,x =y <> b7 = x then the process of linding x 15 called antilogarithm of y.

Finding Antilogarithm of a Number using Tables
Let us find the antilogarithm of 2.1245.
The step-by-step procedure to find the antilogarithm is given below:
Step 1:Separate the charactenstic and mantissa parts:
Characteristic = 2
Mantissa = 0.1245

Step 2:Find corresponding value of mantissa
from antilogarithm table (given at the
end of the book):

Check the intersection of row number .12 and column number 4 which provides
the number 1330.

Step 3:Find the mean ditference:
Check the intersection of row number .12 and the column number 5 of the
mean difference in the antilogarithm table which gives 2.

Remember!

The word antiloganithm s another word
for the number or resuli. For example, in
4* = 64, the result 64 is the antilogarithm.

Antilogarithm Table
Mean Difference
0112 |3 pm 5|6 |7 8|9

1 2 3|(4' 58 6|7 8 9
.11 |1288| 1291|1294 (1257 (1300 1303|1306 1309 1312|1315/ 0 1 1(1f2 2|2 2 3
.12 [1318|1321/1324|1327|1330(1334(1337(1340{1343/1346/ 0 1 1|1 2 2|2 2 3
.13 (1349|1352 1355|1358 |1361|1365|1368|1371{1374(1377| 0 1 1|1 2 2|2 3 3
.14 (1380|1384 |1387| 1390|1393 |1396|1400( 1403 1406/1409| 0 1 1|1 2 2|2 3 3
.15 |141311416) 1419|1422 | 1426 1429(143211435(14309)1442|1 0 1 1(1 2 2|2 3 3

Step 4: Add the numbers found in the step 2 and step 3, we get 1330 + 2 = [332

Step 5: Insert the decimal point: | Remember! )

Sincf: chara:fteris’Fi{: is 2, ther&ﬁ;.!rt_: th{::‘ The place between the first non-
decimal point will be after 2 digits right zero digit from left and its next digit
from the reference position. So, we get is called reference position. For
1332 example, in 1332, the reference
Thus, the antilog (2.1245) = 133.2 ool Ll
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Example 11: Find the value of x in the followings:
(i)  logx=0.2568 (i)  logx=— 1.4567
(i) logx=—2.1234
Solution: (i) log x=0.2568
Characteristic = 0 Mantissa = 0.2568
Table value of 0.2568 = [803 + 3 = |B06
So, x=antilog (0,2568) = 1.806 {Insert the decimal point at reference position

becauwse characteristic 15 10.)
{11) log x =— 1.4567
Since mantissa is negative, so we make it positive by adding and subtracting 2
log x =—2+ 2 -1.4567

—_ 74 (.5433 = 2.5433

Here charactenistie = E mantigsa = 0.5433
Table value of 0.5433 = 3491 + 2 = 3,493

S0, x = antilog (E S433)
=(.03493

Since characteristic is 2, therefore decimal point will be before 2 digits left from the
reference position.

(m) logx=-21234

Since mantissa is negative, so we make it positive by adding and subtracting 3

logx =—3+3-2.1234
——3+0.8766 = 3.8766

Swiss mathematician and physicist
Leonhard Euler introduced ‘e’ for the

Here characteristic = 3, mantissa = 0.8766 base of natural logarithm.

Table value of 0.8766 = 7516 + 10=7.526

So, x = antilog ( 3.8766)
= 0.007526

Since characteristic = 3, therefore decimal point will be before 3 digits left from the
reference position.
2.3.4 Natural Logarithm

The natural logarithm is the logarithm with base e, where ¢ is a mathematical constant
approximately equal to 2.71828, It is denoted as {n. The natural logarithm is commonly
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used in mathematics, particularly in calculus, to describe exponential growth, decay
and many other natural phenomena.

For example, Ine” = 2 i.e., the logarithm of ¢’ to the base e is 2.

Difference between Common and Natural Logarithms

Common Logarithm Natural Logarithm
I.  The base of a common logarithm | i.  The base of a natural logarithm is e.
is 10.

ii. It is written as log,,(x) or simply | n. [Tt is written as in(x)

log (x) when no base is specified.
iii. Common logarithms are widely | 1. Natural logarithms arc commonly

used in everyday calculations, used i higher level mathematics
especially i scientific  and particularly calculus and applications
engincering applications. imvolving growth/decay processes.

@ EXERCISE 23 )

I. Find charactenstic ol the following numbers:

(i) 5287 (i)  39.28 (i) 0.0567

(v) 2347 (v) 0.000049 (vi) 145000
2. Find logarithm of the following numbers:

(1) 43 (i) 579 (iii)y  1.982

(iv)  0.0876 (v) 0.047 (vi)  0.000354
3. Iflog 3.177 = 0.5019, then find:

(i) log 3177 (1) log 31.77 (iii)  log 0.03177

4. Find the value of x.

(1) log x = 0.0065 (11) logx=1.192 (1) logx=-=3434

(iv) logx=-1.5726 (v) log x = 4.3561 (vi) logx=-2.0184
2.4 Laws of Logarithm
Laws of logarithm are also known as rules or properties of logarithm. These laws help
to simplify logarithmic expressions and solve logarithmic equations.
1. Product Law

log, xy=log, x+log, y
The logarithm of the product is the sum of the logarithms of the factors,
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Proof: Let m=log, x sl
and n =log,y ...(i)
Express (i) and (i1) in exponential form:
x=bh" and y=5»"
Multiply x and y, we get
X = b0 pt =t
Its logarithmic form is:
log, xy =m+n
log, xy = log, x + log, ¥ [From (i) and (ii}]

2. Quotient Law

log, [i J= log, x—log, v

The loganthm of a quotient 15 the difference between the loganthms of
the numerator and the denominator,

Proof:
Let m=log, x k1)
P :
an n=log, v ..dn e ,
L) ) » Divide the siudents into small groups.
Express (1) and (i) in exponential form: | « Distribute the logarithmic expression
x=b0"and v=4H" cards randomly among the groups.
Divide x by y, we get » Hach group will work together to wdentity
g B which logarithmic law applies to each
i — i hn expression.
v b » After completing the task, each group will
[ts logarithmic form is: present its findings.
fine )
log, | — |=f.h‘—ﬂ'
v ¥,
o™
X
log, | — J= log, x—log, y
Y
% Power Law

log, x" =nlog, x
The logarithm of a number raised to a power is the product of the power and the
_ logarithm of the base number.
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Proof:
Let m=log, x weifl)

Its exponential form is:
x=b"
Raise both sides to the power n
¥ = {b.lre}.lr = him
Its logarithmic form is:
log, x" = nm
log, x" =nlog, x [ From {1)]

4. Change of Base Law

This law allows to change the base of a logarithm from “6” to any other base “a™.
Proof: Let
m=log, x canlh)

Its exponential form is:
=X

Taking log with base "a" on both sides, we get
log b" =log_x
mlog h=log x

log x
H‘!—i

IDgH b

log, x

log, x= [From (i)]

log b
2.4.1 Applications of Logarithm

Logarithms have a wide range of applications in many fields. Here some examples are
given about the applications of logarithms.

Example 12: Expand the following using laws of logarithms:
(i) log,(20) (iiy  log,(9) (iii)  logs, 27
4 32 A
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Selution: (i) log.(20)

= log,(2x 2% 5)

= log,(2° % 5)

= I{Jg_lfl}: + log, 5

=2log, 2+ log, 5

(ii)

Unit — 2: Logarithms

log, (9Y (i) log,, 27
= |.||'_}g2 {SJJ" _ !ngz?
: log 32
= Ing: {3]'”'
log 3’
=10 log, 3 = 3
" log2
_ 3log3
~ 5log?2
= Elﬂg., 3
5 2

Example 13: Expand the following using laws of logarithms:

(1)

X—v {
log, 5

b Ed

X—¥y

Solution: (i) log, [

=

(11}

) =3 |ng1

#

log;

 xy

Lo

JS

(x—y

L

5

= 3[ log,(x—y)—log, z]

f’ﬂ]

i ETA
(1i) log.| — | =8 log.
'k Z ’ ‘\ Z

- [ log, () - log, 2

= S{ log, x + log; y—log; z]
Example 14: Wnite the following as a single logarithm:

(1)
Solution:

2 log,10-log, 4

(i) 2log,10-log,4
=log, (10)" —log, 4
= log, 100 —log. 4

(if)

6 log, x+2 log, 11

(i1) 6 log, x+2 log, 11
=log, x" + log, (11)°
= log, x" + log,(121)
=log,(121x")

Example 15: The decibel scale measures sound intensity using the formula

(100
=l':"ga. Eo—
.'n 4 s
=log, 25
i
i
L.=40 log,, | =
VL.

33

} If a sound has an intensity (/) of 10° times the reference intensity
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(fs). What 1s the sound level in decibels?

i I i ir (1) = undefined
Solution: L =40 log,, | =3 J fn{1)=10
L In (€)= |
Put 1= 1081, we get
f f
107
L =40 log,, Lﬂ!—w

L =40 log,, (10)*

L =40x 6 log 10

L =40x=6 (. log,, 10=1)
L =240 decibels

{( EXERCISE 24 )

1. Without using caleulator, evaluate the following:

(i) log, 18—-log, 9 (i) log,64+log, 2 (iii) %lﬂgHE log, 18

Gv) 2log2+log25 (v) %Iﬂgdﬁil—kllugilﬁ i) log,12+log, 0.25

2. Write the following as a single logarithm:
] 1
(1) Elng 25+ 2log 3 (i1} log 9 — log 3
(i) logsb'.log, 5 (iv)  2log,x+log, y
(v) 4log, x—log, y+log, z (viy 2mma+3lnb-4nc
3. Expand the following using laws of logarithms:
1 [a’b
(1) |‘35[?} (i)  log, 8&a" (iii) In| ”—]
oot S ) L iy
|
. vy — , 1—aX
(1¥v)  log| E]‘ (v)  Inifl6x (vi) lu;ng:[—ﬁr
\z b
4. Find the value of x in the following equations:
(i) log2+logx=1 (ii) log, x+log, 8=3
- ] xlll.' ]
(i) (8D = (243" {1v) [— | =27
Lo i)
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(v) log(5x-10)=2 (vi)y log, (x+1)—log, (x—4)=2
Find the values of the following with the help of logarithm table:
3.68 x 4.21
1 e — 1 467 = 2.11 =239
L 5.234 S ;
Gii) (20.46)* % (2.4122) i J9.364 x 21.64
754.3 3.21
The formula to measurc the magnitude of carthquakes is given by
£ gy
M —I(:gm| j- | If amplitude (A) 1s 10,000 and reference amplitude (4 ) 1s 10.
S

What 15 the magnitude of the carthquake?

Abdullah invested Rs, 100,000 in a saving scheme and gains interest at the rate
of 5% per annum so that the total value of this investment after ¢ vears 1s Rs .
This is modelled by an cquation y = 100,000 (1.05), ¢ = 0. Find after how many
years the investment will be double,

Huna 1s lnking up a mountain where the temperature (T) decreases by 3% (or a
factor of 0.97) for every 100 metres gained in altitude. The initial temperature

&

(7;) at sea level is 20°C. Using the formula jf':}lfxu.'?}?m, calculate the
temperature at an altitude (4) of 500 metres.

@ REVIEW EXERCISE 2 )P

Four options are given agamst each statement. Encircle the correct option.
{1} The standard form of 5.2 = 10" is:

(2) 52,000 (b) 520,000  (c)  5.200,000 (d) 52.000,000

(11) Scientific notation of 0.00034 1s:

(1) 34x10° (b) 34x10* (¢ 34x10* (d) 34x10°

(i1i) The base of common logarithm is:

(ay 2 (by 10 (c) 5 (d) e
(iv) log,2' = ;

@@ 1 b) 2 © 5 ) 3

log 100 = :

(a) 2 (by 3 (c)y 10 (dy 1

(vi) Iflog2=03010, then log 200 1s:

(a)  1.3010 (b)  0.6010 (c) 2.3010 (d) 2.6010
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(vii) log (0) =

(a)  positive (b) negative (c)
(viii) log 10,000 =

(a) 2 (by 3 (c)
(ix) log5+log3=

(a) log0 (by  log2 ()
(x) 3* =81in logarithmic form is:

(@) log,4=8I (b)

() log,81=4 (d)

Express the following numbers in scientific notation:

i) 0.000567 (i) 734

(i)

Express the lollowing numbers in ordinary notation:

(i) 2.6 10° (i) 8794 =104

(iii)

Express each of the following m loganthmic form:

@ 37T=2187 (i) a =c

{i11)

Express each of the following in exponential form:

(1) log,8 =x (11) log,729 =3

Find value of x 1n the following;

A
6 Deaa=b3 {i) (Q =77 @)

2 )
Write the following as a single logarithm:

(i)  Tlogx—-3logy® (i) 3log4—log32

(iii) %{Ingj 8+log, 27)—log. 3

Expand the following using laws of logarithms:

(i) log (x v z%) (ii) log, \mi'n

Find the values of the following with the help of logarithm table:

(i) 3J68.24 (ii) 319.8 = 3,543

10.

(i)

Unit — 2: Logarithms

Zero (d) undefined
4 (dy 5
| (5)
og sz (d logls
log, 3=81
log,851=73
0.33 = 1Y
6> 10 °
(12) = 144
log,1024 =5
[LW — 64
32 )
(i)  log~/8
36.12x 7509
{111)
113.2=x9.98

In the year 2016, the population of a city was 22 millions and was growing at a

rate of 2.5% per year. The function p(t) = 22(1.025) gives the population in
millions, ¢ vears afler 2016. Use the model to determine in which year the
population will reach 35 millions, Round the answer to the nearest year,
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Sets and Functions

Students’ Learning Qutcomes
At the end of the unit, the students will be able to:

#  Recall:
»  Describe mathematics as the study of patterns, structure, and relationships.
o Identify sets and apply operations on three sets (Subsets, overlapping sets and disjoint
sets), using Venn diagrams,
# Solve problems on classification and cataloguing by using Venn diagrams for scenarios
mvolving two sets and three sets. Further application of sets.
#  Wenty and apply propertics/daws of union and interscetion of three sets through analytical and
Venn dhagram methods.

¥

Apply concepts from set theory 1o real-world problems {such as in demographic classification,
categorizing prowducts in shopping malls)

#  Lxplain product, binary relations and its domain and range.

# Recognize that a relation can be represented by a table, ordered pair and graphs.

# Recognize notation and determine the value of a function and its domain and range.

#  Identify types of functions (into, onto, one-to-one, injective, surjective and bijective) by using
Venn diagrams.

INTRODUCTION

In this unit, we will revise some basic concepts of set theory and functions, beginning
with mathematics as an essential study of patterns, structure, and relationships.
Students will learn to identity different types of sets, the laws of union and intersection
for two and three sets, and their representation using Venn diagrams. Additionally, they
will apply set theory to real-world problems to enhance their understanding of
demographic classification and product categorization. Classification develops an
understanding of the relationship between various sets. Students will also explore
binary relations and functions and their representation in various forms including
tables, ordered pairs, and graphs.

3.1 Mathematics as the Study of Patterns, Structures and
Relationships

Mathematics is the science of patterns, structures, and relationships, comprising
various branches that explore and analyze our world's logical and quantitative aspects.
The strength of mathematics 1s based upon relations that enhance the understanding
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between the patterns and structure and their generalizations. A mathematical pattern is
a predictable arrangement of numbers, shapes, or symbols that follows a specific rule
or relationship. Virtually, patterns are the key to learning structural knowledge
involving numerical and geometrical relationships. For example, look at the following
numerical pattern of the numbers

1"term  2"erm 3"term 4"term 5%term
ALA RS
+3 +3 +3 +3
In the above pattern, every term is obtained by adding 3 in the preceding term. This
predictable rule or pattern extends continuously, making 11 a sequence where each term

increases at a constant rate,

Consider another example of a famous
sequence 0, 1, 1, 2, 3, 5, 8, 13, 21, ...,
known as the Fibonacci sequence. This
scquence starts with two terms, 0 and 1.
Each term of the sequence 1s obtained by
adding the previous two terms. The

formula for the Fibonacci scquence is
Fo=Fn-11+Fa2, where Fo=0 and Fi=1 are the first and second terms respectively. This

recursive pattern occurs more frequently in nature,

The study of mathematical structure is essential for mathematical competence. A
mathematical structure 1s typically a rule of a numerical, geometric and logical
relationship that holds consistency within a specific domain. A structure is a collection
of items or objects, along with particular relationships defined among them. Consider
a triangle made up of smaller triangles, as illustrated in Figure (111).

Figure (i) Figure (ii) Figure (iii)
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The pattern of arranging smaller triangles to form a larger triangle is clear. We can
easily recognize the implicit structure: the larger tnangle can be seen as consisting of
several rows, where each row contains a decreasing number of smaller triangles (e.g.,
7 triangles n the first row, 5 in the second, 3 in the third, and 1 at the top).

The repetition of the rows and the spatial relationships
between the smaller triangles are critical structural
features. The alignment of the smaller triangles creates a

sense of congruence as each row is made up of triangles
of the same size. AL the same time, the arrangement
illustrates parallel and perpendicular relationships when
viewed in relation to the base of the larger triangle, as
shown in Figure (iv). We can develop logical reasoning
by understanding these patterns and structurcs and e :
preparing them for more complex geometne concepts in Hsgmee ()

various ficlds of mathematics. Similarly, we can establish a relationship between two
sels when there 15 a correspondence between the numbers ol these sets.

3.1.1 Basic Definitions Ceorg Cantor {1845-1918) was a German
We are familiar with the notion of a set since | mathematician

who  sigmibcantly
contributed to the
development of set
sofa set. It is a wonder that mathematicians | eory, a key area

have developed this ordinary word into a | in mathematics. He

the word 1s frequently used in evervday

speech, for instance, water set, tea set and

mathematical concept as much as it has |showed how to
compare wo sels

become a language that is employed in most

. ; by matching their members one-to-one.
branches of modern mathematics. The study

; : Cantor defined different types of infinite sets
of sets helps in understanding the concept of | 444 proved that there are more real numbers
relations, functions and especially in | than natural numbers. His proof revealed that

statistics we use sets to  understand | there are many sizes of infinity. Additionally,
probability and other important ideas. he Iintmduced the C’Dﬂ[‘-ﬁ'[ll.[!i of ?arr]ilnal an_r]
ordinal numbers, along with their arithmetic
operations,

collection of distinct objects, numbers or | hups:/en.wikipedia.org/wiki/Georg_Cantor
¢lements, so that we may be able to decide

whether the object belongs to the collection or not.

A set 18 described as a well-defined

Capital letters 4, B, C, X ¥, Z etc., are generally used as names of sets and small letters
a, b, ¢, x, v, z etc., are used as members or elements of sets.
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There are three different ways of describing a set.

(i) The Descriptive form: A sct may be described in words. For instance, the set
of all vowels of the English alphabet.

(ii) The Tabular form: A set may be descnibed by listing its elements within
brackets. If 4 is the set mentioned above, then we may write:

= {a, e.1,0,u}

The tabular form is also known as the Roster form.

(iii)  Set-builder method: [t is sometimes more convenient or useful to employ the
method of set-builder notation in specifying sets. This 1s done by using a symbol
or letter for an arbitrary set member and stating the property commaon to all the
members. Thus, the above set may be written as:

A= 4x

This 15 read as A 1s the set of all x such that x 15 a vowel of the English alphabets.

x is a vowel of the English alphabets}

The symbol used for membership of a set is . Thus, a= 4 means ¢ is an clement of

A or a belongs to 4. ¢ e 4 means ¢ does not belong fo A or ¢ 1s not a member of 4.
Elements of a set can be anything: people, countries, rivers, objects of our thought. In
algebra. we usually deal with sets of numbers. Such sets, along with their names are
given below: -

N = The set of natural numbers S ] S

W = The set of whole numbers =10,1,2, ...}

£ = The set of integers = 10,21, £2, 003

(7 = The set of odd integers ={*l, 3,45, ...}

E = The set of even integers ={0,£2, 4, ...}

P = The set of prime numbers o TR [ B ) SR

() = The set of all rational numbers = {,ﬂ R E~.~f-|'n+;~r-::;;|. ge Z and g = {J}

' = The set of all irrational numbers = {5-|.; + £ wherep,gc Zandg = u}
if

R = The set of all real numbers = ug

A set with only one element is called a singleton set.

For example, {3}, {a}, and {Saturday} are singleton | 1. <o 0} is & singleton set

sets. The set with no elements (zero number of | having zero asits only element,
clements) is called an empty set, null set, or Void set. | and not the empty set.

The empty set is denoted by the symbol ¢ or { .
4 10 A
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Equal sets: Two sets 4 and 8 are equal if they have exactly the same elements or if
every element of set 4 18 an element of set 8. I two sets 4 and B are equal, we write
A=B. Thus, the sets {1, 2, 3} and {2. 1, 3} are equal.

Equivalent sets: Two sets 4 and B are equivalent if they have the same number of
elements. For example, if A = {a, b, ¢, d, e} and B= {1, 2, 3, 4, 5}, then 4 and B are
equivalent sets. The symbol ~ is used to represent equivalent sets. Thus, we can write
A~B.

Subset: If every clement of a set A 1s an clement of set B, then A 15 a subsct of B.
Symbolically this is written as 4 = 8 (4 15 a subset of 5).

In such a case, we say B is a superset of 4. Symbolically | The subset of a set can
this is writtcn as: also be stated as lollows:
ACB iff vred=xch

B 54 (B 18 a supcrsct of A).

Proper subset: If A is a subsct of B and B contains at least onc clement that is not an
element of 4, then 4 is said to be a proper subset of 8. In such a case, we write:

A < B (A4 1s a proper subset of B).
Improper subset: If 4 is a subset of 8 and 4 = B, | When we do not want to distinguish

then we say that 4 is an improper subset of B. From | between  proper  and - impropor
subsets, we may use the symbol C

. | . . for the relationship. It is easy to see
subsct of itself and is called an improper subset. that:

this definition, it also follows that every set 4 15a

NecWoecicooR

For example, letA={a,b.c}. 8= {c. a. b} and C
= {a, b, ¢, d}, then clearly

AcC, BoC but A=18.
MNotice that cach of sets A4 and B 1s an improper subset of the other because 4 = B.

Universal set: The set that contains all objects or elements under consideration is
called the universal set or the universe of discourse. It is denoted by U/,

Power set: The power set of a set § denoted by P(5) is the set containing all the
possible subsets of §. For Example;

(1) IfC={a, b, ¢ d}, then
P(C) = 10, {a}, 1B}, e}, id} e, by, ja. o}, fa. dy, 1b, cf, 1b d}, e, d},
{a,b,c}, {a.b.d}, {a,c,d}, {b, c.d}, {a.b,c.d}}.
(ii) If D= {a},then P(D)={¢. {a})
If' S 15 a finmite set with #(S) = m representing the number of elements of the set 5, then
ni(S)} = 2™ is the number of the elements of the power set.
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¢ EXERCISE 3.1))

1. Write the following sets m set builder notation:
(1) {1,4,9, 16, 25, 36, ..., 484} (11) 12,4,8, 16,32, 64, ..., 150}
(i)  40,+1,+2,...,+1000} (v) 16,12, 18, ..., 120}
(v) 1100, 102, 104, ..., 400} (vi) {1,3,9,27,81, ...}

(vii)  {1,2,4,5.10,20,25 50, 100} (viii) {5, 10.15, ..., 100}
(ix)  The set of all integers between — 100 and 1000

2 Write each of the following sets in tabular forms:
(i) 1x xisamultipleol 3 ~ x 35} (ii) {x|xe Ra2x+1=0}
(i) {x|xe Pax<l12} (iv) | x|xisadivisorot' |28}
(v) {x|x=2" ,ne NaA n<8} (vi)  dx|xe Nax+4=0}
(vil) fx|xe Na x=x} (vil) {x|xefLAal3xt+1=0}
3. Write two proper subsets ol each ol the lollowmng sets:
(1) {a. b, c} (i1) 10, 11 (i) N (iv) Z
(v) 2] (vi) R (vii) {x|xeO0Al<x=2)
4. Is there any set which has no proper subset? 1f so, name that sct.

What is the difference between {a, b} and [ {u.b}}?
What is the number of clements of the power set of each of the following sets?
(1) 1 (11) 10, 1} (111) {1,2,3,4,5,6, 7}
(iv) 10,1,2,3,4.56,7 (v} la, {b,c}}
(v1) Ha, b}, |b, ¢}, {d, e}}
7. Write down the power set of each of the following sets:

(i {9, 11} (i)  {H=xrb (i) e} (i) {a, (bl
3.2 Operations on Sets

Just as operations of addition, subtraction ete., are performed on numbers, the
operations of union, intersection etc., are performed on sets, We are already familiar
with them. A review of the main rules 18 given below:
Union of Two Sets
The union of two sets A and B8, denoted by A58, is the set of all elements which
belong to 4 or B. Symbolically;

AU B={x|xe Avxe B},
Thusif A={1,2,3}, B={2.3,4,5},thendwB={1,23, 4,5}
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Intersection of Two Sets
The intersection of two sets A and B, denoted by 4 m B, is the set of all elements
that belong to both 4 and B. Symbolically; Renisbeil
A B={x|xe Arnxe B}.
The symbol ¥ means or.
Thus, for the above sets 4 and B, 4 m B={2, 3}. The svmbol 4 means and.

Disjoint Sets
If the intersection of two scts is the empty set, the sets are said to be disjoint. For
example, if
S, = The set of odd natural numbers and §, = The set of even natural numbers, then
S, and §, are disjoint sets. Similarly, the set of arts students and the set of science
students ol a college are disjoint sets.
Overlapping Sets
If the intersection of two sets is non-empty but neither is a subset of the other, the sets
are called overlapping sets, e.g., 1l
L=42,3,4, 5.6 and M= {5.6,7, 8,9, 10}, then £. and M are overlapping sets.
Difference of Two Sets
The dilterence between the sets A and B denoted by A-B, consists ol all the elements
that belong to 4 but do not belong to A.
Symbolically, A—B = {x|xe Arxe B} and B—-A={x|xe Brxg A}
For example, if 4 ={1,2,3,4,5} and

B =1{4.56,7809, 10,
then A-B=141,2,3} and B-A={6,7.8,9, 10}
Notice that: 4 -8 =8 -4,

Complement of a Set
The complement of a set 4, denoted by A or A°

In wview of the definition of
complement and difference sets it is
elements of U, which do not belong to A. | evident that for any set 4, 4' = U—A

Symbolically:

relative to the universal set U7 1s the set of all

A ={x|xe U xe A}
For example, if '=Z, then £' =0 and O'=F
For example, If U/ = Set of alphabets of English language, €' = Set of consonants,

W = Set of vowels, then (C"'=Wand #'=C.
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3.2.1 Identification of Sets Using Venn Diagram

Venn diagrams are very useful in depicting visually the basic concepts of sets and

relationships between sets. These diagrams were first used by an English logician and

mathematician John Venn (1834 to 1883 A.D).

In the adjoining figures, the rectangle represents the|U

universal set L7 and the shaded circular region represents a
set 4 and the remaining portion of the rectangle represents
the A’

or [/ — A.

Below are given some more diagrams illustrating basic operations on two sets in
different cases (the lined region represents the result of the relevant operation in each
case shown below).

A B

A B

Disjoint sets Overlapping sets A B B A
U : L ; L L
= | | = N N/
v AriB = AR ;: @ Bcnili AR =R « AR = 4
. g (AL ey smANE) =nlA)+mMB) | ogog= s FEEr
nALBY=mA)+ nlB)  AAE) mAEl= riE) mAUE) =nld)
L1 —. i —_— L
Nl R f:)
[} |. i i i _4 |- b \«.\,_
NEPANA | AN & N/ \&
s ArE=d vATE = b vAmE =4 rdAmB =8
sn{AnB) =0 1A B)= n(d) e n{ A B) = n(B)

i U U L
S \U/|| &Su .
“A-B=A « mMA-BEniAyniA-B) “A-8=4¢ "A-B = ¢
il A=) = ni A) *mA-H)y=10 niA-81=n(Arn(B)

U m (,-\
N

U
s =

=

U
P

——

“f-Ad=8
=0l -4 = ni 1)

al i—A=n( i -n(AmB)

44

s B- == B
sR(B-A)y=nE) —md)

s i =0
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3.2.2 Operations on Three Sets

If A, B and C are three given sets, operations of union and intersection can be performed
on them 1n the following ways:

(i) Au(Bu () (i) AvuBuC iy 4Amn{Bu
(iv) (ArB)~C v) AU(BrO) Vi) UnC)UBNC)
(vii) (AuB)~C (viii) (AnB)wC (ix} (AuC)n(BuC)

3.2.2.1 Properties of union and intersection

We now state the fundamental propertics of union and intersection of two or three sets.
Properties

(i) AUB=8BwA (Commutative property of Union)

(M) AmnB=8BmAd (Commutative property of Intersection)
(im) A(Bu)=(duB)yul (Associative property of Tnion)

(iv) AN(BMmC)={Adn By C ( Associative property of Intersection)

(v) AV(BnO)= (A By {4 C) (Distributivity of Union over intersection)
(vi) AN (B CO)=(An By (A () (Distributivity of intersection over Union)
(vii) (AW B)Y=4"n B’

(viii) (AN BY =A"UB' (De Norgas Laws)

Verification of the Properties Using Sets
Let 4 ={1,2,3},8=1{2,3,4,5}and C=1{3.4,5,6,7, 8)
(i) AvB=1{1,2,3}w{23,4,5] BuA=1{23,450/{1,23}

7

=1{1,2,3,4,5) . =1{1,2,3,4,5)
AUB=BuUA
(i) ANB=1{1,2,3Y{2,3,4,5} : BrnA=1{23,4,5 ~{1,2,3}
=42 3} ={2,3}
AN B=Bn A

(111) and (1v) Verify yourself.
(v) AV BNO)={1,2,3} v [{2.3.4,5}m {3.4,5,6,7, 8}]
={1,2.3}\2 15,4, 5}
={1,2,3,4,5} 1)
(AUBINAVC)=[{1,2,3} {2, 3,4 5}]n[{1,2,3} w{3.4,5,6,7, 8}]
={h 234, 5 {1,2,3,4, 5,6, 7, 8]
=11,2.3.4,5] _(11)
From (i) and (ii), A U (B Cy=(A U B~ (4w )
(vi)  Venfy yourself.
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(vit) Let the umiversal setbe I'=§ 1.2.3,4,5,6,7.8.9,10]
AvuB =11,2,3}1042,3,4,5} =11, 2, 3, 4. 5}
(AuBY =U—~(AuB)={6,7,8,9, 10} (1)
A =U-A=1{4,56,7,89 10}
A =U-8=1{1,67.8,9, 10}
AN E=1{4,56728.910}n {1,6,7, 8,9, 10}
={6,7.8,9, 10} (1)
From (1) and (i), (4 W BY = A'm &
(vini)  Venfy yourself.

Verification of the properties with the help of Venn diagrams

(1) and (ii): Verification is very simple, therctore, do it by | @
yourself.

(iii):  In Fig. (1), set 4 is represented by a vertically lined
region and BoC is represented by a horizontally lined
region. The set A4 (B o ) is represented by the region

lined either in one way or both,

Lr
In Fig. (2) 4 v B is represented by a horizontally lined
region and C by a vertically lined region. (4« 8) v Cis
represented by the region lined in either one or both ways.

From Fig (1) and (2) we can see that

AVBuO=AduBiul

Lr

(iv) In Fig. (3). the doubly lined region represents
A B

I
In Fig. (4), the doubly lined region represents (4~ )~ C

Since in Fig. (3) and Fig. (4), these regions are the same,
therefore, AN (BN O)=(An BN C
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(v) In Fig. (5), A W (8 ) 1s represented by the region
which is lined horizontally or vertically or both ways,

In Fig. (6), (4w B~ {4 ' O) 15 represented by the doubly
lined region.
Smce the two regions in Fig (3) and (6) are the same,
therefore.

AVBNO=AUBIN (4w ()
(vi)  Verify yourselves.

(vi) In Fig. (7), (4 = B) 1s represented by a vertically lined
regIon.

In Fig. (8), the doubly lined region represents A" B

The two regions in Fig. (7) and (¥) are the same, therefore,
(AUBY=A'NB'

(viii) Verify yourselves.

Lr
Lr =
A
jifieratiatiai
S|
HHHH L&
===
==l
Fig. (6)
o T
:E i El:': [
===c==

|
Fig. (7)

Note:

can be conducted similarly.

Only overlapping sets have been considered in the Venn diagrams above. Verification for other cases

Example 1: Consider the adjacent Venn diagram illustrating two non-empty sets, A

and B.

(a) Determine the number of elements common / A B o
to sets 4 and 8. |' . lm 13
(b) ldentify all the elements exclusively in set B | 3 \* @ 12
and not in set 4. \4 . 10 o

(c) Calculate the union of sets 4 and B.
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Solution: From the information provided in the Venn diagram, we have:
Let U=14{1,2,3,4,5678,9 10,11, 12,13, 14, 15}
A=11,2,3.4.56,8}
B=156,7.8.9,10, 12}
(a) The elements in both sets A and B are the intersection of the sets:
Ar B=15,6,8
(b)The clements that arc only in sct B, not in set A, is the sets' differences.,
B—A4 =1{7,.9,10,12}
() AUB =11,2,3.4.56,8 0I5 6.7.89, 10,12}
=11,2,3,4,5,6,7,8.9,10,12}

Example 2: Consider the adjacent Venn diagram representing the students enrolled in

different courses in an [T institution. I8
L/ = {Students enrolled in IT institutions}

A = {8Studenits enrolled in an Applied Robotics]

G = {Students enrolled in a Game Development}
W = {Students enrolled in a Web Designing |

(a) How many students enrolled m  the

applied Robotics course?

(b) Determine the total number of Students enrolled in a Game Development.

(c) How many students are enrolled in the Game development and Web designing
course?

(d) Identify the students enrolled in Web development but not Applied Robotics.

(e) How many students are enrolled in IT mstitutions?
(f) How many students enrolled in all three courses?
Solution:

(a) Set 4 represents the total number of students enrolled in the Applied Robotics
program.
Total =370 + 205 + 125 + 240 = 940
So, the total number of students in the Applied Robotics course 1s 940,
(b) The total number of students enrolled in a Game Development is represented
by the set (.
Total =205 + 125 + 270 + 425 = 1025
Thus, the Students enrolled in a Game Development is 1025
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(c) Total students are enrolled in both the Game development and Web designing

The course is the intersection of & and W,
G W= 125+270=1395

Therefore, 395 students are enrolled in both the Game development and Web
designing Course,

(d)  The students who are enrolled in Web development but not in Applied Robotics
is the sum of values 336 and 270 in set .
Total = 336+270 = 606
So, there are 606 students who enrolled in Web development courses but not in
Applied Robotics.

(e) The total number of students enrolled in all three courses 1s represented by all
the values inside the circles.

Total =370 + 205 + 125 + 240 + 425 + 270 + 336 = 1971

There are a total of 1971 students enrolled in IT Institutions.

(0 The students who enrolled 1n all three courses are the intersection ol all the
circles are represented by the value 125,

3.2.2 Real-World Applications

In this secction, we will learn to apply concepts from sct theory to real-world problems,
such as solving problems on classification and cataloging using Venn diagrams. We
will also explore some real-life situations, such as demographic classification and
categorizing products in shopping malls.

For this purpose, we use the concept of cardinality of a set. The cardinality of a set is
defined as the total number of elements of a set. The cardinality of a set is basically the
size of the set. For a non-empty set 4, the cardinality of a set is denoted by n(A).

If 4=1{1,3,5 7.9 11}, then n(A4)=6. To find the cardinality of a set, we use the
following rule called the inclusion-exclusion principle for two or three sets.

Principle of Inclusion and Exclusion for Two Sets
Let A and B be finite sets, then
A B)Y=n(4)+n(B)— (4~ B)
and A Band A Bare also finite.
Principle of Inclusion and Exclusion for Three Sets
If A, B and C are finite sets, then
HAVBUOCO)=nA)+ By~ m(Cy—nAn B)y—nmAn C)-n(Bn C)yt+uldn B C)
and AuBOC, AnB, AnC, BmCand AnB~C are also finite.
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Example 3: There are 98 secondary school students in a sports club. 58 students join
the swimming club, and 50 join the tug-of-war club. How many students participated
in both games?

Solution: Let U7 = jtotal student in a sports club of school !

A = {students who participated in swimming club|

£ = {students who participated in tug-of-war club}
From the statement ol problems, we have U B

n(U) = n(A w B) =98, n(4) = 58, n(B) = 50. Py d

We want to Oind the total number of students i i 0 i
sk ’ I ! |
who participated in both clubs. l\ '

nAn B) =17 II\_H_ %_ / |

Using the principles of inclusion and exclusion = T
for two sets:

n(A o BY =n(A) + n(B)—ni(d ~ B)
= a4 B)=n(4)+n(B)—n(4 . B)
=58+ 509§
=10

Thus, 10 students participated in both clubs.

The adjacent Venn diagram shows the number of students in each sports club.

Example 4: Mr. Saleem, a school teacher, has a small library in his house containing
150 books. He has two main categories for these books: islamic and science. He
categorized 70 books as islamic books and 90 books as science books. There are 15
books that neither belong to the 1slamic nor science books category. How many books
are classified under both the islamic and science categories?

Solution: Let U7 = jtotal number of books in library!
A ={70 books in [slamic category}
B ={90 books in Science category}
C =115 book that does not belong to any category |
x = number of books that belong to both the categories

The adjacent Venn diagram shows the number of books that are classified under both
the 1slamic and science categories
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As, n(U) =150 o

o Fextrt it 5150 // \
= 175=x=150

| 70-x

= x =25 \ /
Thus, 25 books arc classificd under both \____ -

1slamic and science categories.

Example 5: In a college, 45 teachers teach mathematics or physics or chemistry. Here
is information about teachers who teach different subjects:

I8 teach mathematics = 12 teach physics

8 teach chemistry » 6 teach both mathematics and physics

4 tecach both physics and chemistry

2 teach both mathematics and chemistry.
»  low many teachers teach all three subjects?
Solution: Let L7 = {total number of tcachers in the college!
VW = {teachers who teach mathematics}
P = {teachers who teach physics}
C' = {teachers who teach chemistry}
From the statement of problems, we have
aAMoPUC) =45, (M) =18, (P =12, n(C) =8, n(M ™ F) =6,
P C)=4,nMnC)=2
We want to find the total number of teachers who teach all the subjects.
M MAPACY =1
Using the principle of inclusion and exclusion for three sets:

n(M P UC Y= (M) + n(P) +1{C) = (M P) = 0P €)= n(M~ ©)

+l MNP )
=  AMAPAC)= n(MUPUC M) —n(P)—m(C)+ (M Py (P O)
+ (M C)
=45—-18-12-8+6+4+2
=19

Therefore 19 teachers teach all three subjects.
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Example 6: A survey of 130 customers in a shopping mall was conducted in which
they were asked about buying preferences.
The survey result showed the following statistics;
« 57 customers bought garments
» 50 customers bought cosmetics
e 46 customers bought electronics
« 3] customers purchased both garments and cosmetics
» 25 customers purchased both ganments and electromics
« 21 customers purchased both cosmetics and electronics
» 12 customers purchased all three products 1.e. garments, cosmetics, and
electronics.,
(a) How many of the customers bought at least onc of the products: garments,
cosmelics or electronmics.
(b) How many of the customers bought only one of the products: garments,
Cosmetics or clectronics?
(c) How many customers did not buy any of the three products?
Solation: Let U= {total number of customers surveyved in the shopping mall }
G = |Customer who bought garments |
C' = {Customer who bought cosmetics}
f = {Customer who bought electronics}
From the statement of problems, we have
a(L)= 130, n(G) = 57, n(C) = 50, n(E) =46, (G C) =31,
MG E) =25, (Cn E)=2land (G C Ey=12.

(a) We want to find the total number of customers who have bought at least one
of the products: garments, cosmetics, or electronics.

We are to find n(Gw C'2 E).
Using the principle of inclusion and exclusion for three sets:
G CUE) =G Cy+n(E)—n(G i C)—n(G i EY—n(Cr EYtn(Gr Cry E)
=57+50+46-31-25-21+12=88

Thus, 88 customers bought at least one of the products: garments, cosmetics,

or electronics.
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(b) Customers who bought only garments v

Therctore, the customers bought only onc of the cach value within the circles?

Customers who bought only cosmetics

Customers who bought only electronics The Venn diagram above

Mathematics - 9 Unit = 3: Sets and Functions

=G =GOy =G EY+ (G Cr E)
=57-31-25+12
=13

= (C) -G O —mCAEY+ (G CnE) | ¥
~50-31-21+12
=10 Challenge!

= H(E] _ H[G ~ E) —H[C ~ E] Ee H{G ~ O E] llustrates the SCENAn

] presented in Example 7. Can
=46—-25-21+12=12 vou provide a justification for

products: garments, cosmetics,
or electronics = 13 + 10+ 12 =35

(c)

Since the total number of Customers surveyed was 130, and 88 customers
bought at least one of the products: garments, cosmetics, or electronics. The

customers who did not buy any of the three products can be calculated as:

mMGUCUEY =n(U)-n(GuUCUE)

=130-88 =42

S0, 42 customers did not buy any of the three products.

!x.}

3.

{ Exercise 3.2))

Consider the universal set L= {x: x is multiple of 2 and 0 < x < 30},

A= {x:xisamultiple of 6} and 8= {x : x is a multiple of 8}
(1) List all elements of sets 4 and B in tabular form
(ii) Find 4~ B (iii)  Draw a Venn diagram
Let, I/ = {x:xis an integer and 0 <x < 150},
G={x:x=2" forinteger mand 0<=m= 12} and
H = {x:xisasquare;}
(i) List all elements of sets ¢ and H in tabular form
(i) FindGuH (i) FindGrH
Consider the sets P = {x: x is a prime number and 0 <x = 20} and
0= {x:xisadivisor of 210 and 0 <x =20}
(i) FindPrQ (iiy FindPwuQ
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10.

11.

Verify the commutative properties of union and intersection for the following
pairs of sets:

(1) A=11,2,3,4 5}, B=1{4,6,8, 10} (11) N, Z

(iii) A={x|x e Rax>=0}, B=R.

LetlU={a, b, e def g hif}

A={a, b, e d g hi, B={c,d et}

Verify De Morgan's Laws for these scts. Draw Venn diagram
IWe/=141,2,3,...,20} and A={l1,3,35,..., 19}, verify the following:

(1) Aud=U (i} AnU=4 (i) An A =4¢
In a class of 55 students. 34 like to play cricket and 30 like to play hockey.
Also each student likes to play at least one of the two games. How many
students like to play both games?

In a group of 300 cmployees, 250 can speak Urdu, 150 can speak English, 50
can speak Pumjabi, 40 can speak Urdu and English, 30 can speak both English
and Punjabi, and 10 can speak Urdu and Punjabi. How many can speak all three
languagcs?

In sports cvents, 19 people wear blue shirts, 15 wear green shirts, 3 wear blue
and green shirts, 4 wear a cap and blue shirts, and 2 wear a cap and green shirts,
The total number of people with either a blue or green shirt or cap is 25. How
many people are wearing caps?

In a training session,l7 participants have laptops, 11 have tablets, 9 have
laptops and tablets, 6 have laptops and books, and 4 have both tablets and books.
Eight participants have all three items. The total number of participants with
laptops, tablets, or books is 35. How many participants have books?

A shopping mall has150 employees labelled 1 to 150, representing the
Universal set U. The emplovees fall into the following categories:

« Set A: 40 emplovees with a salary range of 30k-45k, labelled from 50 to 89.
» Set B: 50 emplovees with a salary range of 50k-80k, labelled from 101 to

150.

« Set C: 60 employees with a salary range of 100k-150k, labelled from 1 to 49
and 90 to 100.

(a)  Find (4 wB)~C (a)  Find n{ An(B A CC)}
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12.  In a secondary school with 125 students participate in at least one of the

following sports: cricket, football, or hockey.

60 students play cricket.
70 students play football.
40 students play hockey.
25 students play both cricket and football.
15 students play both football and hockey.
10 students play both encketl and hockey.
(a)  How many students play all three sports?
(b) Draw a Venn diagram showing the distribution of sports

participation in all the games.

13. A survey was conducted in which 130 people were asked about their favourite
foods. The survey results showed the tollowing information:

40 people said they liked nihan

65 people said they liked biryvani

50 people said they liked korma

20 people said they liked nihari and biryam

35 people said they liked biryani and korma

27 people said they liked nithari and korma

12 people said they liked all three foods nihan, biryvani, and korma

(a) At least how many people like nihari, biryani or korma?

(b)  How many people did not like nihari, biryani, or korma?

(c) How many people like only one of the following foods: nihari,
biryani, or korma?

(d) Draw a Venn diagram.

3.3 Binary Relations
[n everyday use, relation means an abstract type of connection between two persons or
objects, for instance, (teacher, pupil), (mother. son), (husband, wife), (brother, sister),
(friend, friend), (house, owner). In mathematics also some operations determine the
relationship between two numbers, for example:

>:(5,4) ; square: (25,5) ; Squareroot:(2.4) : Equal: (2x 2,4).

In the above examples =, square, square root and equal are examples of relations.

Mathematically. a relation is any set of ordered pairs. The relationship between the
components of an ordered pair may or may not be mentioned.
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(1) Let 4 and B8 be two non-empty sets, then the Cartesian product is the set of all
ordered pairs (x, ¥) such that xe 4 and v 8 and is denoted by Ax B .

Symbolically we can write 1t as A= 8 ={{.r.:,y} |xe 4 and ye .H} .

(i1) Any subset of A x £ is called a binary relation, or simply a relation, from A to
B. Ordinarily a relation will be denoted by the letter .

(111)  The set of the [irst elements of the ordered pairs forming a relation 1s called its
domain. The domain of any relation r is denoted as Dom »,

(1v)The set of the second elements of the ordered pairs forming a relation 15 called
its range. The range of any relation # is denoted as Ran r.

(v) If 4 1s a non-empty set, any subset of 4= 4 15 called a relation in 4.

Example 7: Let ¢, .c,,c, be three children and m , m, be lwo men such that the father
of both ¢;,c, is m and father of ¢, is m, . Find the relation {(child, father)}
Solution: C = Sct of children = \Cs sty and F=sct of fathers = {m ,m, }

The Cartesian product of C'and F':

G M=o my o be i, ) S ), (8,00 T i ) 6 i )

r = set of ordered pairs (child, father). /\
= {(c;sm )(cy, m, ) (5, 1,)) | €, o,

Dom r = {c, ¢,,¢,},Range r = {m,, m, } I E’M
The relation 15 shown diagrammatically in HC/

adjacent figure,

Example 8: Let 4= {1, 2, 3}. Determine the relation # such that x » y iff x < y.
BOIREenE A < A= {(1,1),(1,2),(1,3),(2,1),(2, 2),(2,3),(3, 1), (3, 2), (3, 3)}
Clearly, required relation is:

r={(1,2).(1, 3).(2,3)}, Domr= {1, 2}, Range r= {2, 3}

3.3.1 Relation as Table, Ordered Pair and Graphs

We have learned that a relation in mathematics is any subset of the Cartesian product,
which contains all ordered pairs. Each ordered pair consists of two coordinates, x and
v. The x coordinate 1s called abscissa, and the y coordinate 1s ordinate, often
representing an input and an output. Now, we describe the relation in three different
Wways.
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Ordered Pairs: A relation can be represented by a set of ordered pairs. For example,
consider a water tank that starts with 1 litre of water already inside. Each minute, |

additional litre of water is added to the tank. The situation can be represented by the
relation r=--Jl {_r} __])| .11=x+l} . where x is the number of minutes (time) that have
passed since the filling started and y 1s the total amount of water (in hitres) in the tank.
When x=0.v=landx=1,y=2
In order pair this relation 15 represented as:
100, 1), (1, 2),{2, 3), (3. 4}, (4, 5), (5, 6)}
The above relation in table form can be represented as given below:

Table
x (time in minutes) | y =x+1 (water in litres)
0 Y=l =1
1 Pl gl =
2 pea ]l =5
3 y=i+1=4
4 rEg =2
3 y=5+1=6
Graph: We can also represent the relations visually by A

drawing a graph. To draw the diagram, we use ordered
pairs. Each ordered pair (x, v} is plotted as a point in the
coordinate plane, where x 15 the first element and v 1s the
second element of the ordered pair.

The relation is represented graphically by the line
passing through the points,

{{D, 1),(1,2), (2,3), {3,4}(4,5},{5,6}} as shown in the adjacent Figure.

1 — b o aonh oo o~
X B 01 1 ¥ & 1

3.3.2 Function and its Domain and Range

Functions
A very important particular type of relation is a function defined as below:

Let A and B be two non-empty sets such that:
(1) fis a relation from A4 to B, that is, f/is a subset of 4x B
(ii) Domain = A
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(ii1)  First element of no two pairs of / are equal, then /s said to be a function
from A4 to B.

The function fis also written as:
f :A—>B
Which 1s read as f1s a function from 4 to B. The set of all first elements of each ordered
pair represents the domain of 7, and all second elements represent the range of /. Here,
the domain of /15 A, and the range of /15 B.
[f (x, ¥) 15 an element of f when regarded as a set of ordered pairs.
We write v = /(x). v is called the valuc of /for x or the image of x under /.
Example 9: 1f4—={0.1,2, 3,4} and B={3,5,7,9, 11}, definea functionf: 4 — B,
J=x, )| y=2x+3, x € 4 and v € B}, Find the value of function £, its domain, co-
domain and range.
Solution: CGiven:y =2x+3 ; x € Aand y € B, then value of function,
F=100,3),(1,5), (2, 7), {3, 9), (4, 11)}
Domf=1{0,1,2,3,4}=4

= Co-domain /" = £ and

= Range f={3.5,7, %, 11} c B

Types of functions A

In this section we discuss difTerent types of /: \
functions; I,r . \‘.
(i) Into Function | '|

If a function /': 4 — B is such that II"\ 5 ' 5
Range / < B i.e., Range f# B, then d Fig, (i)

s said to be a function from 4 nto
B. In Fig. (1), /is clearly a function.

But Range f# B. Therefore, f 1s a A
function from A into 5. /—\
(ii) (One - One) Function (or , ! |
Injective Function) |I 2 Ilu
If a function f from A into B is such | | /

Y
that second elements of no two of 1ts \\_/ Fig. (i)

ordered pairs are same, then it is

7= {1, a), (2, )
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(iii)

(iv)

called an injective function; the

Unit = 3: Sets and Functions

function shown in Fig. (i11) 1s such
a function.,
Onto Function (or Surjective
function)
If a function /1 4 — & is such that
Range /= B i.e., every element of #

-]

€y

N

_/ Fig, (i) \

18 the image of some clement of A,
then f1s called an onto function or
a surjective function.

(One — One) and onto Funetion (or
Bijective Function)

A function f from A to B is said to be
a Bijective luncuion il 1t 18 both one-
one and onto, Such a function 15 also
called (1 — 1) correspondence between
the sets A and B.

(@, z), (b, x) and (¢, y) are the pairs of

JF=1lc, m). (e, m,), (c;, m.)}

z
Fig. (iv)

F=1{la,z), (b x). (c, 1]

corresponding clements i.c., in this case /= {(a, 2), (b, x), (¢, ¥)} which is a
byjective function or (1 = 1) correspondence between the sets 4 and 5.

3.3.3 Notation of Function

We know that set-builder notation is more suitable for infinite sets. So is the case with
respect to a function comprising an infimite number of ordered pairs. Consider for

instance, the function
F=41 000,00 (E 1 )42, 4003, 9). (4, 16), ..
Domf={-1,0,1,2,34,...} and
Range f= {0,1,4,9, 16, ...}

This function may be written as:

f={xy)|y=xxe N}

The mapping diagram for the function

is shown in the Fig.(v).
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3.3.4 Linear and Quadratic Functions
The function {(x, ¥) | v = m x + ¢} is called a linear function because its graph
(geometric representation) 1s a straight line. We know that an equation of the form
v = mx + ¢ represents a straight line. The function {(x, ¥) |y =ax" + bx + ¢} is called a
quadratic function. We will study their geometric representation in the next chapter.
Example 10: I /(x)=2x—1 and g(x) = x* - 3. then find:
(i) /(1) (i1) f(—3) (11)f(7)
(iv)  g(1) (v) g(=3) vi) g4
Solution: (i) fil)y=2x1-1=1 (i) f(-3)=2%(=3)—-1=-7
({7 =2=x7-1=13 (iv)g(1)=(1¥-3=-3
WV g(-3)=(3V-3=6  (vigd)=(4)-3=13
Example 11: Consider f(x) = ax + b — 3, where @ and £ are constant numbers. I
Ffi1y=4 and f( 5) =9, then find the value of @ and 5.
Solution: Given function f{x) = ax+ 0+ 3

I fi1)=4
Then ax1+b+3=4
— ath=1 A1)

Similarly, f(5) =9
= a*xl+h+3=4
= S5a+h==6 i)
Subtract equation (1) from equation (11), we get.
(Sat by —(at+th)=6-1
Sat+b-a-b=35

=9 =g =

= | Ln

5 oo
Substitute a= m in the equation (1)

tl+.f]=1
T
4
= h=——
3 |
Thus, a=— and b=——
4
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2

¢ EXERCISE 3.3 )

1. For 4= {1, 2, 3, 4}, find the following relations in 4. State the domain and
range of each relation.
@) x| y=xi (i) {{x,») |y T x =35}
(i) () [x+y<sh  (WG)]x+y>5)
Which of the following diagrams represent functions and of which type?
D e e e
' “\ ™ P ", / \
1 : _’k%_ " f \. /
: — e || L || L ) \I
2 . 'l b 1 * ]Ii > 3 }
3 . ‘ >d / £ ;JI " X e 5
‘\x_h iy "\ A 4 ,»-’J . /
LS Fig (1) Sl i Fe(2) e
;"'ﬁ —, e e

\\\ ,ff 4 “\\ / . K”‘-.,II f '1,\'
— 7 ,

B b ==
e
Yy v w
—
=
_.-"'--
¥
sy

o SESRIN Fig (3) N 7 FiE® T

If g(x) = 3x + 2 and A(x) = x" + 1, then find:

s T
(i 2(0) (if) g(-3) (i) g|§J
L5
q s 10
(iv) WD) (v) h(4) ORI J

Given that f(x) = ax + b +1, where @ and b are constant numbers. If f{3) = 8
and f( 6) = 14, then find the values of @ and 5.

Given that glx) = ax + b + 5, where a and b are constant numbers, If g(—1)=10
and g(2) = 10, find the values of ¢ and 5.

Consider the function defined by f(x) = 5x + 1. If f{x) = 32, find the x value.

Consider the function f{x) = ex” + d, where ¢ and & are constant numbers. If
J{1)=6and f(—2) = 10, then find the values of ¢ and .
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@ REVIEW EXERCISE3 )P

1. Four options are given against each statement. Encircle the correct option.

(1) The set builder form of the set { l,l.l‘]—,..l is:
3577
( I ) [ '

(€) 3xlx= 3 :_] . E Hr"} (d) {x|1= 2n+1, ne Hf’}

(i) IfA=1{}, then P(A4)is:
(a) (b) {1} (c) {1 (d) ¢

(i) U={1,2.3,4,5},4={1,2,3} and 8 =4{3.4, 5}, then U— (A B) is:

(a) {1,2,4, 5% (b) {2, 3} (c) {1,3,4,5} (d) {1, 2, 3}
(iv)  If 4 and B arc overlapping sets, then #(4 — B) is equal to

(a) n{A4) (b) n(B) {c) AnB (d) n(A4) — n(AnB)
(v) IfT4 <€ Band 5—4 £ ¢, then n(8 —4) 1s equal to

(a) O (b) n(B) () nid) (d) #(B)— n(A)
(vi) Ifm(d' B)=250, n(4)=30and n(E) =35, then n(d m B) =:

(a) 23 (b) 15 {c) 9 (d) 40
(vii) If4=1{1,2, 3,4} and B = {x, y, =}, then cartesian product of 4 and B

contains exactly elements,

(a) 13 (b) 12 {c) 10 (d) 6
(viii) Iff{x)=x"—3x+ 2, then the value of f{a + 1) is equal to:

(a) a+1 (b) &’ = 1 (c)a*+2a+1 (d)a® —a
(ix) Given that fix) = 3x+1, if fix)=28, then the value of x is;

(a) 9 (b) 27 (c) 3 (d) 18

(x) LetA={l1,2, 3} and B =g, b} two non-empty setsand /: 4 — Bbea
a function defined as /= {(1, a), (2, b), (3, b)}, then which of the following
statement 1s true?

(a) fisinjective (b) fis surjective (c) fis bijective (d) /is into only

2, Write each ol the following sets in tabular forms:
(i) {x|x =2n, ne N'} (iiy {x|x=2m+1, me N}
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10.

12.
13.

(i) {x|x=1lnne Wan<ll} (iv) {x|xe EAnd<x<6}

(v}  Ix|xe OnSsx<T} (vi)  ix|xe Qax® =21

(vil)  {x|xe Onx=—x} (vili) {x]xe RAxe Q'}

Let /=1{1,2,3,4,5,6,7,8,9.10}, 4=1{2,4,6,8,10}, B={l1,2,3,4,5}
and C={1, 3,5, 7,9}

List the members of each of the following sets:

(1) A (i) B (i) AwB (iv) A-B

v}y AnmC (vi) Awc  (vil) Ao C (vin) U

Using the Venn diagrams. if necessary, find the single sets equal to the
[ollowing:

(1) A (i) AnU (i) Aol

(v) A v) e

Use Venn diagrams to verify the following:

(i) A—B=Auf (ii) (A=B) mB=8
Verify the properties for the sets 4, £ and C given below:
(i) Associativity of Union (ii) Associativity of intersection.

{(111) Distributivity of Union over intersection.
(iv)  Distributivity of intersection over union.

(8 A=1{1,2,3,4}, B=13,4,5.6,7,8}, C=15,6,7,9, 10}

(b) A=é, B={0}, C=10,1,2}

(c) A=NB=2Z (=0
Verily De Morgan's Laws for the following sets:
U=1{1,2,3,...,20), 4=12,4.6,....,20%and B={1,3.5,.....19}.
Consider the set P={x|x=5m, meN}and O={x|x=2m. meN}.Find P Q
From suitable properties of union and intersection, deduce the following results:
i) An(AUB)=A(A~ B) (i) AuAAB=Adn (AUB)
If g(x) = Tx — 2 and s(x) = 8x* — 3 find:

=

() g0 (Gig-1) Gi) ¢ -2

™

s W 3 E
G () G)st9) o) s[zJ

\
Given that f{x) = ax + b, where a and b are constant numbers. If f(—2)=3 and
f(4) =10, then find the values of @ and 5.

Consider the function defined by &(x) = 7x = 5. If &(x) = 100, find the value of x,

Consider the function g(x) = mx*+n, where m and » are constant numbers. If
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14.

15.

l6.

o(4) =20 and g(0) = 5, find the values of m and ».
A shopping mall has 100 products [rom various categories labeled 1 to 100,
representing the universal set ', The products are categorized as follows:
* Set A: Electronics, consisting of 30 products labeled from 1 to 30.
*  Set £ Clothing comprises 25 products labeled from 31 to 55.
+  Set C: Beauty Products, compnising 25 products labeled from 76 to 100,
Write each set in tabular form, and find the union of all three sets.
Out of the 180 students who appeared in the annual examination, 120 passed
the math test, 90 passed the science test, and 60 passed both the math and
science tests.
(a) How many passed either the math or science test?
(b) How many did not pass either of the two tests?
(c) How many passed the science test but not the math test?
(d) How many [ailed the science test?
In a software house ol a city with 300 soltware developers, a survey was
conducted to determine which programming languages are liked more. The
survey revealed the following statistics:
» 150 developers like Python,
* 130 developers like Java.
» 120 developers like PHP.
* 70 developers like both Python and Java,
» 60 developers like both Python and PHP,
= 50 developers like both Java and PHP.
* 40 developers like all three languages: Python, Java and PHP.
() How many developers use at least one of these languages?
(b) How many developers use only one of these languages?
(c) How many developers do not use any of these languages?

(d) How many developers use only PHP?
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Factorization and
Algebraic Manipulation

Students’ Learning Qutcomes
At the end of the unit, the students will be able to:

#  ldentify commaon factors, trinomial factoring, coneretely, pretonally and symbolically.
¥ Factorize quadratic and cubic algebraic expressions:

= A+ +HE o @t + B . Ftprtg

= gt byt - {a + br+ ) (a® + be -y v k&

= xta)xt DTN R . (xtal(x + M+ +d)+ kol
= @+ 3AhF Jab+ i - & 3ath+ 3ab® - W

= gt h

#  Find highest common factor and least common multiple of algebraie expressions and know
relationship of LOCM and HCF,

#  l'ind square root of algebraic expression by factorization and division.

& Apply the concepts of factorization of guadratic and cuhic algebraic expression to real-waorld
problems (such as engineering, physics, and finance.)

INTRODUCTION

Algebraic factorization 1s not just a mathematical technique hmited to the classroom,
it plays an important role in solving practical problems across various real-world
scenarios. By breaking down complex algebraic expressions into simpler factors, we
can make calculations more manageable and conceal important insights. Algebraic
factorization has practical applications in finance, engineering science, business and
daily life. This chapter will explore the technmiques of algebraic factorization and
demonstrate how these methods can be applied to real-world situations, making math
a valuable asset in various aspects of life,

4.1 Identifying Common Factors and Trinomials Concretely,
Pictorially and Symbolically

4.1.1 Common Factors @

In algebra, a common factor is an expression that

divides two or more expressions exactly, For 2ab’ + 6ab
example, i )
EI—EJZE{I—S} 2 1

both terms 2x and 6.
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To represent trinomials concretely, we arrange unit tiles, rectangular tiles and the
squared tiles into a rectangle. The factors of the trinomial are represented by the lengths

of the sides of the rectangle.

Unit Tiles <—1—>
Here one grey umt tile represent | and one white unit ule T

represents —1. Both grey and white unit tiles form a zero pair. e

Rectangular Tiles
The grey rectangular tile represents x and the white —x——>
rectangular tile represents —x. Both prey and while
rectangular tiles also form a zero pair.

X

Squared Tiles — —

The grey squared tile measure x units on each side and

it has an area of x * x = x* units. This tile is labelled as
v tile. The white squared tile represents — x°. Both grey

—H—>  m—>

and white squared tiles form a zero pair.
Example 1: Find common [aclor of x° + 2x concrelely, pictorially and symbolically
Solution: We arrange one x” tile and two x tiles into a rectangle.

Concretely Pictorially Symbolically

—y+}——>
X 1 1 X * 2

i 3
X x x! lr X +‘_ x{.'r-'_z.}

4.1.2 Trinomial Factoring
Trinomial factoring is converting trinomial expression as a product of two binomial
expressions. A trinomial i1s an expression with three terms and binomial is an
expression with two terms.

For example, x* + 4x + 4 and 3x* — x — 2 are trinomials whereas x + 2 and 3x — 1 are
binomials.

Algebraic tiles of different sizes can easily be made with different coloured chart papers.
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Example 2: Factorize x* — 5x + 4 concretely, pictorially and symbolically.

Solution:
Concretely Pictorially Symbolically
We arrange one x° tile,
five —x tiles and four unit < 2 r—4 " >

tiles into a rectangle.
x -1 -1 -1 -1

|l

pa |||

Example 3: Faciorize x*

¥ —5x+4

= (x—1)x—4)

—x-1—
"
=
|
-3

1 =X 4

— 3x — 10 concretely, pictorially and symbolically.

Solution: []_

Concretely we arrange one x° tile, three —x tiles and ten —1 | |

liles mto rectangle. |_ :l
L]

X —]—I—l—_l—_ll

We see that there are not enough rectangular tiles to make
a larger rectangle, To fix this issue, we add zero pair, X

Adding two x tiles and two —x tiles does not change the
: T e I
given expression because 2x — 2x =0,

«

[ ]
-

B

L

Pictorially Symbolically
< x=5 S

X -5
L
o ¥ —Sx 23— 10=(x+2)(x-5)
29

+2f Ix 10

£

4.1.3 Factorizing Quadratic and Cubic Algebraic Expressions
Type — I: Factorization of expression of the types x* + px + g and ax* + bx + ¢
The procedure 1s explained in the following examples to factorize the above type of

eXpressions:
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Example 4: Factorize: x° + 9x ~ 14

Selution: Two numbers whose product is Product of factors Sum of factors
+14 and their sum is 9 are +2, +7. 14 =1 =14 14+1=15
S0, ©+9c+ 14 TxX=14 T+2 =y

=x*+2x+Tx + 14
=x(x+2)+T(x+2)
=+ 2+

Example 5: Factorize: x* — 11x ~ 24

Solution: Two numbers whose product is 124 and their sum is —11 are —8, 3.

S0, =1lx+24 Product of actors Sum of factors
2 8y —3x+ 24 24 % =24 I+ =35
g x 3 =24 R+3=11
=_1'{I—H)—3{.‘1’.'—g] GS)“(SJ_IJ' g = ||)
= gy =d) 6% d=24 b+4=10
2 x3Fe=34q 1Z+2=14

Example 6: Factorize: p~+ 11p+ 18

Solution; p*+ 11p+ 18
— 2+ 95 +2p+ 18 v 942=11,9%x2=18
=p(p +9)+2p +9)
=P t9p+2)

In all quadratic trinomials factorized so far, the coefficient of x* was 1. We will now
consider cases where the coetficient of x° 1s not 1.
Example 7: Factorize: 2x° + 17x + 26

Solution:
Step—1:  Multiply the coefficient of x* with constant term. i.e.,
2x26=252
Step — Iz List all the factors of 52:
L5 =] y—0d
2,26 =iy — 46 An expression having degree 2 is called a
4.13 413 quadratic expression.
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Step — HI: Sum of factors equals middle term (17}

Factorize the following expressions:

1 +52=53 ~1-52=-53 o e i

2 +26=128 o =08 Gi)  A-50-24

- (11} 6y —y—12
(4+13=17) wlhi] =] i

Step — IV: Change the middle term in the given expression
23+ 1 7x + 26

=2x+4x+ 13x+26

Step — V: Take common from first two terms and last two terms
=2x(x+2)+ 13(x +2)

Step — VI: Again, take common [rom both terms
=(x+2)2x+13)

Example 8: Factorize: 3x° —4x—4

Solution: 3x" —d4x—4

=32 +2x—-6x—4 v 2x(-6)=-12,+2-6=-4
=x(3x +2) 2(3x + 2)
={3x+2)x—2)

€ EXERCISE4.1 )

[ Factorize by identifying common factors.
(i)  6x+12 iy 157+ 20y (iii) =12x%=3x
(iv)  4a’h + Bab’ (v) xy—-3x+2x (vi) 3a’h—9ab’ + 15ab

2. Factorize and represent pictorially:
(i) Se+15 (i) +dc+3 (i) x*+6x+8
(iv) x+4x+4

L. Factorize:

(i) Z+x-12 (i) 2+Tx+10 (ili) »*—6x+8
(iv) x —x-56 (v) = 10x - 24 (vi) P +dy—12

(vii) ¥+ 13v+ 36 (viii) r—x-2
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4. Factorize:
(1) 2+ Tx+3 (11) 2+ 11x+ 15 (i) 42+ 13x+3
(iv) 3%+5x+2 (v) 3 -1ly+6 (vi) 207-5p+2
(vil) 4z8—=1lz+6  (vili) 6+ 7xr—3x
Type— II: Factorization of the expression of the types a* + &*6* + b* or o* + b*
Let's factorize the first expression
a*t+ a*b + bt
=g+ b+ a*H?
= (a®? + (B°) + *D°
=(a*F + (B = 2 = 20" + o°b* (Adding and sublracling 2a°67)
i (ﬂ,: + B — &2

2 2 2
= (uj + !f:} —(ab) .1 a W=(a b)a+h)
= (e + B —ab) (" + b + ab) (a t B — P+ 2ab+ P
= {ﬂ'z —ah+ h:) (a* +ab+ B {a— b = —2ab + B

Example 9: Factorize: x* +x° + 25
Solution:  «* -+ X'+ 25
=x*+25+%°
= (Y + (5)° + 2(c3)(5) = 2(x*)5) + x* (Adding and subtracting 2(+*)(5))

5 1 1 a
B el lescey

= {x: i 5}2 — Oy* o Prepare cards by winting several expressions.
i {.:‘E % 5}2 L {lﬂz s Dhvide students m small groups.

., ; ¢ [ach group will draw a card and factorize the
=@ +5-3x) (" +5+ k) EXpression,

=(x*-3x+5) (x*+3x+5) * Thegroup which completes the most correct
factorizations i a set time will win.

Example 10: Factorize: x* +*
Solution: x4 8

= () + 2P

= (P + (7P + 2000 - 26 (Adding and subtracting 2x%7)

= (2 + ¥ - 2y’

= (2 +y = f2) (2 +7 + 2 )

= (@ =2+ @+ 2+
I 70 A

Factorize: (i) 64x*y*+ 2

(11} EI:*+%—[ I
Bl
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Example 11: Factorize: o* + 64
Solution: o' + 64
={a*)* + (8)°
= (@) + (8)* + 2(a*)N8) — 2N 8) (Adding and subtracting 2(a"}8)
={a" + 8) — l6a’
_ {ﬂz + &) — {4&,)3
={(a*+8—-4a) (" + 8+ da)
={a*—d4a+8)(F+4a+ R
Type — 111: Factorization of the expression of the types
o (@t bxtolax” +bx + o)+ k
* (xta)x+hxtolx+dtk
o (xt+a)x+ D+ oy + )+ kP
For explanation consider the lollowing examples:
Example 12: Factorize: (x* + Sx + 4)(»* + 5x + 6) =3
Solution: (°+5r+4) x>+ 55+ 6)-3

=(y+4)y+6)-3 (Lety=x*+5x)

=y +6y+4y+24-3

="+ 10y + 21

=+ Ty + 3y + 21

=Wy +TN+3Ip+7)

={p+ v +3)

=(x*+5%x+ 7N {x"+5x+3) (v p=x"+5x)
Example 13: Factorize: (v + 2)(x + 30x +4)x + 5) =15
Solution: (x+ 2)(x + I(x+4)x+5)-15
Re-arrange the given expression because 2+5=3+4

[(x +2) (x + 5))[Cx + 3)x + 4)] - 15

=(x*+5c+2x+ 10) (2 + dx+ 3x + 12) = 15

= (x7 + Tx + 10)(x* + Tx + 12) - 13

=(y+ 10}y +12)-15 {Lety=x+7x)
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="+ 12y + 10y = 120 - 15
—J:1+ 22y + 105
=y + 15y + Ty + 105
=Wy + 15)+ Ty + 15)
=+ 15)y+7)
=G+ T+ 15X + Tx+ T) (2 y=x"+ Tx)

Example 14: Factorize: (x —2)(x + 2)(x + 1){(x —4) + 2«7
Solution: (x - 2)(x + 2)(x + 1){x—4) + 2x°
= [(x = 2)x + D)][(x + Dix — )] + 267 [+ (=2)x2=1x (4]
= (=2 —dx+x—4)+ 247
— (P =) (2 = 3xr—4) = 232
=1y —3x) + 227 {Lety=x"'-4)
T o 1 o
=37 = 2y —xy + 2
= ¥y — 2x) —x(p — 2x)
= (= 2xly—x)
=(x* =4 =2}z =4 =3x) (vy=x"-4)
=(x'=2x-H(x’'-x-4)
Type — IV: Factorization of the expression of the tvpes
s a+3ah+3ab’+F
o @' =3a’h+ 3abt - b
Factorization of such types of expressions is explained in the following examples:
Example 15; Factorize: 8¢ + 60x* = 150 + 125

Solution: 8+ + 60x" + 150x + 125
= (2x) + 3(20%(5) + 3(20(5) + (5)
= (2x + 5]3-
= (2x + 5)(2x + 5} 2x + 5)

(a+ by =d +3ah+3ab’+ ¥
(a=b)Y =d -3ab+ 3ab’ = b’

Example 16: Factorize: x' — 18x" + 108y - 216
Solution: ' — 18" + 108x - 216

= (x) = 3(x)°(6) + 3(x)(6)* - (6)°

= (x - 6)°

={x=06)x—6)x—6)
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Type — V: Factorization of the expression of the types ' + &
The expression o’ + &7 is a sum of cubes and it can be factorized using the following
identity:
a + b =(a= ba* - ab+ b))
The expression a® — b* is a difference of cubes and it can be factorized using the
following identity:
a — b =(a-ba +ab+ b
Example 17: Factorize: 8¢ + 27
Solution: 8 + 27
=(2x)* + (3)°
= (2x + 3)[(2%)* - (20)(3) + (3)]
= (2x + (dx’ —bx + 9)
Example 18: Faclorize: x° — 27y it
- 5 i (a+ by £a+ b
Solution: . —27y (bt gt
=(x) = (3p)’ (at b £t b
= (x= ) + (0)E) + Gy)] (=8 #a b
= (x =3 + 3 + 9D

{( EXERCISE4.2 ))

Do vou know?

1. Factorize each of the following expressions:
(i)  4x*+ 81" (i) o'+ 64h? (i) x*+ 42+ 16
(iv) x*=14x"+1 (v)  =30H7+ %0 (vi) 1A+
2 Factorize each of the following expressions:

(1) (E+1x+2Hx+3)x+4)+1 (1) (x+2Wx-TNx—-4Nx-1)+17
i) (273 + Tx+ 322+ Tx+5)+1 (V) G2 +5x+ 3B+ 5x+5)=3
vy (x+Dx+2x+INix+6)=3x° (vi) (x+ Dix=Dx+2)x-2)+13x°

3. Factorize:
(i) S+ 12+6x+1 (i) 27a + 108a°h + 14dab® + 64b°
(iii) x° +48x% + 108x)~ + 216y (iv) 8x° — 1257 + 15007 — 60x%y
4. Factonize:
(i) 125q4° - 1 (i)  64x + 125 (i) x5-27
(iv) 1000« + 1 (v) 3435 +216 (vi) 27-512°
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4.3 Highest Common Factor (HCF) and Least Common

Multiple (LCM) of Algebraic Expressions

4.3.1 Highest Common Factor (HCF)
The HCF of two or more algebraic expressions refers to the greatest algebraic
expression which divides them without leaving a remainder.
We can find HCF of given expressions by the following two methods:
(a) By lactorization (b} By division

(a) HCF by Factorization Method
Example 19: Find the HCF of 6x’y, 97
Solution: Grly=2x3 xxxxxy

Opf=3x3xxxpxy

HCF=3xxxy {Product of common factors)

= Jxy

Example 20: Find the HCF by factorization method +°— 27, ¥* + 65— 27, 2 -9
Solution: P —2T=5 -3
= (x=3)[(x)" + (3)x) + (3)]
=(x=3x"+3x +9)
E+Hex=-27T=x"+9%=3x-27

=x(x+9)-3x+9)

={x+Nx-3)
¥ -9=x_32
—(x=3)x+3)

Hence, HCF =x -3
(b) HCF by Division Method

Example 21;: Find HCF of 6x* — 17x* — 5x + 6 and 6x° — 5x* — 3x + 2 by using
division method.

Solution: _ v— |
6x — 17x" —5x+6 ) 6x"— 5 —3x+2

By T 17x r Sx + 6
12x° + 2x = 4

Here, 12x* + 2x—4 =2{(6x" + x = 2)
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2 15 not common in both the given polynomials, so we ignore it and consider only
bx? +x =2,

. x=3
ﬁx*u—zj 6x — 17x — 5x + 6
_bx’ — X3 2x
~18x" - 3x+ 6
c18x 2 3x+ 6
()

Hence, HCF =6x* + x =2
4.3.2 Least Common Multiple (LCM)
The LCM of two or more algebraic expressions 15 the smallest expression that 1s
divisible by each of the given expressions.
To find the LCM by factorization, we use the formula.
LCM = Common [actors = Non-common laclors
Example 22: Find the LCM ol 4x7y, 8z,
Solution: dxty =2x2xxxx Xy
By =2x2x2xxAxNx XYy
Common factors = 2 x 2 % xx x % y=4x7y
Non-common factors =2 x x x y=2xy
LCM = Common factors * Non-common factors
= 4::3_1-‘ x 2xy = R_r't]rg
Example 23: Find the LCM of the polyvnomials x° — 3x = 2, x* — 1 and x*— 5x + 4.
Solution: As ' -3x+2=x'-2x-x-2
=x{x—2)-1{x-2)
={x-2){x-1)
And x*—1=Gx-D(x+1)
X¥—Sx+d=x*—4x-x+4
=x{(x—4)-1(x-4)
=x-4){x—1)
Common factors =x - 1

Non-common factors = (x + i{x — 2)x —4)
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LCM = Common factors ¥ Non-common factors
=(x=-1)x(x+Dix=-2)(x-4)
=(x—1}x+ 1)x-2) (x-4)
4.3.3 Relationship Between LCM and HCF
The relationship between LCM and HCF can be expressed as follows:
LCM = HCF = p(x) = g(x)
Where, plx) = 1% polynomial

g(x) = 2™ polynomial

Example 24: [.CM and HCF of two polynomials are x* — 10x* + 11x + 70 and x — 7.

If one of the polynomials is x° — 12x — 35, find the other polynomial.
Solution: Cnven that: LCM — =107+ 1lx+ 70

HCF=x—7
plx)=x>—12x =35
As we know that: gix)= i
pLx)
(7 <1027 + 1 1x + T0)(x—7)
B =125 +35
x+2

¥—12x+ 35]::!— 102 + 11x + 70
X 12" +35x

2x' —24x + 70
2 ;
2 -24x+ 70
0
So, g(x) =(x+2)(x-7)
= -Tx+2x-14

=’ -5x-14
Example 25: The LCM of ¥*y + xp”* and x* = xy is xp(x + 3). Find the HCF,
Solution: Given that: LCM = xy(x + )
HCE="
1*! polynomial = x*y + x”

2™ polynomial = x° + xy
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As we know that:  LCM = HCF = Product of two polynomials

Product of two polynomials
LCM

_ (x°v+ 07 )Nx + 1)

HCE =

xlx+y)
_ xpix rix(x+ y)
px+ 3}

=x(x+y)

@ EXERCISE43 )

1. Find HCF by factorization method.

(i) 2Ly 3507 (i) 42 =97 27 - 3xy

(i) F=1,2+x+1 (iv) & +2a°-3a,2a +54°-3a

vy E2+3—-4,.724+5t+4,5-1 [(vi) 2+ 15x+56, 7 +5x—24 x*+ 8
2 Find HCF of the following expressions by using division method:

(1) 2707 +9x7—3x-9, 3x-2 (i) -9 +2lx-15 X —4x+3
(ifi) 2 +2+2x+2, 65+ 127 +6x+ 12
(iv) 2x°—4x?+6x, x¥ —2x, 3x*—6x

5. Find LCM of the following expressions by using prime factorization method.
(1) 2a*h. 4ab’, Gab e o s
(iii) & —4a+4,a-2a (iv) ¥t — 16, ¥ —4x

(v)  16—4x?, P +x-6, 4—x

4, The HCF of two polynomials is y — 7 and their LCM is " — 1007 + 11y + 70, If
one of the polynomials is ¥ — 51— 14, find the other.

5. The LCM and HCF of two polynomial p(x) and g(x) are 36:*(x + a)(x* —a’) and
x*(x — a) respectively. If p(x) = 4%(x* — @), find g(x).

i The HCF and LCM of two polynomials is (x + a) and 12x°(x + a)(x* — @)
respectively. Find the product of the two polynomials.

4.4 Square Root of an Algebraic Expression

The square root of an algebraic expression refers to a value that, when multiplied by
itself, gives the original expression. Just like finding the square root of a number, taking
the square root of an algebraic expression involves determining what expression, when
squared, results in the given expression.
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For example, square root of 4¢° is = 2a because 2a % 2a = 4a” and (—2a) * (—2a) = 4o’
There are following two methods for finding the square root of an algebraic expression:

(a) By factorization method (b) By division method
(a) Square Root by Factorization Method
Example 26: Find the square root of the expression 36x" — 362" + 9
Solution: 36x — 3637 4+ 9
= Q(4x* — 4 + 1)
= 9[(2x°Y = 2(2x*W1) + (1¥’]
=322~ 1P

Taking square root on both sides

V36x* —36x7 +9 = 37 (257 — 1)}
=+3(2x° —1)
(b) Square Root by Division Method

When the degree of the polynomial is lagher, division method in finding the square
root is very useful.

Example 27: Find the square root of the polynomial x* — 12 + 42¢* — 36x + 9.

Solution: Multiply x* by x* to get x* ¥-txt3
; y 5 5 X120 +42%° — 363+ 9
Multiply the quotient (x°) by 2, so we get 2x°. By 2|
I T ) ; 7 3 -
dividing —=12x" by 2x°, we get —6x. By continuing in 120 + 497
this way, we get the remainder. 2 -6x| 120+ 36
r12x' 4
Hence, square root of x* — 123" + 42x* = 36x + 9 is 6x' — 36x +9
2% — 125+ 3 6 - 363+ 9
+(x*—6x+3) &
0

4.4.1 Real World Problems of Factorization
[n this section, we will apply the concept of factorization of quadratic and cubic
algebraic expressions to real world problems such as engineering. physics and finance.

Example 28: Cost function for producing a part is modeled by:

Clx) =5x"—25x+ 30
Where x is the width of the component and C(x) is the cost. Find the value of x where
C(x) is minimum.
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Solution: C(x) = 5x* = 25x + 30

= 5(x" — 5x + 6)

= 5(x* = 2x - 3x + 6)

= 5[x(x - 2)—3x-2)]

=5{x—-2)x-3)
Thus, the minimum cost occurs when x = 2 or .x = 3.
Example 29: The potential energy Uix) of a particle moving in a cubic potential 1s
expressed as:

Uxy=x —6x" + 12x— 8

Factorize the expression to find the points where the energy in mimimized.

Solution: Uix)=x'—67 +~ 12x - §
= (x)’ = 3(x)4(2) + 3(x)(2) - (2}
=0 {J.' T 2}3

=(x=Dx-2)x-2)
The factorized form of the potential energy function shows that the energy is minimized
atx =2,
Example 30: A company’s profit *(x) is modeled by the quadratic equation:

P(x)=—=5c + 50x - 120

Where x represents the number of units produced and P(x) represents the profit in
dollars. Find how many units should be produced to maximize profit.
Solution: P(x) ==5x>+ 50x - 120

=—5(x* - 10x + 24)

= _5[x% — 4x — 6x + 24|

==5[x(x = 4) - 6(x — 4}]

==5(x —4)(x — 6)
We can see that profit will be 0 when x = 4 or x = 6. As coefficients of x* is negative,
the maximum profit occurs at the midpoint between 4 and 6.

Which 1s: I=E=E=S
2 4

Thus, the company should produce 5 units to maximize profit.

€ EXERCISE 44 )

1. Find the square root of the following polynomials by factorization method:
(i) x—8x+16 (i) 9+ 12x+4
(iii) 36a° + 84qa + 49 (iv) 64" —32p+4
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(v} 200¢ —120¢+ 18 (vi) 40x + 120x + 90

Find the square root of the following polynomials by division method:
()  4*-28c°+37x"+42x+9
(1) 121 = 198x° — 183x% + 216x + 144
(i) x*— 10y + 27007 — 10" +5°
(iv)  4x*—12¢° + 370 - 42x + 49
An investor's return B(x) in rupees after investing x thousand rupees is given
by quadratic expression:
Rix)=—x*+6x—8
Factorize the expression and find the investment levels that result in zero return.
A company’s profit Ax) in rupees from selling x units of a product 15 modeled
by the cubic expression:
Plx)=x"—15x*+75x—125
Find the break-even point(s), where the profit is zero.
The potential cnergy F(x) in an clectric ficld varics as a cubic function of
distance x, given by:
Flx) = 2x — 6 + 4x
Determine where the potential energy 1s zero.
In structural engineering, the deflection ¥{(x) of a beam 1s given by:
(x)=2x"-8x+6
This equation gives the vertical deflection at any point x along the beam. Find
the points of zero deflection.

@(REVIEW EXERCISE 4)P

Four options are given against each statement. Encircle the correct option.

i.

1.

The factorization of 12x + 36 is:
(a) 12(x+3) (b) 12(3x) {(c) 12(3x+1) (d x(12 + 36x)

The factors of 4x* — 12y + 9 are:
(a) (2x+3Y (b) (2x-3)°
(c) (2x=3)(2x+3) (dy (2+3x)2-3x)°

The HCF of &b and ab” is:
(a) a'd’ (by  ab’ (c) &'’ (dy a'b
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v,

V.

Vi,

The LCM of 16x7, 4x and 30xy is:

(a) 480y (b)  240xy (c) 24007y (d) 120x"y
Product of LCM and HCF = of two polynomials,
(a)  sum (b)  difference  (c) product (d) quotient

The square root of x> —6x + 9 is:
@ *ix-3) (b) Ltixt+3) (¢ x=13 (d)y x+3

vii. The LCM of (a — b)* and (a - b)* is:

(@ (a-hy (b)  (a—b) (¢)  (a=by (d)  (a-bh)

viii. Factorization of x* +3x> + 3x + 1 is:

X,

(@ (x=+1y (b} -1y
(©) +DEF+x+1) (d) (x— 1 —x+1)
Cubic polynomial has degree:
@ 1 (by 2 (c) 3 (dy 4
One of the factors of x° = 27 is:
(a) x-3 b} x+3 (¢) x*=3x+9 (d) Bothaandc
Factorize the following expressions:
(1) dr + 185 — 12x (i)  x - 647
(i) X' -8 (iv) —=x2—23x-60
(v 23+ Tx+3 (vi) x*=64
(vih x*+2x*+9 (viil)  (x + 3)x + 4)x + 5)(x + 6)— 360

(ix) (2+6x+3D>+6x—9)+36

Find LCM and HCF by prime factorization method:

(i) 4¢ + 12x%, B* + 16x (i) XF+3F—4x F—x-6
(i) x*+Bx+16,x°-16 (iv) x'—=9x x*-4x+3

Find square root by factorization and division method of the expression
16x" + 8x% + 1,

Huria 1s analyzing the total cost of her loan, modeled by the expression

C(x) =x* — 8 + 15, where x represents the number of years, What is the
optimal repayment period for Huria's loan?
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Linear Equations
and Inequalities

Students’ Learning Qutcomes
At the end of the unit, the students will be able to:

= Solve linear equations and inequalities with rational coefficients and represent the solution set

on a real line.
= Solve two hinear inegualities with two unknowns simultaneously.,

Interpret and identify regions in plane bounded by two linear inequalities in two unknowns,
F  Vind maximum and minimum values of a [unction using points in the feasible solution.

INTRODUCTION

Lmear equations and mequahities are widely used m vanious felds to model and solve
real-world problems. They help in understanding relationships between variables and
making dccisions. In this unit, our main goal will be to optimize (maximum or

minimum) a quantity under consideration subject to certain constraint restrictions.

5.1 Linear Equation
An equation of the form ax + b = 0 where ‘o’ and *#’

ax+b=0and « # 0 is also
called the general form of
linear equation in one variable. In linear equation, the | linear equation in one variable.

arc constants, ¢ # 0 and ‘x” i3 a variable, is called a

highest power of the variable 1s always 1.

5.1.1 Solving a Linear Equation in One Variable

Solving a linear equation in one variable means finding the value of the variable that
makes the equation true. To solve the equation, the goal 1s to 1solate the varable on one
side of the equation and determine its value.

Steps to Solve a Linear Equation in One Variable
Simplify Both Sides (it necessary)
« Combine like terms on each side of the equation.
« Simplify expressions, including distributing any multiplication over
parentheses.

Isolate the Variable Term
« Move all terms containing the variable to one side of the equation and all

L 82 A



Mathematics - 9 Unit — 5: Linear Equations and Inequalities

constant terms numbers to the other side. We can do this by adding or
subtracting terms from both sides of the equation.
Solve for the Variable
« Once the variable term is isolated, solve for the variable by dividing or
multiplying both sides of the equation by the co-efficient of the variable.
Check Your Solution

« Substitute the solution into the original cquation to cnsure that solution is
corTect.

Example 1: Solve the following equations and represent their solutions on real line:

B 3v-5=7 G It

;.
o

e

Solution (i) Ix=5=7

Ix—5+5=T7+5

Jx=12 A linear equation in one
Ix 12 variuble has only one solution.
x 3
x=4
Check: Substitute x = 4 into the original equation
I -5=7
12-5=7
7=17

S0, x = 4 is a solution because it makes the original equation true.
Representation of the solution on a number line:

“— ; : t : : F : * —>
-4 -3 =2 -1 0 1 2 3 4 5
Fig. 5.1
i x-2 x-4
ii — =
{} ; v W heck tl luti ft Ivi li
i o _— ‘e ched the solution abter so Ving nnedar
2(x 2]] {}5{ =4 =2 equation to ensure the accuracy of our work.
2.#—4—5A‘+2U_2
10 )
-3x+16
10
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—3E ¥ 16 v

-3x+16=20
—3x+16-16=20-16
-3x=4

x=——
3

; 4, i :
Check: Substitute x=—— into the original equation

_4_2 md_q
3 3 -2
) 2
—4-6 —4-12
= % 3 -9
5 2
10 -16
) —— . —
15 6
= —E+§=2
3 3
=2
_ +8=2
3
— E=2
3
—1 2=2

4, : : :
So, x= =5 the solution of given equation,

Representation of the solution on a number line:

=2
3

P
+

€ | i | | :




Mathematics - 9 Unit — 5: Linear Equations and Inequalities

5.2 Linear Inequalities

Inequalities are expressed by the following four symbols:

= (greater than), < (less than), = (greater than or equal to), < (less than or equal to)
For example,

(1) ax < b {11} ax+bh 2 ¢ () ax+by>c (Waxt+by=c
are inequalities. Inequalities (1) and (11) are in one vanable while inequalities (i11) and
(iv) are in two variables. The following operations will not affect the order (or sense)
of inequality while changing 1t to simpler equivalent form:

(1) Adding or subtracting a constant Lo each
side of 1it. The order {or sense) of an inequality
? o W : 15 changed by multiplying or
) Multiplying or dividing each side by a dividing each side by a negative
positive constant. conslant.

: . 52 : .
Example 2: Find solution of —x~1< 0 and also represent it on a real line.

Solution:
s
—x—1<0 1)
3 (
2
=% —x=<1
3
= 2x<3
3
X< =
2

It means that all real numbers less than % are in the solution of (i)

) 3 3, . . : . . )
Thus, the mnterval (—oo, E"] or w0<x< 5 15 the solution of the given inequality which

is shown in figure 5.3

L'

Lad
45
L o——

We conclude that the solution of an inequality consists of all solutions of the inequality.

L 85 A



Mathematics - 9 Unit — 5: Linear Equations and Inequalities
Following are the inequalities and their solutions on a real line:

Inequality Solution Representation on real line

o—>

x>1 (Loo) or 1< x < oo «— | : : s
2 | 0 | 2

€ =]

x<l (~,1) or —~c < x<1 | ¢e—F———F+—"—F—
-2 -] 0 1 2

"

x=1 [L,oo)or 1€ x<e € } I I ! : >
=& =1} 0 2

x<l (~o,]Jor ~mw<x2l | e——"—"F—F—F
2 | 0 1 .

5.2.1 Solution of a Linear Inequality in Two Variables
Generally, a linear inequality in two variables x and y can be one of the following
[orms:

ax+bv<e:  axr+byze; ax+by=e; ax+brzc

Where a, b, ¢ are constants and a, b ar¢ not both zero.
We know that the graph of linear equation of the form ax + by = ¢ is a line which
divides the plane into two disjoint regions as stated below:

(1) The set of ordered pairs (x, vy such that ax + by < ¢

(ii) The set of ordered pairs (x, v) such that ax + by > ¢
The regions (1) and (11) are called half planes and the line ax + by = ¢ 15 called the
boundary of each half plane.
Note that a vertical line divides the plane into left and right half planes while a
non-vertical line divides the plane into upper and lower half planes.

A solution of a linear inequality in x and y is an ordered pair of numbers which satisfies the
megquality.
For example, the ordered pair (1. 1) is a solution of the inequality x + 2y < 6 because 1+ 2(1)=3<6
which is true.
There are infinitely many ordered pairs that satisfy the inequality x + 2y < 6, so its
graph will be a half plane.

Mote that the linear equation ax + by = ¢ is called "associated or corresponding
equation” of cach of the above-mentioned inequalities.
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Procedure for Graphing a linear Inequality in two Variables

(1) The corresponding equation of the inequality
is first graphed by using ‘dashes' if the e

; o A test point is a point selected to
inequality involves the symbols > or < and a | determine which side of the
solid line is drawn if the inequality involves | boundary line represents the
solution TEH100 lor an lﬂL"l.]IJHJ.]l}".
Usually, we take origin (0,0} as a
(i) A test point (not on the graph of the [ lesipoml
+ [f the inequality holds true with
the test pomnt, the regon

the symbols = or <.

corresponding  equation) 15 chosen which

determines on which side ol the boundary line containing this point is part of
the half plane line. the solution.
# If the inequality is false, the
Example 3: Solve the mequality x + 2y < 6. opposile  region s the

solution region,

Solution: The associated cquation of the inequality
x+2p<6 (i)
is x+2y=6 (ii)
The line (ii) intersects the x-axis and yv-axis at
(6. 0) and (0, 3) respectively. As no point ol the

line (11) is a solution x of the inequality (1), so the

graph of the line (ii) is shown by using dashes.

We take O (0, 0) as a test pont because 11 15 not

on the line (ii).

Substituting x = 0, y = 0 in the expression x + 2y

gives (0 =2(0) = 0 < 6. So, the point (0, 0) satislies

the inequality (1). Any other point below the line

(ii) satisfies the inequality (i), that is all points in

the half plane containing the pomnt (0,0) satisly

the inequality (1).

Thus, the graph of the solution set of inequality
(1) 18 a region on lies the origin-side of the line
(i1), that is, the region below the line (ii). A

portion of the open half plane below the line (ii)
15 shown as shaded region in figure 5.4(a)

Note:

All points above the dashed line satisfy the
iequality x + 2y > 6 (111)

¥' Fig. 54 (b)

A portion of the open half plane above the line (i1) 15 shown by shading in figure 5.4(b).
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Note: 1. The graph of the inequality x + 2y <6 ..(iv)
The open half=plane below the line (ii) including the
araph of the line (11) is the graph of the inequality
(iv). A portion of the graph of the inequality (1v) is
shown by shading in fig. 5.4 (¢).

Note: 2 All points on the line (ii) and above the ling

(11) satsfy the inequality x + 2y = 6 ... (v). This

means that the solution set of the nequality (v)

consists of all points above the line (i) and all points
on the lines (ii). The graph of the inequality (v) is
partially shown as shaded region in fig. 5.4 (d).

Note: 3 The graphs of x +2v < 6 and x + 2y = 6 are

closed half planes.

Example 4: Solve the following lincar inequalities
in xy-plane:
(i) 2x=z-13

(11) y=2

Solution: (i) The inequality 2x = — 3 in xy-planc I' Fig 54(d)

is considered as 2x+0 v= -3 and its solution set

consists of all point (x, )

9% ]

suchthatx, vER and x=-=

o]

The corresponding equation of the given inequality
is 2y = -3 A1) T

I}
which is a vertical line (parallel to the y-axis) and its &
graph is drawn in figure 5.5(a).

Thus, the graph of 2x = — 3 consists of boundary line

and the open half-plane to the right of the line (i).

(ii)  The associated equation of the inequality  Fig. 5.5 (a)

y<2is y=2 vaka]
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F.

which is a horizontal line (parallel to the x-axis) and (e
1ts graph 1s shown in figure 5.5 (b). Here the solution

set of the mequality v < 2 is the open half plane

W

below the boundary line y = 2. Thus, the graph of €
v=2 consists of the boundary ling and the closed half A UE: X
plane below it.

5.2.2 Solution of Two Linear

Fig. 5.5(b) 1V
Inequalities in Two Variables =
The graph of a system of linear inequalities consists of the set of all ordered pairs (x, v)
in the xy-plance which simultancously satisfics all the inequalitics in the system. To find
the graph of such a system, we draw the graph of each inequality in the system on the
same coordinate axes and then take intersection of all the graphs. The common region
s0 obtained 1s called the solution region [or the system ol inequalities.

Example 5: Find the solution region by drawing the graph of the system of inequalities

x=2vy=6
x+ty=2
Solution: -2y =6 -..(1)
2x+y=2 (1)
The associated equation of (i) is
x=2p=6 (i)
For x-intercept, put v = 0 in (111), we get
x—2(0)=6
x—0=6
== x =6, so the point is (6, ()
For y-intercept, put x = 0 in (ii1), we get
0-2y=6
= —2y==6
=5 y= £ - -3, so the point is (0, =3)

The graph of the line x — 2y = 6 is drawn by joining the point (6, 0) and (0, =3). The
point (0, 0) satisfies the inequality x — 2y < 6 because 0 — 2(0) = 0 < 6. Thus, the graph
ofx = 2y = 6 is the upper half-plane including the graph of the line x — 2y = 6. The
closed half-plane 1s partially shown by shading in figure 5.6 (a).
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The associated equation of (ii) is

2x+y=2 .. [1v)
For x-intercept, put vy = 0 in (iv) , we get
2x+0 =2

— Iy =23

= x =1, so the point is (1, 0)

For y-intercept, put x = 0in (iv), we get
2(0) +y =2

=5 v =2, s0 the point is (0, 2)

We draw the graph of the line 2x + v =2
joiming the points (1, 0) and (0. 2). The
point (0, 0) does not satisfy the inequality
2x+y=2becausc 2(0)+0=0 % 2. Thus,
the graph of the inequality 2x + v = 2 i3
the closed half-plane not on the origin-
side of the line 2x + ¥ = 2 and partially
shown by shading in figure 5.6 (b).

The solution region of the given system
of inequalities is the intersection of the

graphs indicated in figures 5.6 (a) and
5.6 (b) is shown as shaded region in
figure 5.6 (¢).

{(EXERCISES.1))

L. Solve and represent the solution on a real line.
y . X X 3x 1
{1 12x+ 30 =-5H 1 £ E==12 11 L
) () 3 " o L 4 12
. 2 3 x5 . —ax 10
iv) 2=7(2x+4)+12x (v — === Vi) —=9-—
(1v) ( ) (v) - e 5
7. Solve each mequality and represent the solution on a real line.
(1) x—6<-2 (11} —9>-16+x (i) 3+2x =3
; 5 03 -1 ; 1 ] l
v o{x+10) =0 v —X—— <— vl — = =] —X
(1v) (x ) (¥) i (v1) i 43
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Shade the solution region for the following linear inequalities in xy-plane;

(1) 2x+ <6 (ii) Ix+Ty=21 (i)  3x=2y=6
(iv) Sx—4y=20 (v) 2x+120 {(vi) 3y—4 =0
Indicate the solution region of the following linear inequalities by shading:
(i) 2x—3y =6 (i1} x+ y=5 (1ii) Ix+Tyz2l
2x+3y=12 —p+ x= 1 x—- yp=2
(iv) 4x-3y=12 (v} 3x+Ty=21 (vi) Sx+ Ty =35
- yea e

5.3 Feasible Solution

While tackling a certain problem from everyday life each linear inequality concerning
the problem is named as problem constraint. The system of lincar incqualitics
mvolved m the problem concerned 15 called problem constraints. The vanables used
in the system of linear inequalities relating to the problems of everyday life are non-
negative and are called non-negative constraints. These non-negative constraints play
an important role for taking decision, So, these variables are called decision variables.
A region which is restricted to the first quadrant is referred to as a feasible region for
the set of given constraints. Each point of the feasible region i1s called a feasible
solution of the system of linear inequalities (or for the set of a given constraints).

Example 6: Shade the feasible region and find the corner pomnts for the following

system of inequalities (or subject to the following constraints).
bt 3
x+2y<h, x>0, y=0

Solution: The associated equations for the

inequalities
x—y=3...() and x+2y=6... (i)
arex=p=3..(1) and x+2y=6...(2)

As the point (3, (0) and (0.—3) are on

the line (1), so the graph of x —y =3 Fig. 5.7(a) TV

is drawn by joining the points (3, 0)
and (0,-3) by solid line.
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Similarly, line (2) is graphed by joining
the points (6, 0) and (0, 3) by solid line.

Forx=0and y =0, we have;
0-0=0<3and0+2(0)=0<p

S0, both the closed half-plancs arc on
the origin sides of the lines (1) and (2).
The intersection of these closed half-
planes is partially displayed as shaded
region in fig. 5.7(a).

The graph of v = 0, will be the closed
upper half plane. The mtersection of
graph shown in figure 5.7(a) and closed
upper halt plane is partially displayed
as shaded region in fipure 5.7 (b).

The graph of x = 0 will be closed right
half plane. The intersection of the graph
shown in fig. 5.7(a) and closed right
half plane is graphed in fig. 5.7 (¢).

Finally, the graph of the given system
of linear mequalities 15 displaved in
figure 5.7 (d) which is the feasible
region for the given system of linear
inequalities. The points (0. 0), (3, 0),
(4, 1) and (0, 3) are corner points of the
feasible region.

A point of a solution region where two of
its houndary lines intersect, is called a
corner point or vertex of the solution
region,

Unit — 5: Linear Equations and Inequalities

Fig. 5.7 (b) ¥'
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5.3.2 Maximum and Minimum Values of a Function in the Feasible
Solution

A function which is to be maximized or minimized 1s called an objective function.

Note that there are infinitely many feasible solutions in the feasible region. The feasible

solution which maximizes or mimimizes the objective function 1s called the optimal

solution.

Procedure for determining optimal solution

(1) Graph the solution set of linear inequality constraints to determine [easible
region.

(11) Find the comner points of the feasible region.
(111)  Evaluate the objective function at each corner pont Lo [ind the optimal solution.

Example 7: Find the maximum and minimum
values of the function defined as:

Flxy)=2x+ 3y
subject to the constraints;

x—y=2
x+ty=<4
x=0,y=0
Solution: x=-y=2 ...(1)
x+y<d skt

The associated equation of (1) 15

x—y=2

x-intercept and y-intercept of x — y = 2 are
(2, 0) and (0, =2) respectively. The graph of
the line x — y = 2 18 drawn by jomning the
points (2, 0) and (0, -2). The point (0,0)
satisfies the inequality x — » < 2 because
0—0=0<2, Thus, the graphof x =3 <2 is
the upper half-plane including the graph of
the line x — y = 2. The closed half-plane 1s
partially shown by shading in figure 5.8(a).

The associated equation of (i) isx+y=4

Fig. 5.8 (b) ¥
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x-intercept and y-intercept of x + y = 4 are (4, 0) and (0. 4), The graph of the line
x + v =4 1s drawn by joining the points (4,0) and (0,4). The pomnt (0, (}) satisfies the
inequality x + =4, The closed half-plane is partially shown by shading in figure 5.8 (b).

By A,

=0

"
F A

i
0 =t y

M
o
=
]
[

Fig. 5.8 {c) T

The graph of x = 0 and y = 0 is shown by shading
m [igures 5.8 (¢) and 5.8 (d) respectively.
The feasible region of the given system of
inequalitics is the intersection of the graphs
indicated in ligures 5.8 (a), 5.8 (b), 5.8 (¢) and
5.8 (d) and i1s shown as shaded region ABCD in
figure 5.8 (¢).
Corner points of the feasible region are (0, 0),
(2, 0), (3, 1) and (0, 4). Now, we find values of
fx, y)=2x+3y at the corner points.
F0.0)=2(0)+3(0)=0
2, 00=2(2)+3(0)=4
JGE, 1)y=2(3)+3(1)=9
F(O,4)=2(0)+3(4) =12
Thus, the minimum value of fis 0 at the corner point ((), 0) and maximum value of s
12 at corner point (0,4).

Fig, 5.5 {e)

@ EXERCISES.2 )

. Maximize f(x, v) = 2x + 5yv; subject to the constraints
2y-x<38§ g x=-yp=4 ; x=0, y=0
2. Maximize f(x, v) =x + 3y; subject to the constraints
2x+5v<30 ; Sx+4p =20 xz20;y20
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1.

1.

Vi,

Vii.

Maximize z= 2x + 3v: subject to the constraints:
2xtv=4 dr—y=4 x

Minimize z = 2x + y; subject to the constraints:
r+yp=3 Tx+5¢ <35

Unit — 5: Linear Equations and Inequalities

x20; =0

Maximize the function defined as; /' (x, ) = 2x + 3y subject to the constraints:

2r+y=3§ x+2p=14

x=0; p=0

Find mimimum and maximum values of z = 3x + v; subject to the constraints:

3x+3p =15 x+top=9

x=1 y20

@(REVIEW EXERCISE 5)P

In the following, lincar equation 1s:

(a) S5x=7 (b)
(© u+l=1 (d)
Solution ol 3x — 10 = 10 1s:

(a) O (b)
() 4 (d)
If 7x + 4 < 6x + 6, then x belongs to the interval
(a) (2,=) (b)
(¢ (==2) (d)
A vertical line divides the plane into

(a) left half plane (b)
(c) full plane (d)

Four options are given against each statement. Encircle the correct one.

dy — 21

4=1+3

50
—4

[2,)

(=0, 2]

right half plane
two half planes

The linear equation formed out of the linear inequality 1s called

(a) linear equation (b)
(¢) quadratic equal (d)
Jx+4<0is:

(a) equation ()
(c) notinequality (d)
Corner point is also called:

(a) code (b)
(c) curve (d)

L 95
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Viil,

1X.

(0,0) is solution of inequality:

(a) 4x+5y=8§ (by 3x+y=6

(c) —2x+3y<0 (d) x+y=>4

The solution region restricted to the first quadrant is called:

(a) objective region (b) feasible region
(c) solution region (d) constraints region
A function that is to be maximized or minimized is called:

(a) solution [unction (b) objective [unction
(c) feasible function (d) none of these

Solve and represent their solutions on real ling.

: X+5 - 2x+1 1 X
(1) ] =1-x (11) : E—] 5
(iii) 3x+7<16 (iv)  S(x—3)=26x—(10x+4)
Find the solution region of the following linear equalities:
(1) Gr—dy =12 : IJx+2y=3

(i) 2x+v=4 X206
Find the maximum value of ¢ (x,)) = x + 4y subject to constraints
x+y=4,x>=0and y=10.

)

Find the minimum value of £ (x,1) = 3x + 5y subject to constraints
x+ 3y =3, x+yp=2, x=0, y=0,
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Trigonometry

Students’ Learning Qutcomes
At the end of the unit, the students will be able to:

#  ldentify angles in standard positions expressed in degrees and radian.

#  Apply Pythagoras theorem and the sine, the cosine and tangent ratios for acute angles of a
right angle.

= Solve real hife trigonometric problems in 2-I2 mvaelving angles of elevation and depression

Prove the trigonometric identities and apply them to draw dilferent trigonometric relations.

# Solve real life problems involving trigonometric identities.

INTRODUCTION

Trigonometry 15 a branch of mathematics that deals with the relationships between the
angles and sides of a triangle, especially right-angled triangle, It plays a vital role in
vartous [elds such as physics, engmeering, architecture and astronomy. The
trigonometric concepts can solve problems involving angles and distances that appear
in real-lifc situations such as calculating the height of buildings, distance between
objects and angle measurements in navigation.

Y

Brain teaser!

6.1 Identifying Angles in Standard Thilans gt s Sl

Position (Degrees and Radians) |of two dimensional ligures.
What is Euclidean geometry?

A plane figure which is formed by two rays sharing a
common end point 1s called an angle. The two rays are
known as the sides of the angle. The common end point
is known as vertex. The amount of rotation or measure :
of UE’EE{"E; between these rays 1s called an angle. (3',:1.. watlcs

and OB are rays and angle is AOB. Written as Z£408
or AOB.

The angle is said to be in standard position if:

A

Terminal side

0 %

Types of angles are:
) o * Acuteangle 0<06<90°
(a) Its vertex is located at the origin of the . G angle 90° <8 < 180°

coordinate plane. * Rightangle = 90°

(b)  One of its rays (the initial side) lies along the * Straight angle i = 180"
positive x-axis. * Retlexangle 180%<8<360°
*  Full rotation 0 = 3607

L 97 A
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(c)

Unit - 6: Trigonometry

The other ray (the terminal side} determines the direction of the angle.

An angle is measured from the mitial side to the terminal side. It 1s usually represented

by Greek letters 0, a@, 5,y etc.

Positive angles

The angle will be positive 1f the terminal
side is rotated counterclockwise from the
mitial side. The given angle 1s in 17
quadrant

Negative angles

The angle will be negative 1f the terminal
side is rotated clockwise from the initial
side. The given angle 1s in 4" quadrant

P ¥ M
Posilive
angle
2 0 : N 0 %
Negative
angle
oy 'y
. i ]
Co-Terminal Angles .x"}b

Co-terminal angles are angles that share the same
mnitial side and terminal side 1in standard position,
but they may have different measures. These angles
differ by a multiple of 360° or 2x rad. For example,
45%, 405% and —315° are co-terminal angles because

405°% = 457 + 3607 and —315° = 45" — 360°.

6.1.1 Degree Measurement

Iritial
side

: o 2 1 3 :
A degree () is a unit of measurement of angles. It represents —— of a full rotation

360

around a point. In simpler terms, a degree is the measure of an angle, with a complete

circle being 360°,

Why 360° Historically? The choice of 3607 to divide a circle dates back to the Babylonians,
who used a base-60 number system (sexagesimal system). They were among the first to formalize
the concept of angle measurement, and 360 was chosen likely because it 1s a highly composite
number (it can be divided by 2, 3, 4, 5, 6, 9. 10, 12, 15, and more), making caleulations casier.
This system persisted throughout ancient times and degrees became entrenched in various

cultures and mathematical traditions.
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Full Circle

A full rotation around a central point
forms an angle of 360°.
-}:J'ﬁ

N
AN

L 4

Half Circle

A straight angle, or hall of a [ull rotation, measures 180°, The

degree measure is further divided into minutes (') and seconds (").

17 = 60 (60 minutes)
1" = 60" (60 seconds)
19 = 3600" (60 = 60 seconds)

Unit - 6: Trigonometry

Right Angle
One-quarter of a full rotation, or a 90°
angle. 15 called a nght angle.

J;!\

L

.}:H\
5 0 7

6.1.2 Converting Degrees to Minutes and Seconds

To convert decimal degrees to degrees, minutes and seconds (DMS), follow the steps:
¢ Separate the whole number part (degrees) of the decimal.

e  Multiply the decimal part by 60 to get the minutes.

¢ The whole number part of the result is the minutes. Multiply the decimal part
of the minutes by 60 to get the seconds.

Example 1: Convert 73.12° to degrees,
minutes, and seconds.

Solution:

Degrees: The whole number part 1s 73°,
Minutes: Take the decimal part (0.12) and
multiply by 60: 0,12 = 60 =7.2, The whole
number part 15 7, so it's 7 minutes,

Seconds: Now take the decimal part (0.2)
and multiply by 60: 0.2 = 60 = 2. So, it’s
12 seconds.

Final result; 73° 7' 12",

L 99

Example 2: Convert 109.42° to degrees,
minutes, and seconds.

Solution:

Degrees: The whole number part 1s 1097,
Minutes: Take the decimal part (0.42) and
multiply by 60: 0.42 = 60 = 252, The
whole number part is 25, so it's 25
minutes.

Seconds: Now take the decimal part (0.2)
and multiply by 60: 0.2 = 60 = 12. So,1t’s
12 seconds.

Final result; 109° 25' 12",
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6.1.3 Converting from Degrees, Minutes and Seconds to Decimal Degrees
To convert from degrees, minutes and seconds (DMS) to decimal degrees, follow the

steps:
¢ Keep the degrees as they are.

o Convert minutes to decimal degrees: Divide the number of minutes by 60,

s« Convert seconds to decimal degrees: Divide the number of seconds by 3600.

e  Add all the values together.

Example 3: Convert 457 45" 43" to decimal degrees.

Solution: Degrees: Keep 45,

i ) 45
Minutes to decimal: o ={.75;

45
Seconds to decimal: —— =0.0125
3600

Add them together: 45 +0.75 + 0.0125 =45.7625

Final result: 45.7623°

Example 4: Convert 94° 27 54" to decimal degrees.

Solution: Decgrees: Keep 94:

: : 2 ;
Minutes to decimal: = =(.45;

; 54
Seconds to decimal;: —— =0.015
3600

Add them together: 94 + 0.45 + 0.015 = 94.465

Final result; 94,465
6.1.4 Circular Measure (Radian)

There is another system of angular measurement
called circular system.

The radian, denoted by the symbol “rad”, is the
unit of angle in the International Svstem of
Units (SI) and 1s the standard unit of angular
measure used in many areas of mathematics.

A radian 15 a unit of angular measure in
mathematics, particularly in trigonometry, It is
defined as, “the angle subtended at the centre of
a circle by an arc whose length is equal to the
radius of the circle”. Unlike degrees, which are
based on dividing a circle into 360 parts. the
radian 18 mherently related to the circle's
geometry and arc length.

L 100

Historical Background of the Radian

The concept of radian measure, was first
formalized by mathematicians in the
18th century, but the principles behind
it had been understood much earlier by
Euclid and Archimedes.

The word "radian" comes from the
radius of a circle, as the radian is
fundamentally related to the ratio
between the arc length and the radius.
The first known use of the term radian
in the context of angular measurement
was by Scottish mathematician James
Thomson in 1873, His brother, William
Thomson, also known as Lord Kelvin,
was made a prominent physicist and
both were influential in establishing
radians as a standard unit.
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If a circle of radius r, has an arc length equal to the radius of the circle, then the angle
6 subtended by that arc is 1 radian:

8 =—=1 radian wh
3 Radius r

£
A complete circle has an arc length equal to the circumference / \

(27r), so the angle subtended by the entire circle (the full
rotation) 15 2x radians. This means:

¥ ( g = Arc length 7 ]

+ One full revolution of a circle is 2 radians. or 360~

360°

2%

. 3 2 .
» Therefore, | radian = = 57.2958" and 1° = ﬁ =0.01745 rad

Conversion between degrees and radians
180

i

Radians to degrees: 1 rad = degrees

T
rad

Degrees to radians: 1° =

Example 5: Convert radians to degree

(i) 53_?[ rad (ii) % rad (i1i) I: rad (iv) 1.2rad

51 St 180° | &7

Solution: (i)  —rad=—x = 300° (1rad =—)
3 3 T T
. T 7 1807 )

(ii) L rad= = x =210°
o 6 e

e R, PR e
6 6 s

(iv) .2 mad=1.2x 150 = 68.75° . m=23.14159)

T

Example 6: Convert degree to radian
(i) 15% () 75°  (ui)315° (iv)15° 15

Solution: (1) 15°=15 % ——= 2 1ad or 0.262 tad
150 12

s =3—ﬂrad or 1.309 rad
180 12

A 101 A

(ii) 75°=75%
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(i) 315°=315« LA Erad or 5.498 rad
180
. 15 e . T -
(iii)  15° 15" = 15"+ (— = 15.25°=15.25" x —rad or 0.266 rad
16 180
Turns 0 turn L trn ]— turn l turn l turn l turn 1 turn
12 8 6 4 2
Radians | 0 rad g rad % rad g rad % rad 7 rad 2 rad
o Fa

Degrees 0" 30 45" Al a0° 1507 360°

Arc Length and Area of Sector £
[f r 15 radius and 0 (rad) 15 the angle subtended by the arc / \
of length “£°, then

Arc length of sector = ¢ = r 0

]

and area of sector = 4 = —¢?0)
7
Proof: We know that: Proof: We know that
Eri= x 21 .4:——[-}—-:{1?:
3607 360°
= ix 2wy (2x radians = 360°) = — et (27 radians = 360°)
2n T
—— j-"ﬂ _l
=—r0
2

. . 1
Hence arc length, ¢ =r 0 and area of sector, 4=—¢"0

Example 7: Find the arc length of a sector with radius » = 10 cm and central angle
0 = 60°.
s

Solution: Convert 0 = 60° to radians: 0 = 60° = = = gmdians.

f=r0=10x T 21047 em

2

The arc length is approximately 10.47 e¢m
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Example 8: Find the area of a sector with radius » = 8 cm and central angle 0 = 45°,
iT

180

Solution: Convert b= 45" 1o radians: 0 = 45° =

= g radians. (Quarter angle)

d=top L e ™ grem® 59507 ek,
2 2 4

The area of the sector is approximately 25.12 cm”.

Example 9: Il arc length of a sector ol radius 5 em 1s 11 em, find the angle sublended
by the arc in radians and degrees.

Solution: r=5com ¢ f=1lom i B=7
f=rB
: 11
11=510 :}E]=-~_ﬁ— = 2.2 rad
]H{]r:-
g=22x = 126.1°
i

Thus, the angle subtended by the arc in radians is 2.2 rad and degrees is 126.1°

¢ EXERCISE 6.1 )

1. Find in which quadrant the following angles lie. Write a co-terminal angle for
each:
(1) 65°  (i1) 135° (i) —40° (iv)  210° (v)  -=150°
2 Convert the followmg into degrees, minutes, and seconds:
(i) 123.456° (i)  58.7891° (i)  90.5678°
3. Convert the following into decimal degrees:
(1) 65° 32' 15" (i)  42° 18'45" (iii)  78° 45 36"
4. Convert the following into radians:
(1) 36° (i}  22.3° (i)  67.5°
5. Convert the following into degrees:
: m . | Im n
(1) Erad (11) —;rad (111) ?rad
6. Find the arc length and area of a sector 1f:
(1) =6 cm and central angle 0 = gradians,

s 8 5 :
(11) F= L cm and central angle 0 = ?ﬂ: radians,
s
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3 If the central angle of a sector is 607 and the radius of the circle is 12 cm, find
the area of the sector and the percentage of the total area of the circle it
represents.

5 : ) ;
8. Find the percentage of the area of sector subtending an angle y radians.
9. A circular sector of radius # = 12 ¢m has an angle of 150°. This sector is cut out

and then bent to form a cone. What 15 the slant height and the radius of the base
of this cone?
Hint: Arc length of sector = circumference of cone.

R

6.2 Trigonometric Ratios 5

The functions that rclate angles to side in a right-angled triangle arc known as

12cm

trigonometric functions (sine, cosine, langent ete.) Their development 15 rooted in
ancient geometry, blossomed through Indian and Islamic mathematics and became
tormalized in Europe during the Renaissance. Today, these functions are indispensable
tools in both theoretical and applied sciences. Trigonometry has since been extensively
used in various scientific disciplines such as physics (especially wave theory)
engineering, and computer graphics.

History of Sine, Cosine, and Tangent

Hipparchus of Nicaea (c. 190 - 120 BC) is considered the "father ol trigonometry." He was the first

o compile a trigonometric table for solving problems related o astronomy, using chord functions.

Hipparchus divided a circle into 360 degrees and used this system for measuring angles.

In lslamic golden age, Al-Battani (c. 858 — 929 CE) was among the first to replace chord functions

with the modern sine function and caleulated tables of sines and tangents.

Al-Khwarizmi (c. 780-830 CE), known for his work in algebra, and Omar Khayyam (c. 1045-1131
CE) worked on spherical trigonometry, which has applications in astronomy.

Isaac Newton and Gottfried Wilhelm Leibniz (1 7th century) developed calculus, which further
expanded the use of trigonometric functions beyvond geometry into more abstract fields of
mathematics,

Application of Trigonometric Ratios

When we make use of a ruler or measuring tape to measure the thickness of a book, the
length of a pencil, the height of a chair or table or dimensions of a classroom, we are
making direct measurements.

[n some cases, it is not possible to obtain direct measurements, because these are
difficult and dangerous. For example, it 15 difficult to chmb upon a flag pole to measure
its height. To measure the height of a cliff is also difficult and dangerous.
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These problems can be solved by indirect measurement with the help of trigonometry.
For indirect measurements of distance or height it is very much useful. It also plays an
important role in the field of surveving, navigation, engineering and many other
branches of physical sciences. We make use of these concepts of trigonometry to solve

many of the problems in these fields.

6.2.1 Trigonometric Ratios of an Acute Angle

The trigonometric ratios are applied to acute angle in a right-angled triangle, but the

concepts extend to angles greater than 907 and are widely
used in many arcas of mathematics and science.

Let us consider a nght-angled tmangle ACH with respect to
an angle 8 (theta) = mzCAE with m2ACE = 90° 1 anti-
clockwise direction from BC 1o CA. In the triangle ACH,
the stde BC 1s called perpendicular, which is opposite to an
angle “B°,

The side AC is called the base and the side A8 is called the

hypotenuse, Let mi BC = a, mAC = band m AR =c,

Perpendicular

o=

b = Base

f_-,l

For this right angled triangle ACE, the trigonometric ratios of an angle 0™ are defined as:

) Perpendicular  a Hypotenuse
sinfl =~ ~Z . coseco=—2F -
Hvpotenuse ¢ Perpendicular
Base h Hypotenuse
cosfl=———— =-— geg @ = —RETE
Hypotenuse ¢ Basc
Perpendicular Base
tan 0= P = - cot B = :
Base b Perpendicular

o

= =

o

The six trigonometric ratios desecribed with reference to a right-angled triangle ACB
are: sine (sin), cosine(cos), tangent(tan), cosecant (cosec or csc), secant (sec) and

cotangent (cot).

We note that: tan® :%

= — (Dividing by ¢)

tan @ =

Similarly, coth =

L 105

We note that:

(1) cosecl =
sin

(ii) sect =

cosf

l
(iii} coth=——
tan B
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6.2.2 Trigonometric Ratios of Complementary Angles
We consider a right-angled triangle 4C8, in which mZA4 = 0, msC = 90° then,

ms B = 90°- 0, Using the trigonometric ratios of 28, we get B
sihmsB —sin(aie -m="25 2 (D)
mAB ¢
Using ratios of £A4, we get
cosmsA = cos 0= mA_C:F—] w11}
mAB ¢

Form (1) and (1), we gel,

s(90° —8) = cos 6
Similarly, we have

cos(90° —8)=sin B o tan(90" -B)=cot 8 : cot(90° —8) = tan B

sec(90" —0)=cosecl ; cosec(90" —0)=secl

€ EXERCISE6.2 )
I. For ¢ach of the following right-angled triangles, find the trigonometric ratios:
(1) sm@ (n)cosBO (i) tanf (iv) sec B (v) cosec O
(vi) cotd (vii) tand (vili) cosecd (ix)sccd (X)cosd

{’.‘ .
[
13
5
] (1]
B 15 A B 12 A
2 For the following right-angled triangle ABC find the trigonometric ratios for

which mZA4A=¢and mZC=6
(1) sin® (11) cos B
{111)tan & (1v)sin &
(v) cos ¢ (vi)tan ¢
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3. Considering the adjoining triangle A8C, verify that: A
(1) sin B cosec =1
(i)  cos 0 sec =1 3 3
(111) tan® cot B =]

4. Fill in the blanks. : =
i)  sin30° =sin(90° — 60°) = "' * o
(11) cos 30° = cos (907 — 60°) =
() tan 30° =w@an (90° — 60%) =
(iv)  tan 60° =tan (90" — 30%) =
(v} sin 60° =sin (90° — 30°) —
(vi)  cos 60% =cos (90° — 30%) =
(vii) sin45® —sin (90° — 45%) —
(viii) tan 45° = tan (90° — 45%) —
(ix) cos 45" =cos (90° — 45%) =

5. In a right angled mangle ABC, m28 = 907 and C 15 an acute angle of 60°. Also

sin w2 A= ;—i, then find the following trigonometric ratios:

_ A
) BC N N
(1) i (i}  cos60°
mAB
s : ; b i
(ifi)  tan 60 (iv)  cosec g c
v cot 60° vl sin 30"
v e - 0® []
(vii) cos 30° (vill) tan — i t B
(ix) sec 30° (x) cot 307

6.3 Trigonometric Identities
Fundamental Trigonometric Identities

We shall consider some of the fundamental identities used in trigonometry. The key to

these basic identities 15 the Pythagoras theorem in geometry.,

“The square of the length of the hypotenuse of a right triangle is equal to the sum of

the squares of the lengths of the other two sides™.
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b I G
5 =32+47
25=9+16

In the given figure:

The perpendicular equals to the length
*a’ basc equals to the length *4°, and
hypotenuse equals to the length “¢’.

By Pythagoras Theorem, we have

T

2 F et 3
g+ =¢ (D)

2 b.! 2 T "
Hﬂ . {—1 (Dividing by ¢-)
e € ©

sin” 0+ cos*0 =1|...(ii)

a4+ b=
ﬂ'z -I.El: I?z g : X 7
h_2+ : s o Dividing equation (i) by b, we have

tan’ 0+ 1=sec’0] ...(iii)

2

Y
£

—+—=— Dividing equation (i) by &°, we have

1+ cot® B = cosec” 8| ...(iv)

The identities (ii), (iii) and (iv) are known as Pythagoras identities.
aple 10: Show that (sec” 0 — 1) cos” 6 =sin” @
on: L.HS =(sec’0—1)cos* @

=tan® 8- cos® B (= 1+ tan® 6 =sec’ 0)

i B Il.r .
= Emﬂﬂ—mazﬂ | = tanﬁ'=smg]
cos’ 0 % cosf

=zin0=R.H.S

Hence, (sec” 0 —1) cos” 6 = sin® 0

iple 11:  Show that tan 8 + cos 8 = sec 8 cosec 6

4 ., 103 A
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Solution: L. H.S=tan 0 + cot O

sinfl cos@
= n

cost  sinB

~ sinB-sinB+cosB- cosb

cosf-smb

_sin”B+cos’ 0

sin®) cosl

1

Unit - 6: Trigonometry

I . 1 A
—_— (. sin"B+cos0=1)
sinf cos0

| _ 1
cost sinb

= secl-cosec = R.H.S.

Hence, tan 6 + col B = sec O cosec O

1 1 1

Example 12: Show that

Solution:
1 ]
cosec D—cot 0 sin 0

| |
1 _E'DS'D_::,-in{-]

LIS =

sinfB sm8b

sin 0 1

1—cosO sin®

sin (1 + cos 8) |

B (1—cos 0)(1+cos €) ~sin #

_sin B(1 +cos 0) 1

1—cos™ @ sin A
_sin 0(1+cos 0) |
sin” A sin 0

_I+r.:DsH l

sin 0 sin O
- l+cos B-1
sin B

cos O

sin 0

-

cot 0

coscc B -cot smmfB smb cosccH+cot

| 1
sin 0 cosec 0+cot

| l
sin® 1 +Cﬂ5ﬂ

R.ILS =

sinB snmb

1 sin0
S sin® l+cos 0
1 sin (1 — cos B)

sin @ {1+ cos O)1—cos ©)
1 v sin B(1 —cos 0)

sin 6 1—-cos’ @
1 sin (1 —cos 0)
sin 0 sin” 0
| l-cos @

sin 0 sin 6
B l-1+cos 8
sin ©

cos 0

sin O

= cot 0

Hence, L.H.S=R.H.S
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Example 13;: Show that sin® 8 + cos® 8 = | — 3sin” 0 cos” 0
Solution: LHS =sin® 6+ cos® B
= (sin* 0)" + (cos® 0)
= (sin® 0 + cos® M)(sin* B + cos* B —sin® A cos® 0)
=(sin” B+ cos” B — 2 sin" A cos® B —sin® B eos® P
=1-3sin” Bcos” B=R.H.S

Hence, sin® 0+ cos® 0 = 1 — 3sin® 0 cos” 0

¥ . i ; : : i 5
Example 14: [{tan© —E . [ind the remaimimg trigonometric ratios, when 8 hes in [rst

guadrant.
i g
Solution: Given: tan 0 = Vi -
"

Where, a=3,c-4

By Pythagoras theorem, we have

=g+
=0+ 16=25
= b =5
s
Therefore, sinB = i-:-{:E 1 mgesﬁ:_f'}: iy
b 5 i
S '
msH=E=— X sechi===—
h 35 c 4
4
cot= —=—
a 3

¢ _EXERCISE 6.3 )

1. If 0 lies in first quadrant, find the remaining trigonometric ratios of 0.

; 1 a2 ay 3 ]
(iy sin@=—= (iiycos B = = (iiiytan 8 = —
3 4 2

-
)

(iv) sect=3 (v) cot0 = E
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Prove the following trigonometric identities:

: 3 . 0 1
g (sin O +cos @) =1+ 2 sin 0 cos 0 3. c+_::s = —
sinf  tanB
4. Bink | cosb 5. cosc0—sin0=2cos*0—1

+ L
cosec 0 sec O
l—sin[]_ cosh
cosh 1+5in0

6. cos’B—sin®0=1—2sin" 0 i

|—sin © L
8. (scc B — tan By = — 9. (tan B+ cot B)° = sec” O cosce’ O
I+sin o
tan B+ sec 6 —1
0. —— 2 an @+ secd
tan 6 —sec B+ 1
1.  sin"@—cos B=(sin8—cos ¥l +sin8cos®
12. sin” 8 — cos® B = (sin® 8 — cos® B)(1 - sin® 8 cos® §)

6.4 Values of Trigonometric Ratios of Special Angles

o

- - L) n ]
Trigonometric ratios of 45° | — |
4

Consider a square ACBD of side length 1 unit.

We know that the diagonals bisect the angles.

S0, in the triangle ABC Z i
msA=msB =45 and mZC = 907, A
Using Pythagoras theorem in A4BC,
=g+ b y )
|
cc=1+1
¢t=2 = e=42
450 []

The trigonometric ratio are:

A b= C

. . | r

sin -’-15*:E = — cosec 45° = e w’E
¢ x«'ﬁ i
b | -

co545°=—=— secdlﬁ:‘:i:sﬁ
c Jl_' h
h

tamdi':':E:l 5 cotd5t=—=1

h i

L 1 A
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Trigonometric Ratios of 30° [E and 60°
. '5' s

)
3

Consider an equilateral triangle 48D of side 2 units.
Draw a perpendicular bisector BC on 4D . The
point C is the midpoint of 4D . So, mAC = mCDin
which mZBAC = 60°, mZABC = 30°, m2ACE =907,

Let mBC= x units.
Using Pythagoras thecorem in the AABC,
2= 1Ry

B=4_1 = =3 = x=+3 (mBC=+3 units)

o

Trigonometric ratios of 30° [% J:

In the tnangle, ABC with m2ABC = 307

sin 30° = ;— cosec 30° =2
3
cos I = £ = sec 3 = L.
2 3
tan 30° = :}? : cot30° =43
{ T !
Trigonometric Ratios of 60° LE |
J
In right angled triangle ABC, with m.=4 = 60°
3 I
sin 60° = £ : cos 60 = — © tan 60° = '\‘E
2 2
Z . W
cosec 60" = — s sec 60 =2 . cot6lf = —
\3 V3

L 12 A
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These results in the form of a table can be written as:

n T
0 o |30°= |4s=2 |60o=2 |op°o=T
b 4 3 2
1 l
sin { = = JE I
2 2 2
3 1 1
cos 0 1 .J_ e = 0
2 W2 2
|
§ { - | 3 |
i 7 7 ’
{( EXERCISE64 )
L. Find the value of the lollowmg tngonomelric ratios without using the
calculator.
(i)  sim 30° (i) cos 30° (iii)  tan % (iv)  tan 60°
(v) sec 60° (vi)  Cos ; {vi) cot 60° {(vii1) sin 60°
|
(1x)  sec 30° (%) cosce 30° (xi}  sin 457 (xii) cos E
2.  Ewvaluate:
: ; " i T ool
(1) 2 sin 60° cosbD” (11) 2cos — sin —
a
(i11) 2 sin 45° + 2cos 45° (iv)  sin 60° cos 30° + cos 607 sin 30°
{v) cos 60° cos 30° — sin 60° sin 307 (v1) sin 607 cos 30° = cos 607 sin 30°
{vil) cos 60° cos 307 + sin 60° sin 30° (viii} tan EE cot E -+
¥
. T z )
3. Ifsin — and cos — equal to —= each, then find the value of the followings:
4 4 A2
(i) 2 sin 45° -2 cos 45° (i1) 3 cos 45° + 4 sin 45°
(1) 5 cos 45" =3 sin 45°

6.5 Solution of a Triangle

We know that there are three sides and three angles in a triangle. Out of these six
elements, if we know three of them including at least one side, then we can find the

113 A
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measures of the remaining elements. Finding the measures of the remaining elements is

called the solution of a triangle Here we learn the solution of a right angled triangle only.

Case I:  When measures of one side and one angle are given.

Example 15: Solve triangle ABC, in which m£8 = 90°, m£A4 =30°,a=2

Solution:
We are required to find b, ¢ and m.2C.
Now msC =msB-msA

30°

~ 90° - 30°
= i) <) y
2 i3
b
2
= 7 =s8in3MF (ra=2)
¥
Zz 1 '
= —=— [ sin 30¢ -l]
h 2 s 2
= h=4 (1)
and 2 tan 3(°
i
i
=3 E [ a=2,tan30° = ]—
¢ '\E J

|
3
thus ¢=243 (i)

(1), (i) and (iii) are the required results.

Case II: When measure of the hypotenuse and an angle are given.

Example 16: Solve triangle ABC, when m24 =60°, h =15 cm,

ms B = 90°
Solution: We are required to find a, ¢ and m2 C
meA = 60°
msB =90°
msC =msLB—msA
= ()% — 60"°
= 30° Q)

- 114
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MNow 2= sin 60°
b
a_ i b= sin60° =3
3 2 2
= a= 53
2
= a=433cm ...(ii)
and . cos 607
h
4 1 4 5
el L'.‘b=5,uusﬁﬂ$ =]—
3 2 : 5 5
5
— o= -
£
— c=25em ..(iil)

(1), (11) and (111) arc the required results.

Case [II: 'When measure of two sides are given.

a=4+2cm

Example 17: Solve tnangle ABC, when a = J2 em, 3
¢ =1 cmand ms B = 90°
Solution: We are required to find b, mZA, m2C.
By Pythagoras theorem, we have
b =cl+dt L
or B =(1Y+({2)
or PF=1+2
or =3
or b =4f3 (1)

7 ; 2 A c=1¢cm B
Now  sinmZA =% _2 — m/ A = sin™ J;= 54.7°

= m/Ad =54.7° (i)
and msC =msB—-msA
=90° — 54.7°
= 35.3° ...(iii)

(i), (ii) and (iii) are the required results.

L 15 A
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Case IV: When measure of one side and hypotenuse are given.

Example 18: Solve tringle ABC, when ¢ =2cm, b= 2«.1"5 cm and m.2 B = 9(°
Solution: We are required to find m.2A, m2C and ¢,

By Pythagoras theorem. we have il
b=+ ?
or e =g -
= (242) - (2)* S
-l
=8-4 =4 I
or c=2 (1) =
i
Now P cos ms A B
'R A |
or b COs ML ﬂ
= mLd =45°
Thus, meLA—=msB —msC
=907 — 45°
= 45% (1)

Hence (1), (1) and (iii) are the required results.

€ _EXERCISE 6.5 )

1. Find the values of x, y and z from the following right angled triangles.
c
(1) e (11)
2 X
30° m
A y=4icm B

(111)

A y=4cm B

A 116 A
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5 Find the unknown side and angles of the following triangles.
o
(1) (i)
&
E
: ; :
b/ | -
!:_3
A ':':-\..'Ilﬁl;l:rl i |_
A c=4 cm B
3, Each side of a square ficld is 60 m long. Find the lengths of the diagonals of the
field.
Solve the following triangles when m./ 8 = 90°:
4. mLC=60° c=33 em 5. msC=45° a=8%cm
6. a=12cm,c=6cm T moA=060° ¢c=4cm
8. meA=60° c=4cm 9, h=10cm, a=6cm

10.  Let Q and R be the two points on the same =
bank of a canal. The point P 1s placed on the
other bank straight to point £. Find the wadth —
of the canal and the angle POR.

1. Calculate the length x in the
adjoining figure,

8 ecm

A 17 cm D

12 If the ladder is placed along the wall such that the foot of the ladder is 2 m away
from the wall. If the length of the ladder 1s 8 m, find the height of the wall.

L 17 A
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n
k@\,’ﬂ‘" 3
13. The diagonal of a rectangular field ABCD 15 o =
(x + 9)m and the sides are (x + 7)m and x m,
Find the valuc of x. ]
A (x+ 7m i}

14, Calculate the value of “x” in cach casc.

ﬂJ 12 cm I b
P
i T !
A ]
A B 4 em C
mAB=mBC

6.6 The Angle of Elevation and the Angle of Depression

The angle between the horizontal line AD (eve level) and a line from the eve A to the
top of building (B) is called an angle of clevation.

E Topof bumlding

Building

Eves level
Angle of elevation
q A
; z
Angle of depression

¢ Foot of building

The angle between the horizontal line AD (eve level) and the line from the eye ‘A" to
the bottom of the building (C') is called the angle of depression,

Example 19: The angle of elevation of the top of a pole 40 m high 1s 60° when seen
from a point on the ground level. Find the distance of the point from the foot of the
pole.

A 118 A
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Solution: In the triangle ABC, we have
mBC = 40 m
mZA = 60°
Let mAB = x (the point B 1s the foot of the pole BC)

In right angled triangle A8C.

tan 60~ =m§
mAB
B
x
= L
BN £}
— x=23.09m

Unit - 6: Trigonometry

.|_’_‘
E
[
==
S
Angle of
elevauon
0 []
A xm B

Hence, distance of the pomt [rom the foot of the pole = 23.09 m

Example 20: From the top of a lookout tower, the angle of depression of a building

has on the ground level of 45°, How far is a man on the ground from the tower, if the

height of the tower 15 30 m?

Solution: In the triangle ASC, AR is the tower and point C is the position of man. We

have

mAB =30 m
mLCAD =mAC =45°

mBC =xm="

Let x be the base of right angled tnangle ABC,
tand5°= mﬁ
m B
30
:, [ J——
X
— v =30 m

Hence, man is 30 m far from the tower.

L 19
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€ EXERCISE 6.6 )

1. The angle of elevation of the top of a flag post from a point on the ground level

40 m away from the flag post is 60°, Find the height of the post.

2 An isosceles triangle has a vertical angle of 120° and a basc 10 cm long. Find
the length ol its altitude.

3. A tree 1s 72 m high. Find the angle of elevation of 1ts top from a point 100 m
away on the ground level.

4. A ladder makes an angle of 607 with the ground and reaches a height of 10m
along the wall. Find the length of the ladder.

5. A light house tower is 130 m high from the sea level. The angle of depression
from the top of the tower to a ship is 60°. Find the distance between the ship
and the tower.

6. Measure of an angle of elevation of the top ol a pole is 15° [rom a point on the
ground, in walking 100 m towards the pole the measure of angle 15 found to be
30”, Find the height of the pole.

8 Find the measure of an angle of ¢levation of the Sun, it a tower 300 m high
casts a shadow 450 m long.

8. Measure of angle of elevation of the top of a clitf is 25°, on walking 100 metres
towards the chfl, measure of angle ol elevation ol the top 15 45", Find the height
of the cliff,

9. From the top of a hill 300 m high, the measure of the angle of depression of a

point on the nearer shore of the river is 70° and measure of the angle of
depression of a point, directly across the river 1s 50", Find the width of the river
How far 1s the niver from the foot of the hill?

10. A kite has 120 m of string attached to it when at an angle of elevation of 50°.
How far is it above the hand holding it? (Assume that the string is stretched.

@ REVIEW EXERCISE 6 )P

1. Four options are given against each statement. Encircle the correct one.
(i)  The value of tan! 2 in radians is:

(a)

T % T
2 (b) 4

A 120 A
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(i) In a right triangle, the hypotenuse is 13 units and one of the angles is 6 =30°,

The length of the opposite side is:
{a) 6.5 units (b) 7.5 units (c) 6 units (d) 5 units

(111) A person standing 50 m away from a building sees the top of the building

at an angle of elevation of 45°. Height of the building is:
{a) 30m (b) 25m (c) 33 m (d) T0m
(iv) sec?® —tan’d =

(a) sin-0 (b) 1 (c) cos? B (d)  cot’s
s 3 : .,
(v) IfsinB= — and 8 15 an acuic angle, cos™ B =

7 24 16

4
8 oo Y : o ) R
@ = ® I © 3 @
(v1) e d d
W1 — Tdld = E!ngE':i-.
24
(a) 30° (b)  37.5° (c)  45° (d) 52.5°
{vil) 292.5°= ~ rad.
17m 17n _
(a) (by — (c) 1.6 (d) 1.625 1
6 4
(wvili) Which of the following is a valid identity?
Ny )
(a) -::ns(E—H = sin @ (b} cus[E—H = cos 6
2 ) -
_— fg 3
(c) cns(——ﬂ J= sec 0 (d) c::-sL——El'Jm;ﬂsec i)
L2 2
iX. sin60°=
1 - 3
(a) 1 (b) E (c) JI3) (d) JZ_
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Xx. cost 100m+sin®100n=__ .
fa) 1 (b) 2 (c) 3

Unit - 6: Trigonometry

4
2. Convert the given angles from:
(a) degrees to radians giving answer in terms of .
(1) 2557 (i) 75 45 (111)
(b) radians to degrees giving answer in degrees and minutes.
0 17xn (i Tn i
i = ii == (il
24 12
3. Prove the following trigonometric idenfitics:
() sinf - 1+cos8
|—cost sin @
I | |
(11) s B (cosecB—sinb) = .
sec” ()
(i) cosect—secO - cosB
111 =
cosec+sec 4+ tant
i tan{)+cot0=
) sinf cosd
) cos 8+sin 6 | cos H-sin b 2
cos B-sin®  cos B+sin B 1—2sin’ 6
|+ cos B 5
(v1) T . (cosec B + cot By
| = cos
4, If tan O = F‘_ then find the remaining trigonometric ratios when 0 lies in first
quadrant.
5. From a point on the ground, the angle of elevation to the top of a 30 m high
building is 28°. How far is the point from the base of the building?
6. A ladder leaning against a wall forms an angle of 65° with the ground. If the
ladder is 10 m long. how high does it reach on the wall?
I 122 A



Coordinate Geometry

Students’ Learning Qutcomes
At the end of the unit, the students will be able to:

#  Denve distance formula by locatmg the position of two pomts m coordinate plane.

# Calculate the midpoint of a line segment.

# Find the gradient of a straight line when coordinates of two points are given.

#  Find the equation ol a straight line in the lorm y =mx +¢.

# Find the gradient of paralle] and perpendicular lines.

#  Apply distance and midpoint lormulas o solve real-lile sitvations such as physical
measurements or distances between locations.

#  Apply concepls [rom coordimale geometry W real world problems (such as, aviation and

navigation, landscaping, map reading, longimide and latitude).
#  Denve equation ol a straight hine in:

*  slope- intercept form +  point-slope form
«  two-point form s intercepts form
= symmetric form = npormal form.

#  Show that a lincar equation mn two variables represents g straight hine and redouce the general
form of the equation of a straight ling to the other standard forms.

INTRODUCTION

Geometry is one of the most ancient branches of mathematics. The Greeks
systematically studied it about four centuries B.C. Most of the geometry taught in
schools 1s due to Euchid who expounded thirteen books on the subject (300 B.C.). A
French philosopher and mathematician Rene Descartes (1596-1650 A.D.)
introduced algebraic methods in geometry which gave birth to analytic geometry

(or coordinate geometry). Our aim is to present fundamentals of the subject in this
book.

7.1 Coordinate Plane
Draw in a plane two mutually perpendicular number

lines ' x and 'y, one horizontal and the other

vertical. Let O be their point of intersection, called x -
o :

origin and the real number 0 of both the lines is
represented by (). The two lines are called coordinate
axes. The horizontal line x'Ox is called the x-axis and
the vertical line v'Oly is called the p-axis.

A 123 A
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Important information:

The Cartesian coordinate system or the rectangular coordinate system was invenied by French
mathematician René¢ Descartes, when he tried 1o describe the path of a fly crawling along criss-cross
beams on the ceiling while he lay on his bed. The Cartesian coordinate system created a link between
algebra and peometry. Geometric  shapes could now be described  algebraically  using
the coordinates of the points that make up the shapes.

The points lying on Cx are +ve and on

Ox " are —ve.

The points lyving on Oy are +ve and Oy Pix.y)

are —ve. Ay

Supposc P is any point in the plane. |
Then P can be located by using an

f —_—

ordered pair of real numbers. Through P x

draw lines parallel to the coordinates
axes mecting v-axis at K and y-axis at 5. ¥
Let the directed distance (JR = x and the directed distance Q5 = y.

The ordered pair (x, ) gives us enough information to locate the point P. Thus,
P has coordinates {(x, v). The first component of the ordered pair (x, ) is called
x-coordinate or abscissa and the second component is called y-coordinate or ordinate
of P. The reverse of this technigue also provides a method for associating exactly
one point in the plane with any ordered pair (x, v} of real numbers. This method of
pairing off in a one-to-one fashion the points in a plane with ordered pairs of real
numbers 1s called the two dimensional rectangular (or Cartesian) coordinate system.

The coordinate axes divide the plane into four equal parts called quadrants.

They are defined as follows: A
Quadrant I: All points (x, y) withx =0, p =0 il |
Quadrant II: All points (x, ) withx <0, p =0 ¥ X
Quadrant IIL: All points (x, v) withx <0, v <0 : E
Quadrant IV: All points (x, ) with x > 0, y < 0 = o

v

The point P in the plane that corresponds to an ordered pair
(x, v) is called the graph.
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Thus, gmiven a set of ordered pairs of real numbers, the B A
graph of the set is the aggregate of all points in the
plane that correspond to ordered pairs of the set. |

1 ; I ! | P
Need l. know! _ . [ eBesli 9
The points on x-axiz are of the form {a, ) and the points O

on y-axis are of the Torm (&, b). AEEEEEEE LG N

P ekl d
Challenges! SRR SO EReY)
(i) Write down the coordinates of the points L] T ]
if not mentioned in the adjacent figure. 5 5 ok O D S50 O
(i) Locate(D, 1),(2.2).( 4, Tyand{ 3. 3} v

7.1.1 The Distance Formula

Let A (x, y) and B (x,. »,) bc two points in the plane. To find the distance
Muote:

| 48| stands for m4n

d —|ﬁ|, we draw a horizontal hine from 4 to a point C lies

dircctly below B, forming a right triangle ABC.

So that f!t‘_"| =| e :c]| and | BC | = S _}'Il T Bix.. 1)
By using Pythagoras Theorem, we have
d* =[48[ =[4c| +|Bc|
=Xy - 'rl}2 kO, _J"'J)z Az ) ilE.
or d=|E|=.J[xg—.r!}:+l_'__1:?—_1=.}:| A1) o
The distance 1s always taken to be non-negative. It 1s not a directed distance from A to
B.

It 4 and B lic on a line parallel to one of the coordinate axes, then by the formula

(1), the distance AB is absolute value of the directed distance A8 .

The formula (1) shows that any of the two points can be taken as first point.
Example 1: Find the distance between the points:

(i) A(5, 6), B(5,-2) (i) C(=4,-=2), 0, 9)

Solution: By the distance formula, we have

(i) d=[AB|=\(5-5F +(-2-6) (i) d=|CD|=J(0-(-4)) +(9-(-2))°
d =|4B|= \J(0) +(-8) d=|CD| = J(0+4) +(9+2)
d =[4B|=Jo+64 =8 d=|CD|=V# +11

.:.f—‘('.'ﬂ = Jl6+121 =137
- 125 T
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Example 2: Show that the points A(=1, 2), B(7, 5) and C (2, —6) are vertices of
a right triangle. ¥

Solution: Let o, b and ¢ denote the lengths of the

sides BC. CA and AB respectively. ' 57, 5)
By using the distance formula, we have Afil2)
. : . x'e : >
c=[4B| = \(7-(-1) +(3-2)* =73 8
{I:iE|=J{I—?]2+{—{‘I—5}2 =+f146 - (2. -6)
b=[CA| = J2—(-D)F +(-6-2)°=T3

Clearly: &* = b* + ¢*

Theretore, ABC is a right triangle with right angle at 4.

Example 3: The point C (=3, 3) 18 the centre ol'a cirele and P (7, —2) hes on the circle.
Whalt 1s the radius of the circle?

Selution: The radius of the circle is the distance from the

points C to P. By the using distance formula, we have

Radius = |ﬂ _J.[:J —(=5))F +(=2-3)?

= J144+ 25 =+f169

= 13 units

7.1.2 Mid Point Formula | Ay

The midpoint formula is used in geometry to find i
centeral point between two given points in a
coordinate plane. This formula is particularly useful | —"T

when you need to divide a line segment into two le Fa ' ]

equal halves or parts. x o X
- - Ll W - | i .

Derivation of the Midpoint Formula |

Consider two points A(x,, ¥,) and B(x,, ¥,) on a two- |

dimensional plane. The line segment joining these i HE T

two points has a midpoint M{x, v), where x and y are the coordinates of the midpoint.

To derive the formula for M(x, v) we need to find the average of the x-coordinates and
y-coordinates of points A and 8 scparately.
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x-Coordinate of the Midpoint
The x-coordinate of the midpoint is the average of the x-coordinates of points

Aand B,

ie., X=

y-Coordinate of the Midpoint

Similarly, the y-coordinate of the midpoint is the average of the y-coordinates
of pomnts 4 and B.

v+,

-

i

1.e., y=

Thus, the coordinates of the midpoint M(x, 1) are:

Mix, ,1’] et |L':-t| ‘;'J: ? ¥ -;_pl 1
- /

Example 4: Find the midpoint of the line segment joining the points 4 (2.3) and B(8,7).
Solution: Using the midpoint [ormula:

¢ o
.'llff{_r= I'|_:l]'| :| X + A4 ) ¥ 1 i
L2 z
Substitute x; = 2, y; = 3, x2 = 8 and y» = 7, into the midpoint formula
' ) ) "\
Maf2ES 3+?J
. 2
10 10
M=[E. = =(5, 5)

@ EXERCISE 7.1 )

Describe the location in the plane of the point P(x, v). for which

(i) x>0 (ii) x> Oandy=0 (i) x=0 (v) y=0
(v) x=0andy=<0 (vi) y=0,x=0 (vii) |x|=|y|
(vili)x =3 (ix) y>2 (x) xand y have opposite signs.

Find the distance between the points:

(i) A(6,7), B(0,-2) (i) C(-5,-2),D(3.2)
(i)  L(0,3). M(=2,—4) (iv) P(-8.=T), O(0, 0)
Find in cach of the following:

(1) The distance between the two given points
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10.

1.2

(11)  Midpoint of the line segment joining the two points:

| b .
(©) .4{—«.@, -< |, B(-35,9))
3 |
Which of the lollowing points are at a distance of 15 unuts from the origin?
(1) (+/176,7) iy (10, -10) (iti) (1, 15)
Show that:

(1) the points 40, 2), B( \I@ . 1yand €0, —=2) are vertices of a right tnangle.

(11) the points 4(3, 1), 8(=2, =3) and (2, 2) are vertices of an isosceles
triangle.

(1)  the points 4(5, 2), B(-2, 3). C(-3, —4) and D(4, —5) are vertices ol a
parallelogram.

Find % such that the points 4 {ﬁ,—l ), B (0, 2) and C({h, —2) are vertices of a

right tniangle with right angle at the vertex A.

Find A such that A(—1, &), B(3, 2y and C{7. 3) are collinear.

The points (=5, =2) and B(5, —4) are ends of a diameter of a circle. Find the

centre and radius of the circle.

Find /4 such that the points A(% . 1), B(2, 7) and C(-6, =7) are vertices of a right

triangle with right angle at the vertex 4,

A quadrilateral has the points A(9, 3), B(=7, 7). ((=3, =7) and D(5, =5) as its

vertices. Find the midpoints of its sides. Show that the figure formed by joining

the midpoints consecutively is a parallelogram.

Equations of Straight Lines

Inclination of a Line: The angle o (0° < o < 1 80° ) measured counterclockwise from

positive x-axis to a non-horizontal straight line £ 1s called the inclination of /.

¥
r}'r'u 4 A T '"F
;i a=0° o F
-
| a=90"
o . | |5
} x L . > X
V4 . > X !
} O ¢ x-axis ¢ £ y-axis
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Observe that the angle @ in the different

Note:
v 1 ] - ! e [ B a
positions of the lne ¢ is «, 0° and 90 {0 T2Lin paralleiissasis; theric = 1P
respectively. (ii) If fis parallel to y-axis, then o = 90°

Slope or Gradient of a Line

When we walk on an inclined plane, we cover
horizontal distance (run) as well as vertical
distance (rise) at the same tme.

It is harder to climb a steeper inclined plane.
The measure of steepness (ratio of rise to the
run) 1s termed as slope or gradient ol the

inclined path and 1s denoted by w1,

nse v
m=——=>=tand
run - x

In analvtical gcometry, slope or gradient s of a non-vertical straight line with as its
mchnation is defined by: m = tan «.
If 7 15 horizontal, its slope 1s zero and 1f [ 15 vertical then its slope 1s undefined.

IF0% < @< 90°% m s positive and 1 907 < a < 180°, then m 15 negative.

7.2.1 Slope or Gradient of a Straight Line Joining Two Points
Theorem 1: If a non-vertical line ¢ with inclination o passes through two points
P, ») and O (x, , v, ). then the slope or gradient m of 7 is given by

o s =

> e

= taner

Proof: Let m be the slope of the line £.

Draw perpendiculars PM and QM on

x-axis and a perpendicular PR on QM

- I
Then msRPQO = u, mPR= x, — x; and «
‘”ﬁ = Na=M0
The slope or gradient of / is defined as: Why are slopes important?
P £ The concept of slope is widely used
Yo W in engineering, architecture, and
m=tang = =——

even sports like sking, where
i understanding the steepness of a hill
or ramp 1s essential.
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Case (i). When 0 <o < %

)

In the right triangle PR, we have

1. — V
m=tang =222
.Ta_,:—.-rl

Case (ii). When = < a <z

In the right triangle PR,

. — 1
tan (7 —a)=221_2'
Ya=H
or —lanc =—=
b A
v, — 7 =
or taner = =2 H or m=‘1‘ 1
X, =X X, — X

Thus if P (x , y)and @ (x, , y,) are two pomnts on a line, then slope of PQ is given by:

o B
M= or M=
.I': - .I'I .EI - .I':
. Ko T F 5 ) s - p s o
Note: (i) m=——1 and m=# (i) ¢ is horizontal iff m=0 (. =0")

b R o : i o
(1i1) ¢ is vertical iff m is not defined (. a =90")

(iv)  Ifslope of 48 = slope of BC, then the points 4. 8 and C are collinear.

Theorem 2: The two lines £ and £, with slopes m, and m, respectively are;

(1) parallel iff m = m,
- _ : ~1 The symbaol:
(i1) perpendicular iff m, =— (1) | stands for “parallel”.
i (1) ¥ stands for “not parallel™.
or m m, T 1= (1) L stands for “perpendicular”

Example 5: Show that the points A(=3, 6). B(3, 2) and C(6, 0) are collinear.

Solution: We know that the points 4, B and C are collinear if the line A8 and BC have
the same slopes.

s 0 SR | Y, = )

Here sl f Af= = =—=— and sl fBC= =—

ere slope o 3(3) 343 6 3 and slope o 3
Slope of 48 = Slope of 5C

Thus A, B and C are collinear.
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Example 6: Show that the triangle with vertices 4 (1, 1), B(4, S)and C (12,-1) is a
right triangle.

]

-1 4 . -1-5 -6 -3
Solution: Slope of A8=m, = =—and Slope of BC=m, =
-1 3 12—4 8§ 4

=

: 4Y 3° —  —
Since m, - m, = _/L_E ]=—I,1;h::rcf0n:-, AB L BC

v ™ &

S0 A4BC 15 a right triangle.
7.2.2 Equation of a Straight Line Parallel to the x-axis (or
perpendicular to the y-axis)

M J.' .-"‘.._:I.-: .-"'..}'
I X
= o . -
3 . (3 P
o - o <
; a =0 ¥ ) a <) if _f- 2=0 ;
0 ¢ || x-axis £ || x-axis o ¢ || x-axis
or F 1 ypeaxis orof L peaxis or f 1 peaxis

All the points on the line # parallel to x-axis remain at a constant distance (say a) from

x-axis. Therefore, each point on the ling has its distance from x-axis equal to a, which
is its y-coordinate (ordinate). So, all the points on this line satisfy the equation: | y=a

MNole:
(i) 1f & = 0, then the line £ is above the x-axis.
(i1) If @ < 0. then the line ¢ is below the r-axis,

(1i1) If & = 0, then the line ¢ becomes the x-axis.
Thus the equation of x-axis is =0

7.2.3 Equation of a straight Line Parallel to the p-axis (or
perpendicular to the x-axis

¥ ff { ¥ :
& A A i _}l
b h
h=10
b0 h<i)
= 1 = | = |
0 i || y-axis a i p-axis (iii) 0 1 y-axis
(1) vyor /1 y-axis ()  » or L x-axis I‘,"m f 1 x-axis

All the points on the line [ parallel to y-axis remain at a constant distance (say b) from
v-axis. Each point on the line has its distance from y-axis equal to b, which is its

x-coordinate (abscissa). So, all the points on this line satisfy the equation: |x —-f,i|
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7.2.4 Derivation of Standard Forms of Equation of Straight Line:

Intercepts of a line Fr\j;'

. If a line intersects x-axis at {a. 0), then « 1s called B(0, b)
x-intercept of the line. \Tm 0)

. If a line intersects y-axis at (0, b), then & is called < 5 L g X
y-intercept of the line.

1 8 Slope-Intercept form of Equation of a Straight Line
Theorem 3: Equation of a non-vertical straight line with slope m and y-intercept ¢ is
given by: -

y=mx+c

Proof: Let P (x, ¥) be an arbitrary pomnt of the
straight hine £ with slope m and y-ntercepl ¢. As

C' (0, ¢) and P (x, ) lig on the line, so the slope of / 0
the line 1s:

3> X

Pl
x-0
The equation of the line for which ¢ =015 y = mx
In this casc the line passes through the origin.
Example 7: Find an equation of the straight line 1f
(a) its slope is 2 and v=intercept is 5

m= I y—c=mx of y=mx+c 1%anequation of £,

v ; . : : : .4
(b) it is perpendicular to a line with slope -6 and its y-intercept is 3

Solution: (a) The slope and y-intercept of the line are respectively:
m=2andc=35
Thus y = 2x + 5 (Slope-intercept form: y = mx + ¢} 18 the required equation.

(b) The slope of the given line is

m,; = -0

. . sz -l

The slope of the required line 15; w1, =——=—

mo 6

The slope and w-intercept of the required line are respectively:

| 4
My =— and ¢ =—
6 3

. ] 4 . : .
Thus, y= ﬁx b or 6y =x+8 is the required equation.
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p Point-slope Form of Equation of a Straight Line

Theorem 4: Equation of a non-vertical straight line / with slope m »

and passing through a point Q) (x , ) is given by:

10, &)
Y=y, =mix=x)

Proof: Let P (x, ) be an arbitrary point of the straight o
line with slope m and passing through O (x . v ).

As Qlx, , v )and P (x, y) both lie on the line, so the slope of the line is :‘t’}{?|—'.rr-

¥=Mh
5 Lo

=

or v—y, =mix—x,)

which is an equation of the straight line passing through (x| , v ) with slope m.

s Symmetric Form of Equation of a Straight Line

y—y ; G ,
We have m=——"1=tana, where a is the inclination of the line.
x—x
I

X=X Y=

=X COs e

V=¥ Sing
or L= or = p{say)

COSer SN

This is called symmetric form of equation of the line,

Example 8: Write down an equation of the straight line passing through (5, 1) and
parallel to a line passing through the points (0, =1}, (7, =15).
Solution: Let m be the slope of the required straight line, then

=15-(-1] : :
m= —_{—j— (- Slopes of parallel lines are equal)

As the point (5. 1) lies on the required line having slope =2 so, by point-slope form of

equation of the straight line, we have

y—1==2(x-5)
or yp==2x + 11
or 2x+y-11=0

is an equation of the required line,
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4. Two-point Form of Equation of a Straight Line

Theorem 5: Equation of a non-vertical straight A ¢

line passing through two points O(x, , y,} and //'ﬁyl
i Olx,. )

; e

R(xy , ¥,) is =¥ = JT- :Y'-{:i—,t]} /,( .
X —x / 0 =}
M

{r _!.l— JJ__l ==
X=X

(x—x,)

Proof: Let P (x, ) be an arbitrary point of the line passing
through O (x, , v,) and R (x, ., y,). So
YR KT

& e (F. ¢ and R are collinear points)
Xr— Ii e 'IE IE - .l']

We lake
S it i T N
: et R S
M, — I 8 ; .
ar y—p =—"—"1{x-x), the required equation of the line Q.
X, — X,
or (=l —(x—x)pr+{xy —xyv)=0

xr y 1
We may write this equation in determinant form as: [x, » 1|=0
X ¥yl
Example 9: Find an cquation of line through the points (—2,1) and (6,—4).
Solution: Using two-points in the form of the equation of straight line, the required
equation 1s:
41
C6-(-2)
5. Intercept Form of Equation of a Straight Line
Theorem 6: Equation of a line whose non-zero x and F
y-intercepts are o and b respectively .
X ¥ - \

S
qa b

y—1

o
[ x—(=2)] or .1=—l=?‘L.r+E} or Sx+8y+2=0

Proof: Let P(x, v) be an arbitrary point of the line whose

non-zero x and y-intercepts are a and b respectively. -
Obviously, the points A(a, 0) and B(0, b) lie on the 0| a \
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required line. So, by the two-point form of the equation of line, we have

b=0 ;
y=>0= } (x—a) (P, A and B are collinear)
-
or —ay = b(x — a) or bx+av=ab
or Z 4= (dividing by ah)
a b }

Hence the result.

Example 10; Write down an equation of the line which cuts the x-axis at (2, 0) and
v-axis at (0, —4).

Solution: As 2 and —4 are respectively x and y-intercepts of the required hne, so by
two-intercepts form of equation of a straight ling, we have

T or 2 g e ()

2 -4
Which is the required equation.
E::ample 11: Find an equation of the line through the
point F(2, 3) which forms an 1sosceles (rangle with

the coordinate axes in the first quadrant,
Solution: Lct OAB be an isosceles triangle so that the

line A8 passes through 4(a, 0) and B(0, a), where a 15
some positive real number,

Slope of AB = A= . But AB passes through P (2, 3).

=o

Equation of the line through P(2. 3) with slope -1 is
y=3=-1(x=2) or x+y—5=0
6. Normal Form of Equation of a Straight Line

Theorem 7: An equation of a non-vertical straight-line ¢, such that length of the

perpendicular from the origin to f is p and « is the

inclination of this perpendicular, is

X cosg + ysng =p g
Plx. ¥v)
Proof: Let the line [/ meet the x-axis and v-axis at R
the points 4 and B respectively. Let P (x, v) be an @,"“Q
arbitrary point of ling AB and let OR be Tt A £
perpendicular to the line /. Then |OR | = p g /
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From the right triangles ORA and ORB, we have

COScY = i or a - P

A COSMT

and ::us;[‘}ﬂ”—m=i or OF = _p
OB S0

[ Ccos( N —r) = sinex ]

As 004 and OB are the x and y-intercepts of the line 4B, so equation of line AB 1s:

X V¥ ; :
: +———=1 (Two-intercept form})
pPUooscr prsImer

That is x cos a + y sin & = p is the required equation.

Example 12: The length of perpendicular from the onigin to a line 1s 5 units and the
inclination of this perpendicular is 120°, Find the slope and p-intercept of the line.
Solution. Here p= 5, « = 120°.

Equation of the line in normal form is

x cosl20” + p sinl 207 = 5

1 3
2 2
= x—~3r+10=0
. 5 : ; x 10
l'o find the slope of the line, we re-write (1) as: v= 5B
3y

which 1s slope-intercept torm of the equation.
1 0
Here m=—=andc¢=—7
3 3
7.2.5 A Linear Equation in two Variables Represents a Straight Line
Theorem 8: The linear equation ax + by + ¢ = 0 in two variables x and y represents a
straight line. A linear equation in two variables x and y is:

|m+hy+{.‘= ﬂ| ...(1)

where a, b and ¢ are constants and @ and b are not
The equation (i) represents a
straight line and is called the
Proof: Here @ and b cannot be both zero. So the |general equation of a straight

simultaneously zero.

following cases arise: line.
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Casel:a#0,h=0
[n this case equation (1) takes the form:

-
axte=0 or r=——
id

which is an equation of the straight line parallel to the y-axis at a directed distance ——
ol

from the y-axis.
Casell: a=0,5620
In this case equation (1) takes the form:

-
hp+eo=or p=——.

i i ’ i 5 A : ; ; G e
which is an cquation of the straight line parallel to x-axis at a dirceted dimancc? from

the r-axis.
Caselll: a7 0,620
In this casc cquation (i) takes the form:

- i
bhy=-ax-c or V=—X—-—=mitc

-

which is the slope-intercept form of the straight line with slope _F” and y-intercept %

Thus, the equation ax + by + ¢ = 0, always represents a straight line.

7.2.6 Transform the General Linear Equation to Standard Forms
Let’s transform the equation ax + by — ¢ = (} into the standard forms:

i Slope-Intercept Form
. -a ¢ :
We have: hv=—ax—c or y=—x——=mx+c il
b h '
—&Ll —L
where m= ?, C =—

h
ii. Point - Slope Form

We note from (1) above that slope of the line ax + by +c =015 _TE“ . A point on the

™
1

N
line 1s (—,'U .
\a )
: : a e
Equation of the line becomes y—{]'=—? .\-——J
b, &

which is in the point-slope form.
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iii. Symmetric Form

-a e b
m=tang =—, 8ing = ——=,008 ———=
b +fq’ +b° tfa® + b
'l ™,
] . _|:-}
A pointonax + by +c=01s L—;UI
ﬂ &

Equation of the line symmetric form becomes

Y

(e
X | i
\ a J o p=t
hftdﬁﬁ+hl HFiJﬁ1+b?
15 the required transformed equation. Sign of the radical to be chosen properly.

= risay)

iv. Two -Point Form
We choose two arbitrary points on ax + by + ¢ = 0. Two such points are

f f

) IR
Li;ﬂandtll._ :' | Equation of the line through these points is;

X+ —
y=10 a : — ¢
s —_—— i l..ﬂ., .1_|_ — X _1_+ =
] ey

V. Intercept Form
ax by . X v
+—=1 e, — 4+ ——— =1
i “plta —cib
which is an equation in two intercepts form.
vi. Normal Form

ax+Hy=-c Of

The equation: ax + by +ec=10 (1)
can be written 1in the normal form as:
ax + by -

tfa’ + b - tja' + k)
The sign of the radical to be such that the right hand side of (ii) is positive.
Proof. We know that an equation of a line in normal form is
Xcosa+ysina=p ... {1i1)
[f (1) and (111) are identical, we must have

a b —
+—=
COS&r  SIneY F
io P _tosa sina cosTa +sinTe 1
-¢ a h +la’ + b tat + b
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b and -

of §
Hence, cos@ =——— , SN =———— p=——
tafa’ + b tfa’ + b tfa + b

Substituting for cosa , sina and p into (iii), we have
ax+hy ¢
:t\.;"n'2 + b J_ru".:f + 4

Thus (i) can be reduced to the form (ii) by dividing it by ++/a” +#°, The sign of the
radical to be chosen so that the right hand side of (it} is positive.
Example 13: Transform the equation 5x - 12y + 39 = 0 into

(1) Slope mntercept form (1)  Two-mntercept form
(iii)  Normal form (ivl  Point-slope form
(v) Two-point form (vi})  Symmetric form
Solution:
: 5 39 5 : 39
1) We have 12y=5x+3%0r p=—x4+ =, m=—, p—intercept c = —
a i . 12 12 12 ; F 12
i 5 12y : : . . :
(11) 5x-12y=-39%or S S lad 2 —+ J. =115 the required equation.
-39 39 -39/5 39/12

(iii)  5x =12y = =39, Divide both sides by ++/5° +12° =+13 . Since R.H.S is to be
positive, we have to take negative sign.

3, 12y ) : A
Hence _1'3 + l_’;} = 31s the normal form of the equation.

=1

s
i

: il
and its sl e
and its slope is =

E 5
(iv) A point on the line is| ‘—9?{}
L4 3 s
5( 393

Equation of the line can be written as: yv—0= = X+ ?J
L, &

. —_—— 390 = ‘39,
(v) Another point on the line is G,F | Line through LT,G and Lﬂ,l—j 15

v+

y=0 "~ 5

g.,.ig f%.g.‘_[}
|2 5
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(vi)

5 : 12 ; .. =39
We have tane = E = m, 50 SN = % Cosc = ﬁ A point of the line 15 (?[}]

Equation of the line in symmetric form is

i 2

r 5 _-1:'_[]_ ;
E = i = r(say)
13 13

{( EXERCISE7.2 )
Find the slope and inclination of the line joining the points:
0 (=2.4):(,11) (i)  (3,-2);2,7) (iil)  (4,6):(4,8)
By means ol slopes, show that the [ollowing points lie on the same line:
) ACL-3)8(1:5): G290 ) P@E,-5): X7, 51 R(10, 15)
(iii)  L{—4, 6): M(3, 8) : M(10, 10Y  (iv) Ala, 28): ¥(e,a+b); Z(2¢ —a, 2a)
Find k so that the line joining A(7, 3) ; B(k, —6) and the line joining C(-4, 5) ;
D (-6, 4) arc:
(1) parallel (11) perpendicular.

Using slopes, show that the triangle with its vertices A(6, 1), B(2, 7) and
C(—6,=T) 1s a nght trangle.

Two pairs of points are given. Find whether the two lines determined by these
points are:

(1) parallel {i1) perpendicular (111)  none.

(a) (1,=2), (2, 4) and (4, 1), (-8. 2)

(b) (=3, 4), (6, 2) and (4, 5), (-2, -T)

Find an equation of:

(a) the horizontal hine through (7. =9) (b} the vertical line through (=5, 3)
(c) through A(—6, 5) having slope 7 (d) through (8, —=3) having slope 0
(e) through (=8 , 5) having slope undefined

(f) through (=5, =3) and (9. —1)

(g)  y-intercept: —7 and slope: -5

(h) x=intercept: =3 and y-intercept: 4

(1) x-intercept: =9 and slope; —4

Find an equation of the perpendicular bisector of the segment joining the points
A(3 ,5) and B(9, 8).
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. Find an equation of the line through {(—4, —6) and perpendicular to a line having
-3
slope —
9. Find an equation of the line through (11, =5) and parallel to a line with
slope —24.

10.  Convert each of the following equations into slope intercept form, two intercept
form and normal form:
(a) 2x—4p+11=0 (b)) 4x+Ty-2=0 (c) 15y—8x+3=0

11.  Incach of the following check whether the two lines are
(i) parallel (ii) perpendicular (iii) neither parallel nor perpendicular
(a) 2x+y-3=10 g dx+2y+5=0
(b) Jy=2x+5 : Jx+2p—-8=10
(c) 4y +2x—1=0 : x—2y-7=0
1 Find an equation of the line through (—4. 7) and parallel to the line 2x— 7y+ 4=0
13. Find an cquation of the line through (3, —8) and perpendicular to the join of

A(—15, -8), B(10, ).
7.3 Applications of Coordinate Geometry in Real life

Situations
Example 14: On a map, Town A 15 at coordinates (2, 3) and Town B 15 at (-4, —1).
What is the distance between the two towns?
Solution: Use the distance formula:

d=x,—x ) +(3,-»)°
Substitute the values:

d = \J(~4=2) +(=1-3)" = J(-6)" +(~4)" =~/36+16 =+/52 = 7.21 unit
Thus, the distance between Town A and Town B is approximately 7.21 units.
Example 15: Suppose two cities, City A and City B, are represented by the coordinates

(3.4)and (7, 1) on a map. Find the straight-line distance between the two cities.
Solution: We apply the distance formula:
af=|ﬁ =J(7=-3} +(1-4)°

d =[4B|= \f(4) +(-3)
a:‘E =f16+9=+25=5

Thus, the straight line distance between City A and City B 1s 5 units.
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Example 16: An Engineer is building a bridge between two points on a riverbank.
Suppose the coordinates of the two points where the bridge will start and end are (2, 5) and
(8, 9). Find the coordinates of the midpoint, which will represent the centre of the bndge.

Solution: We apply the midpoint formula:

B

r \
M= LM ﬂJ
z 2

Thus, the centre of the bridge is at the point (3, 7)

Example 17: A landscaper 15 designing a iniangular garden with comers al points
A(2, 3), B(5.7), and C{6, 2). Calculate the lengths of the sides of the triangle.

Solution: Usc the distance formula to find the length of cach side:

d= 'J{I? 4 }: + U"; G ¥

|E=J(5 D

|E = J(37+ (47

4B =f0+16 = /25 = Sunits

|BC| = \Jt6-5) +(2-7)

|BC|= (1) + (=57
§3C|—. J1+25 = /26 = 5.10units

|A_C = J(6-2) +(2-37

|4C|= @y + -1y
|4C| = V16+1 =17 =4.12units

Thus, the lengths of the sides are:
mAB=Sunits, mBC =5.10units , mAC =4.12 units

Example 18: A pilot needs to travel from city A(50, 60) to city B(120, 150). Determine
the heading angle the plane should take relative to the east direction.
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Solution: The heading angle can be calculated using the slope:
_150-60 90 9

T120-50 70 7

Aviation is the operation and flight of
aireraft, mcluding airplanes, helicopters and

Let 6 be the required angle, then

C drones.
tané =m=— MNavigation 15 the process of determining and
7 controlling the route ol a vehicle, such as an
00 aircratt, from one place to another.
=tan | = |
7 J
= lan” [ }
8=352.1%

Thus, the plane should take a heading angle of 52.13 north of east.

Latitude measures how far a location is from the

Marth Fale
equator. It ranges from 07 al the equator (0 907 north (Al s veriion 22 7P
the North Pole) or 90 south (at the South Pole). e

Longitude measures how far a location is from the v Eﬁt T -5
Prime Merndian {(which runs through Greenwich, el iif""’
.'_
London). It ranges from 0° at the Prime Meridian to "o
1807 east and 180° west. i

Example 19: Abdul Hadi 1s traveling from point 4 (Latitude 10° N, Longitude 50° E)
to pomnt B (Latitude 20° N, Longitude 607 E). Find the midpoint of his journey in terms
of latitude and longitude.

Solution:

Given that

Point A (Latitude 10° N, Longitude 50° E)

Point B (Latitude 20° N, Longitude 60° E)

Midpoint latitude = M =S
S0° + 60°
Midpoint longitude = g _55°F

Thus, the mudpoint of Abdul Hadi’s journcy would be at Lattude 15° N,
Longitude 55° E.
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Example 20: A landscaper is designing a straight pathway from P(2, 3) to Q(8, 9).
What 1s the length of the pathway?

Solution:
The length of the straight pathway can be found using the distance formula:

Distance = J{ X, =X }j +{ ¥ =¥ :]"ﬁ
= J{E—E]: +(9-3)

=4(6) +(6)

=62

So, the length of the pathway 1s approximately fm‘E Lnts.

2

€ Exercise 7.3 )

Il the houses of two nends are represented by coordinates (2, 6) and (9, 12) on
a grid. Find the straight line distance between their houses if the grid units
represent kilometres?

Consider a straight trail (represented by coordinate plane) that starts at point
(5, 7) and ends at point (15, 3). What 1s the coordinate of the midpoint?

An architect is designing a park with two buildings located at (10, 8) and (4. 3)
on the grid. Calculate the straight-line distance between the buildings. Assume
the coordinates are in meters.

A dehvery driver needs to calculate the distance between two delivery
locations. One location is at (7, 2) and the other at (12, 10} on the city grid map,
where each unit represents kilometres. What 1s the distance between the two
locations?

The start and end points of a race track are given by coordinates (3, 9) and
(9, 13). What is the midpoint of the track,

The coordinates of two points on a road are A(3, 4) and B(7, 10). Find the
midpoint of the road.

A ship is navigating from port 4 located at (12° N, 65 W) to port B at
(20 N, 45° W). If the ship travels along the shortest path on the surface of the
Earth, calculate the straight line distance between the points.

Farah is fencing around a rectangular field with corners at (0,0), (0,5), (8, 5)

and (8, 0). How much fencing material will she need to cover the entire
perimeter of the field?
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Q. An airplane is flying from city X at (40° N, 100 * W) to city ¥ at
(50 “ N, 80° W). Use coordinate geometry, calculate the shortest distance
between these two cities.

10. A land surveyor is marking out a rectangular plot of land with comers at (3, 1),
(3. 6), (8, 6), and (8, 1). Calculate the perimeter.
1. A landscaper needs to install a fence around a rectangular garden. The garden

has its corners at the coordinates: A(0, 0), 8(5, 0), ({5, 3), and X0, 3). How
much fencing 1s required?

@(REVIEW EXERCISE 7 )P

| Four options are given against each statement. Encirele the correct option.
(i)  The equation of a straight line in the slope-intercept form is written as:
(a) y=mix+ ) (b)Y  v—yi=mix—xi)
(c) y=c+mx (d) axtby+c=0
(ii)  The gradicnts of two parallel lines arc:
(a) equal (b} ZETO

(¢) negative reciprocals of each other  (d)  always undefined
(111) If the product of the gradients of two lines 1s —1, then the lines are:

(a) Parallel (b) perpendicular
(c) Collincar (d) comncident
(1v) Distance between two points {1, 2) and (4. 6) 1s:
(a) 5 (b) 6 (c) 13 (d) 4

(v) The midpoint of a line segment with endpoints (-2, 4) and (6, -2) is:
(a) (4, 2) (b) (2, 1) (c) (1, 1) (d)  (0,0)
(vi) A line passing through points (1, 2) and (4, 5) 1s:

(a) y=x+1 (b) y=2x+3

{c) y=3x-2 (d) y=x+2
(vii) The equation of a line in point-slope form is:

(@) v=mx+c) (h) ¥ =31 = mx—x1)

(¢} y=ct+mx (d) ax+by+c=0
(viii) 2x + 3v — 6= 0 in the slope-intercept form is:

_
(a) _}-‘:-3_'.1’1 2 (b) }::i,\'--z
-3
{Cj 1'=§x+| {d} _}"=__I_2
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10.

(ix) The equation of a line in symmetric form is:

¥ xX-X y-y z-z
@ E+E:I ®) I I_jmf B 1 |
(c) ax+bv+ec=0 (dy y-y,=mix—-x)
The equation of a line in normal form is:
(a) vy=mx+c¢ by  x »y_,

a b
@) x=x % (d) XCOSE + Vsing =p

cosa  sing
Find the distance between two points 4(2, 3) and B(7, &) on a coordinate plane.
Find the midpoint of the line segment joining the points (4, =2) and (-6, 3).
Calculate the gradient (slope) of the line passing through the pomnis (1, 2) and
(4, 6).
Find the equation of the line in the form y — mx + ¢ that passes through the
points (3, 7) and (3, 11).

If two lines are parallel and one line has a gradient of % . what is the gradient

of the other line?
An airplane needs to fly from city 4 to coordinates (12, 5) to city B at
coordinates (8, —4). Calculate the straight-line distance between these two
cities,
In a landscaping project. the path starts at (2, 3) and ends at (10, 7). Find the
midpoint.
A drone is flying from point (2, 3) to point (10, 15) on the grid. Calculate the
gradient of the line along which the drone is flving and the total distance
travelled.
For a line with a gradient of =3 and a y-intercept of 2, write the equation of the
line in:

(a) Slope-ntercept form

(b) Point-slope form using the point (1, 2)

(c) Two-point form using the points (1, 2) and (4, =7)

(d) Intercepts form

(e) Symmetric form

(f) MNormal form
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Logic

Students’ Learning Qutcomes

At the end of the unit, the students will be able to:
» Understand a mathematical statement and its proof
» Differentiate between an axiom, conjecture and theorem.
» Formulate simple deductive proofs [algebraic proofs that require showing the
LHS to be equal to the RHS. e.g.. showing (x —3)* +5=x"— 6x + 14

INTRODUCTION

Logic 1s a systematic method of reasoning
that enables one to interpret the meanings of
statements, cxamine their truth, and deduce
new information from existing facts. Logic
plays a key role in problem-solving and
decision-making.

We generally use logic in our daily life

while engaging in mathematics. For

example, we often draw  general

conclusions from a limited number of
observations or experiences. A person gets
a penicillin injection once or twice and
experiences a reaction soon afterward. He
generalises that he is allergic to penicillin.
This way of drawing conclusions 15 called
induction. Inductive reasoning 1s helpful in
natural sciences, where we must depend
upon repeated experiments or observations.
In fact greater part of our knowledge 1s
based on induction. On many occasions, we
have to adopt the opposite course. We have
to conclude from accepted or well-known

facts. We often consult lawvers or doctors

.*'f?'r:u.
i

whu is considered the Father ol formal logic.
He developad a system of deductive
reasoming known as syllogistic logie, which
became the foundation of logical thought.
The Stoies  lollowed, contributing o
propositional logic and exploring paradoxes
such as the Liar Paradox. During the
medieval period, scholars like Peter
Abelard and William of Ockham expanded
Aristotle’s work, introducing theories of
semantics and consequences. In the 19"
century, logic advanced through the works
of George Boole, who developed Boolean
algebra, and Gottlob Frege, who formalized
modern predicate logic. Bertrand Russell
and Alfred North Whitehead attempted to
reduce mathematies to logic 1n their seminal
work, Principia Mathematica,. The 20%
century saw significant progress with Kurt
Godel, who introduced his incompleteness
theorems, reshaping our understanding of
mathematical logicthistoryv-of-logic:

hitp:fndividual utoronto.ca/pking/miscellan

goushistorv-of-logic.pdf).
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based on their good reputation. This way of reasoning i.e., drawing conclusions from
premises believed to be true, is called deduetion. One usual example of deduction is:
All men are mortal. We are men. Therefore. we are also mortal. To study logic, we start
with a statement.

8.1 Statement

A sentence or mathematical expression which may be true or false but not both is called
a statement. This 15 correct so far as mathematics and other sciences are concermned. For
instance, the statement @ = A can be either true or false. Similarly, any physical or
chemical theory can be cither true or talse. However, in statistical or social scicnces, it
15 sometimes impossible o divide all statements mto two mutually exclusive classes.
Some statements may be, for instance, undecided.

We can think of a mathematical statement as a unit of information that is cither accurate

O Tnaccurate.

Here, we discuss some examples of mathematical statements that are all true.

L

(1) For a non-zero real number x and integers mr and », we have: x". x" =x""
(it} The sum of the measures of the interior angles of a triangle is 180°
{i11)  The circumference of a circle with radius » 15 27r

(ivl) (< R(The set of rational numbers is a subset of the set of real numbers)
7.0
V) ¢ )

(vi)  The sum of two odd integers is an even integer

(vii) ¥ =Sx+6=0,forx=2o0rx=13

Further, we discuss some examples of mathematical statements that are all false.

(i) 3+4=28

Gy ZcW

(iii)  All isosceles triangle are equilateral triangle

(iv)  Between any two real numbers, there 1s no real number

) {1,2,3,4} i=1,-2,-3, -4} = {1,2, 3,4

(vi)  Ifaand b are the length and width ol a rectangle, then the area of a rectangle 1s
1
;{ axh).

.
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(vii)  The sum of interior angle of an n-sided polygon is {n— 1= 180°

(viti) The sum of the interior angles of any quadrilateral 1s always180°.

(1x) The set ol mtegers 1s finite,

The following section will discuss various standard methods for combining statements
to create new statements.

8.1.1 Logical Operators

The letters p, g etc., will use to donate the statements, A brief list of the symbols which
will be used is given below:

Svmbols How to be read symbolic expression How to be read
Not p,
~ Not ~p? i F,
negation of p
A And paq pand g
W Or pvqg porg
If ¢ then ¢,
— If. . . then, implics p—q ﬁ _ X
p mmphes g
Is  equivalent to, pif and only if g,
if and only if e p is equivalent to g

8.1.2 Explanation of the Use of the Symbols

1. Negation LS 5
If p is any statement, its negation is denoted by ~p, read *not p°. It E |
follows from this definition that if p 15 true, ~p 1s false, and 1f p is

false, ~p 15 true. The possible truth values of p and ~p are given in F

table: 1, which is called a truth table, where the true value is denoted
by T and the false value 1s denoted by F.

2. Conjunction

The conjunction of two statements p and g is svmbolically written as p ~ ¢ (p and g).
A conjunction 15 considered to be true only if both statements are true, So, the truth
table of p A g is given in Table: 2,
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Table 2
P i PAYg
T T T
T F F
E T v
F F o

Example 1: Whether the following statements are true or false.

(1) Lahore is the capital of the Punjab and Quetta 15 the capital of Balochistan.
(11) 4<5A8<10 (i) 242=3A6+6=10
Solution:

Clearly conjunctions (1) and (1) are true whereas (11) 1s [alse.

A Disjunction Table 3

The disjunction of p and g is symbolically writien as pv g p g |pvyg
(p or ). The disjunction p v g 15 considered (o be true when T i T
at least one of the statements is true, It is false when both of T F T
them are f.alsc:. The truth table p v g is given in Table; 3. = = -
Example 2: 10 is a positive integer or 0 is a rational number, -

Find truth value of this disjunction.

Solution: Since both statements are true, the disjunction is true.

Example 3: Triangle can have two right angles or Lahore 1s the capital of Sindh. Find
the truth value of this disjunction.

Solution: Both statements are false, the disjunction is false.

4. Implication or conditional Table 4

A compound statement of the form if p then g (p — ¢) also P g |r—4q
written as p implies g i1s called a conditional or an N 1 T
implication. p is called the antecedent or hypothesis and g

1s called the consequent or the conclusion. I F

A conditional is regarded as false only when the antecedent F i b T
is true and the consequent is false. In all other cases

conditional 15 considered to be true. So, the truth table ol F F T
p — g is given in Table: 4,
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We attempt to clear the position with the help of an example. Consider the conditional:
[f person A lives in Lahore, then he lives in Pakistan.

If the antecedent is false, i.e., 4 does not live in Lahore, he may still be living in
Pakistan. We have no reason to say that he does not live in Pakistan,
We cannot, therefore, say that the conditional 1s false. So we must regard 1t as true.

Similarly, when both the antecedent and consequent of the conditional under
consideration are [alse, then 1s no justification [or guarrelling with the statement.

p. Biconditional p < g Table 5
The statement p — — pis : :
S e g P ] P—q |4—p | P4

shortly written as p < g and 1s T
called the biconditional or 1 1 * 1
equivalence. It is read p iff g T F F T F
(iff stands for “if and only if”) F T T F F
We draw up its truth table,

5 _ F F T T T
From the Table 5 1t appears that

p <> g 1s true only when both statements p and g are true or both statements p and g

arc false.

6. Conditionals related with a given conditional.

Let pp and g be the statements and p — ¢ be a given conditional, then
(1) g — p 15 called the converse of p — ¢
(11) ~ p—> ~gis called the inverse of p — g;
(iii)  ~g —» — pis called the contrapositive of p — g.

The truth values of these new conditionals are given below in Table 6.

Table 6
Given conditional | Converse | Inverse | Contrapositive
pla)| ~p | ~¢ & FE |spsatg| TEEeE
T|T | F I T T T
T|F I i & F 5 T g
E-| T T ¥ £ F F T
F | T T T T T T
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From the table 6, it appears that
(1) Any conditional and its contrapositive are equivalent; therefore, any theorem

may be proved by proving its contrapositive,
(11) The converse and inverse are equivalent to each other.
Example 4: Prove that in any universal set, the empty set ¢ is a subset of any set A.
Solation: Lct L' be the universal set. Consider the conditional:

Vxe U, xe ¢ > xe A A1)

The antecedent of this conditional is false because no xe U7, is a member of ¢ .
Hence, the conditional is true.
Example 5: Construct the truth table of [(p —g)a pland [(p —g) A pl— g
Solution:

The desired truth Table 7 is given below:

Table 7
P g | p—q | (p=@dap| l(p—@Aapl—g
T 3 T T T
T I F I T
F T T F T
F F 1 F T

8.1.3 Mathematical Proof

Suppose Fayyaz 1s a student in Grade 9. One day, he arrived home late due to heavy
traffic in a city. His father, however, suspected that Fayyaz had not gone to school and
instead spent the day elsewhere. To address his concerns, his father asked, “Tell me the
truth, did you go to school today? Fayyaz responded. saying, “Yes, 1 did.” Still
doubtful, his father asked, “What proof do you have that you attended school? To
satisfy his father's concern, Fayaz says that my classmate Ahmad went to school with
me and could confirm with him. But his father was still not convinced by his words.
Now, how will he prove his father’s claim that he went to school or not? To prove his
father's claim, Fayyaz would need to present some evidence, like his attendance for that
day, which was recorded in the school attendance register, or CCTV footage from the

school to prove that he was indeed present that day.
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Consider another situation, you have bought a mobile phone with a warranty of about
one year. After using the mobile phone for a few days, your mobile phone breaks down,
50 you take 1t to the mobile company or service provider. The customer support
representative will ask you for proof if vou want to claim your mobile phone's warranty.
To claim the warranty on the mobile phone. you must present the warranty card as
documented proof to the customer service representative. Generally, we have to prove
and disprove many claims and statements in our daily routine. In mathematics, prools
provides the evidence that a statement 15 correct, demonstrating a logical sequence of
steps that lead to the final conclusion.

Example 6: Prove the following mathematical statements.
() If x is an odd integer, then 17 is also an odd integer

(b)  The sum of two odd numbers is an even number

Solution:
(a) Let x be an odd integer. Then by definition of an odd integer, we can express x
as:

x =2k+ ] forsomeke”Z Note:
If x is odd. then x can be expressed

N 2 = (2k+ 1P =42+ 4k + 1 ;
s p ( ) ) in the form: x=24+1 for some
=22k + 2k) + 1 Fes

=2m+ 1, wherem=2k"+2keZ
Thus, X =2m+| forsomeme Z
Therefore, x” is an odd integer, by definition of an odd integer,

(b) Let x and y be odd mtegers. Then by Note:
definition of an odd integer, we can

If x is an even integer, then x can
express x and y as:

be expressed in the form:
x=2k+landy=2n+ 1 forsomekand ne Z. | +_92f forsome ke 7

Thus, x+y =2k+1+(2n+1)

=2k+2n+1+1

=2(k+n+1)=2m, wherek+n+1=meZ
S0, x+y = 2m for some me 7.

Therefore, x + y 1s an even integer, by definition of an even integer.
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Example 7: Prove that for any two non-empty sets A and 5, ( 4w H]I =&

Proof: Let xe (A UB) Note:

g J'E(AL.JH} A set B is a subset offlsetd if
every element of set B is also an

= xg Aand xg B element of a set A.

] i
= x€ 4 and xe B Mathematically, we write 1t as:

= xednf Bedif Yred =bxe.d

P 5
Bul xe { A2 B) 1s an arbitrary element

Therefore, ( 4w H]; cAnB i ()
Now, suppose that yve 4 ™ B’

= ye 4" and ye B'

= ye dand ye B

= ve(AUB)

= J-'E{AUH}I

Thus A "B c(AUB) ..(ii)
From equations (1) and (1) we conclude that
(Aw B]I = A"~ B', hence proved.

8.1.4 Theorem, Conjecture and Axiom

In previous sections, we have explored mathematical statements and their
corresponding proofs. We will now move on to a more advanced concept known as
theorems. A theorem is a mathematical statement that has been proved true based on
previously known facts. For example, the following statements are theorem:

(i) Theorem: The sum of the interior angles of a quadrilateral is 360 degrees.

(ii) The Fundamental Theorem of Arithmetic: Every integer greater than | can
be uniquely expressed as a product of prime numbers up to the order of the
factors.

(iii) Fermat's Last Theorem: There are no three positive integers a, b, ¢, which

satisfy the equation a" + §* =", wherene Nand n = 2
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One of the famous theorems was named after the 17"-century French mathematician
Pierre Fermat. Let's examine Fermat's Last Theorem for specific values of # and see
how they apply. For n = 2, the statement simplifies to &° + #° = ¢ which does have
solutions, This is the well-known Pythagorean theorem. For instance, 3* + 4= 5% holds
true because 9 + 16 = 25,

Now. let's examine the statement Tor # = 3. The statement becomes a° + b7 = ¢,

After centuries of searching, no such integer solution has been found, and Wiles' proof
confirmed that no such numbers exist. For example, 3+ 434 5° because 91 # 125.

Fermat claimed he could prove this theorem but noted that the margin of his book was
too small for such a meaninglul explanation. Despile his  assertion, many
mathematicians found it challenging to prove the theorem for centuries. The theorem
remained unproven for over 350 vears and became one of the most famous problems
in mathematics. In 1993, Andrew Wiles [rom Princeton Universily announced a prool
after working on it for over seven years. spanning hundreds of pages. This illustrates
that some factual statements are not immediately evident.

Conjecture: A conjecture 1s a mathematical statement or hypothesis that 1s believed
to be true based on observations but has not vet been proved. In mathematics,
conjectures often serve as hypotheses, and 1t a conjecture 1s proven to be true, it
becomes a theorem. Conversely, if evidence is found that disproves it, the conjecture
is shown to be false. Here, is another well-known statement that has gained cnough
recognition to be named. First proposed in the 18" century by the German
mathematician Christian Goldbach, it is known as the Goldbach Conjecture. The
Goldbach Conjecture states that:

Statement: Every even integer greater than 2 1s a sum of two prime numbers,

We must agree that the conjecture is either true or false. It appears to be true based on
empirical evidence, as many even numbers greater than 2 can indeed be written as the
sum of two prime numbers: for example, 4=2+2,6=3+3, 12 =5+ 7, among others.
However, this does not preclude the possibility that some large even number may
exist that cannot be expressed as the sum of two primes. The conjecture would be
proven false 1f such a number is found. Despite extensive efforts since Goldbach first
posed the problem over 260 years ago, no proof has been found to determine whether
the conjecture is true or false. Nevertheless, conjecture is a valid mathematical
statement, as 1t must be either true or false.
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In mathematics, we frequently encounter situations where it is necessary to determine
the truth of a given statement without proving it. Next, we will study the same
statement, which is known as axiom,

An axiom is a mathematical statement that we believe to be true without any evidence
or requiring any prool. In other words, these statements are basic facts that form the
starting point for further ideas and are based on everyday experiences. Moreover, there
is no evidence contradicting these statements, For example, the following are the
statements of axioms,

Axiom: Through a given point, infinitely many lines can pass.

Euclid Axioms: A straight line can be drawn between any two points.

Peano Axioms: Every natural numbcer has a successor, which is also a natural number.
Axiom of Extensionality: Two sets are equal 1l they have the same elements.

Axiom of Power Set: Any set has a set of all its subsets,

Considering the above cxample, we will find that there is no need to prove these
statements. For example, our intuition recognizes that infinitely many lines can pass
through a point, so there is no need to prove it.

Axioms are sometimes referred to as postulates, Both Axioms and Postulates describe
statements that are accepted as true without requiring proof. However, postulates are
associated explicitly with geometry, while axioms can pertain to broader mathematical
contexts,

Next, we are going to prove the statement of a theorem.

: e P 5
Example 8: Prove that ?-&- % = % where a. b, ¢ and & are non-zero real numbers.
h ¢ ¢
. c 4 : e
Solution: LHS= 24521454 {  Multiplicative identity)
b d b o
a [ l e ik o
=—x|dx— |+—x|bx— | (v Muliplicative inverse)
b d ) d b
a d ¢ b [ | )
=—X—+—X— ax— ==
b d d b bbb
ad b ( g L e e e 4 B o ]
= —— - Rule of production of fraction —.— = —
bd  db b d hd

L 156 A



Mathematics - 9 Unit - 8: Logic

- E + b—L {~ Commutative law of multiplication ab = ha)
bd  bhd
'd
={F£JKL+|E'CK—1 L axl—EJ
hd hd b b
1
={ua’ +b{?].a ( Distribmtive property)
d + bhe
_ed+be)_ R.H.S
bed
Thus, ﬂ+{_? B ad + be
h d hed

Henee proved.

8.1.5 Deductive Proof

As discussed earher, deductive reasoning 15 a way ol drawmg conclusions [rom
premises believed to be true, If the premises are true, then the conclusion must also be
truc. For cxample: All human beings need to breathe to live. Ahmad is a human.
Therefore, Ahmad 1s also breathing to live.

Similarly, in mathematics, deductive proof in AN algebraic expression is a technique
to show the validity of a mathematical statement through logical reasoning based on
known rules, theorems, axioms, or previously proven statements. Deductive reasoning
is broadly used in algebra to validate identities and solve equations,

Example 9: Prove that:  (x = [+ 7=x"-2x+8§
Deductive Proof: LH.S =(x+ 1) +7

={x+ Ljx+] )+ 7 sy iy
=xfx+1)+lx+1)+7 ( Right distributive law)
=x-x+x-1+1:x+1-1+7 (+ Right distributive law)
=x"+1lx+1-x+1+7 (+ Commutative law & x™.x"=¢""")
=x+(1+1)x+8 (+ Left distributive law)

=x +2x+8

=R.HS

= LHS=RH.S
Thus, (x + 1)? + 7= x*+2x+8. Hence proved

43x+135 e
Example 10: Prove that '];—5 = 3x + 1 by justifving each step.
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Deductive Proof: L.H.S =
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_ 45x+15
15

| a |
=—x {45x+13) [ —:—xaj

13 ok
= ]L_K {15x 3x+15x% lj % Multplicative identicy

=,

]

o T 13
15 (= Distributive law)

- f%x 15 ]v{l&'—l}

¥ [+ Associabive law)

= L i3 L) (»  Multiplicative Inverse)
=ix+1=RHSE (  Multpheative Identity)
45x+15
Thus, —— = 3x + | hence proved.

€ EXERCISES )

1. Four options are given against each statement. Encircle the correct option.

(i)

(i)

(iii)

(iv)

Which of the following expressions is often related to inductive reasoning?
(a) based on repeated experiments (b) if and only if statements

(c) Statement is proven by a theorem (d) based on general principles
Which of the following sentences describe deductive reasoning?

(a) general conclusions from a limited number of observations

(b) based on repeated experiments

(¢) based on units of information that are accurate

(d) draw conclusion from well-known facts

Which one of the following statements 1s true?

(a)  The set of integers is finite

(b)  The sum of the interior angles of any quadrilateral is always 180

© Ze¢g
7
(d) All 1sosceles triangles are equilateral triangles
Which of the following statements is the best to represent the negation of
the statement "The stove 1s burning"?
(a) the stove is not burning.
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(b) the stove is dim
(c) the stove is turned to low heat
(d) it is both burning and not burning.
(v)  The conjunction of two statements p and g is true when:

(a) both p and ¢ are false. (b}  both p and ¢ are true.
(c) only g 1s true. (d) only 7 1s true
(vi) A conditional is regarded as false only when:
(a) antecedent 15 true and consequent is false.
(b) consequent is true and antecedent is false.
(c) antecedent 15 true only.

(d) consequent is false only.
(vii) Contrapositive of g — p is
(@ g—-p b)~g—p (€) ~p—~q (d)~q—~p
(viii) The statcment “Every intcger greater than 2 is a sum of two prime numbers”™ is:
(a) thcorcm (b} conjecture (¢) axiom (d) postulatcs
(1x) The statement "A straight line can be drawn between any two points” 15 :
(a) theorem (b} conjecture {c) axiom (d) logic
(x) The statement "The sum of the interior angle of a triangle 18 180° 1s:
(a) converse (b) theorem (c) axiom (d) conditional
Write the converse, mverse and contrapositive ol the [ollowing conditionals:
(1) ~p—yg (11) G —» (m) ~p—oar~g (1v) ~g = p
Write the truth table of the following
i) ~(pvg)v(~g) ) ~(~gv~p) (i) (pvg)er(prg)
Differentiate between a mathematical statement and its proof. Given two
examples.
What is the difference between an axiom and a theorem? Give examples of
each.
What is the importance of logical reasoning in mathematical proofs? Give an
example to illustrate your point,
Indicate whether 1t 1s an axiom. conjecture or theorem and explain your
reasoning.
(1) There is exactly one straight line through any two points.
(1)  Every even number greater than 2 can be written as the sum of two
prime numbers.”
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(111)  The sum of the angles in a triangle is 180°,
8. Formulate simple deductive proofs for each of the following algebraic
expressions, prove that the L.H.S is equal to the R.H.S:
(i) prove that (x —4)°+ 9 = x*— 8x + 25
(11) prove that (x + 1)° = (x — 1" = 4x
(iii)  prove that (x + 5)°— (x — 5)* = 20x

9. Prove the following by justifying each step:
. 4+16x i 6x° +18x  2x
(1 =1+4x 1) =
} { 3 =0 -3
o s 5
(i) X I-T"J:Ilﬂ__rr__

X—3x-9 x—5
10, Suppose x 1% an mteger. Then x 15 odd 1l and only 1092 + 415 odd.
11.  Suppose x is an integer. If x is odd, then 7x + 3 is even.
12. Prove the following statements
(a)  Ifxisanodd integer, then show that it x" —4.x+ 6is odd.
(b If x is an even integer then show that x* + 2x + 4 is even.

13. Prove that for any two non-empty sets 4 and B, (A B}f =A B

14.  Ifxand v are positive real numbers and x° < y“then x < y.
L¥:; The sum of the intenior angles of a triangle 15 180°
16. It @, b and ¢ are non-zero real numbers, prove that:
[a} E:E{jﬂd:hc {b.} EE:ﬁ {c} E.l_E:ﬂ}r:I
b d h d bd h b b
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Similar Figures

Students’ Learning Qutcomes
At the end of the unit, the students will be able to:

#  ldentily similanty of polvgons, Arca and volume of similar ligures,

#  Solve problems using the relationship between areas of similar figures and volume of similar
solids.

#  Geometrical properties of regular polygons, triangles and parallelograms,
Solve real lite problems thatl involve the propertics of regular polygons, angles and
parallelograms (such as building architectural structures, fencing, tiling, painting and
carpeling a room ).

INTRODUCTION

The concept of similanty dates back to ancient Greece, where Greek mathematicians,
particularly Fuclid, developed the fundamental principles of geometry. In his creative
work, "The Elements", Euclid established the foundations of planc gecometry, including
the theory of similar triangles and polygons. Euclid's further work laid the groundwork
for modern geometry and the concept of similarity remains central in many branches

of mathematics, including trigonometry and algebra.

9.1 Similarity of Polygons
Similar figures have same shape but not necessarily of ILNLATIeD

Three or more than three-sided
closed figure is called polygon,

same size. Two polygons are simiar if  thew

corresponding angles are equal and the corresponding
sides are proportional (i.e., the ratios of the lengths of corresponding sides are equal).

This means that if two polygons are similar, one is a scaled version of the other. For
example, all equilateral triangles are similar to each other because they have the same

angles and the measure of the sides are proportional.

9.1.1 Identification of Similar Triangles

(i) It two angles in one triangle are congruent to two corresponding angles in
another triangle, the third angle in each triangle must be congruent. Since the
angles are the same, the triangles are similar. Similarity symbol is *~".

i.e.. In the correspondence of the triangles ABC and DEF.
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m=d = m=D b
B =msE .
m=C=m=F

Hence, AABC ~ ADEF

(ii)

Tl

A [ F I
If the ratio of two corresponding sides and their included angle are equal, then
the triangles are similar. In the correspondence of the triangles ABC and EFG,
mLABC = m£EFG and the ratio of the corresponding sides are

mAB _4.5_3
mEF 3 2
mAC " E = iH:—:n{:i:‘
mEG 4 2

triangles ARC and £5°G are similar.

(iii)

Example 1: If one pair of corresponding sides
are parallel to each other, then the triangles so | corresponding side.

IT' the ratio of all the corresponding sides are equal, then the triangles are similar.

The ratio of corresponding sides are:

¥

}H% _ mﬁ . H}ﬁ

mXZ mYZ mXY i

.

54 117 8.1 )

5 5 5 ¥

E B G B E P 3cm O Z 54 em X

Need to Know! Proportionality of
sides means one side is k times of ils

formed as shown in the figure are similar. i.e., c 4.2¢m D
5

In the figure, A8 is parallel to CD and
m=AOB = m=DOC  (Vertically opposite angles)

meA =m0 (Alternate angles of parallel lines)

m=B =msC  (Alternate angles of parallel lines)

Since all three corresponding angles are equal,
s0 AQAB ~ AODC
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The ratio of corresponding sides are equal i.e.,
mOA mAB mOB
mOD  mDC  mOC

2 o3 2
2.8 4.2 35
3 3 >
T 7 7

So, the triangles Q48 and ODC are similar,

Example 2:
In the tnangles ABC and XDE, lind the value ol x and y.

the ratio of the corresponding sides are:

mXB _mBC mX_l‘:.“
mAXD mDE mﬁ'

s k2 A

v 4 2.7

i = ;_i - r= %xil = 2.07cm

% :% — y:%xzzi’rm}
9.1.2 Similarity of Quadrilaterals H
Example 3: The Quadrﬁeml ABCD has side 2,
lengths mAB = 5cm, mBC =8, mCD= 10 cm, g
mAD = 12e¢m, and its angles are m=4 = 90°, .
meB = 120° and m=C = 90°, Quadrilateral g
EFGH has side lengths mEF = 10 cm, Ef?
mFG = 16 cim, mGH = 20cm, mEff = 24 cm

and its angles are m<E = 90°, m<F = 120° and E 10em F

m=H = 60°, Prove that the quadrilateral ABCD is similar to the quadrilateral EFGH.
(Diagrams are not drawn to scale).
Solution: We sec that in the quadrilateral ABCL:

ms D= 360° — (90° + 120° + 907) = 60°,
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In the quadrilateral EFGH, mZG =360° — (907 + 1207 + 607) = 90°.

Now, check if the corresponding angles of the quadrilaterals are congruent:
mLA=mLE=90° msB=msLF=120°, mZC=mZG =90 and ms£ D =msH= 60",
Next, check the ratios of the corresponding sides:

: oo PR AB 5 | ; . BC 8§ 1
Ratio of AB to EF A —, Ratio of BC to F(7 : L =
mEF 10 2 mFG 16 2

— —— mCP 10 1 ——  — mAD 12 1
Ratio of CD to GH . mEH..:—.—__ Ratio of A0 to FH - ok e TR
mGH 20 2 mEH 24 2

Since the corresponding angles are congruent and the corresponding sides arc
proportional (with a ratio of = ). so the quadrilateral ABCE) is similar to the

quadrilateral £fGLH,

Example 4: Find whether the parallelograms
are similar given that one of the angle between

sides is 45° in both the parallclograms.

Solution:

Since opposite angles in a parallelogram are equal and adjacent angles are
supplementary, so the corresponding angles in both parallelograms (457, 135°, 45°, and
135%) are equal. So, the parallelograms are similar.

Measure of the base of smaller parallelogram, &, = 2units

Measure of the base of larger parallelogram, b, = 6 units.

Measure of the height of smaller parallelogram, A, = | unit

Measure of the height of larger parallelogram, A, = 3 units.
. : : h 2
Ratio of corresponding lengths are equal. i.e., g = = =

h
Therefore, —= s
b, #h

2 2
Example 5 The perimeter of a regular octagon is 48 cm. Another octagon has sides that
are 1.2 times the sides of the first octagon. What is the length of side of the second
octagon?
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Solution: Perimeter of first regular octagon = 48 cm

Side length of first regular octagon = % =6 cm.

Side length of second regular octagon =6 = 1.2 = 7.2 ¢cm.

€ EXERCISEY.1 )

1. Find whether the solids are similar. All

lengths are i em.

2. In triangle ABC, the sidcs arc given as F 1575 em
mAB = 6 cm, mBC = 9 ¢cm and
mCA= 12 em. Tn inangle DEF, the

sides are given as mDE= 10.5 cm,
mEF = 15.75 cm. and mFD=21 em.
Prove that the triangles are similar. A

3. In the figure below, A4BC ~ ADEF.
The length of AR is 12 cm, AC is 16
cm, and BC 15 20 em. The perimeter
of ADEF is 30 cm and mDE = 6 cm.
Find the lengths of DF and £F.

= 43
2] ni‘lcﬁ\
WO

12 cm

O 16 cm B
4. Find the value of x in each of the following:

(1)
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3. A plank is placed straight upstairs that 20 cm wide F
and 16 cm deep. A rectangular box of height 8 cm
and width x cm is placed on a stair under the plank. Qe —-— E
Find the value of x. £ i

¥
S 2 em "
6. A man who is 1.8 m tall casts a shadow of a 0.76 m in length. If at the same
time a telephone pole costs a 3 m shadow, find the height of the pole.
<]
: : : S
7 Find the values of x, v and z in the given figure.
5
=
S 4 v

8. Draw an isosceles trapezoid ABCL) where AB || CD and mAB >mCD. Draw
diagonals AC and BD, intersecting at F. Prove that AA4BE is similar to ACDE.
If mAB =8 cm, mCD =4 cm, and mAE = 3 cm, find the length of CE.

9. A regular dodecagon has its side lengths decreased by a factor of % . If the
perimeter of the original dodecagon is 72 cm. What is the side length of scaled
dodecagon?

9.2 Area of Similar Figures

There are two parallelograms with

corresponding bases 6 cm and 8 cm and = 4

corresponding altitudes 3 cm and 4 cm e i

respectively. The ratio between their L0 .

lengths 15 3 : 4 written as: A 6 cm = T >

63
£, 4

The area of smaller parallelogram is: 4; = base * altitude

= 6x3= 18 cm®

The area of larger parallelogram is: 4> = base = altitude

= & x4=32cm
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".ll_-'“
The ratio of their areas 1s: -—'=£~=(§ |

Where Ajand Ajare areas and {jand Lare any two corresponding lengths of similar
figures.

Hence the ratio of the areas of any two similar figures is equal to the square of the ratio
of any two corresponding lengths of the figures.

4 [ 4 J
4, £,
3 ; : . 'El -'"1| r "
Since cach length is k times of the other, we take — =k, , then —=£&". L.c. Arca A, is
2 A

z

i times the area .:;[2 k15 called scale lactor.

Example 6: Find the unknown value in the following:

(1)

(11)

(i)  The quadrilaterals PORS and XYZW are similar where mPQ =35 ¢m and

mﬁ = 25 cm.

F 35 em
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(i) Two sides of lengths ¢1 cm and 2 =6 cm

£

o ]
= b
| I
s X

A=135em’ []
(v) Two circular regions of radii », cm and

rn=7cm,A=153 cm? and A, = %33 cm”.

A,=153 cm’ e
e 4,=833 e’
Solution: (1) Since two pairs of corresponding angles are equal 1.e., tnangles are

similar. We use the formula for ratio of arcas of similar figures.

A (4]
4, 14y
Here f1=24cm, f2=15cm, 4,=25¢m% A4,=7
i_['ﬁ‘*z
25 L 15)
AI_[E?
25 SJ
64

A =—x25 = 64cm’
25

(i)  Apply formula:

4_(6)
1]

Here f;, =10¢cm, f2=25cm, 4, =40cm?, 4,="7

ﬂ_r‘m‘ﬁz
7 \35)
40 _(2Y
Ar '\SJ
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5
A:=4ﬂx%f=250mnz

(iii) It is given that the quadrilateral PORS is similar to quadrilateral XYZW,

-

4 [ f_)
4, ¢, ]

Here f,=35cm, /2=25em, 4, =7, 4:=98 cm?

A1_(352

ﬁﬁ_kEEJ

4, ?T

5,

4 —ﬂx 98=192.08cm’
25

(iv)  Since two pairs of corresponding angles in both triangles are equal, so
triangles are similar.

A -,f
A

Here £, =7, #2=3cm, A;=135cm*, A4;=533cm?®

24 3
135_[{-‘,E
240 3
9 fc“’
“" 9
—' (Taking square root)
3 lﬁ
_' - =
3 4
g o8
4
=2.25cm
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(v) For similar spheres

Here r; =72, rs=T7cm?, A,=153cm? A4,=2833cm?
153 =(i T
833 \7,
'E) z
Eﬁz(?J
Jm —\/% (Taking square root)
Ko 3

= K =3cm

| =

77
Example 7: Two polygons are similar with a ratio of corresponding sides being 3 If

the area of the smaller polygon is 54 cm?, find the area of the larger polygon.
Solution: The ratio of the areas of two similar polvgons 1s the square of the ratio of

’ x £ ey z
TR s S5, Area of larger polygon - L; ] =2_L;

Area of smaller polygon

. 25 . .
Therefore, Area of larger polygon = ?x 54=150 cm”

Example 8 Given that B_Cll DE, prove that the triangles ABC and ADE are similar.

(i) If mAB=3cmand mBD =12 cm, find the ratio of area of AABC to
the area of AADE.

(11) If area of AADE is 125 ecm?, find the area of A4BC and area of trapezium
DERC.

Selution: Since m-=4 = m=4 (common), m=8 = A4
m=D and m=C = m<E (Corresponding angles of

parallel lines BC and DE ). Hence AABC is similar &
to AADE.

- 3 :
(i) Ratio of sides = mﬁ'H - 3+1.2 - 4.2 e i ? \

mAD 3 3 5
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Arcaof AMABC (£, [
Arcaof AADE | £, J L
(ii) Area of AADE = 125 ecm®
Area of AABC 49
125 25

7Y _a
5 |

C 5
= Area of AABC = Ex 1257 =245 ¢m®

25

Area of trapezium DEBC = Area of AABC — Area of AADE
=245-125= 120 cm?

€ EXERCISEY2 )

I Find the ratio of the arcas of similar tigures if the ratio of their corresponding
lengths are: (1) 1:3 (11} 3:4  (u1) 2:7 (iv) 8:9 (v) 6:5
2. Find the unknowns in the following figures:

(1) [ L] H =

A, =24 em’

H ] B om

10 cm

(1)

(111)

mﬁ:ﬁcfmﬁ
mBD=4 ¢m. Find

{a) the area of AJDE
{b) the area of
trapezium BCED 2 B

L 2

4. Given that AABC and ADEF are similar, with a scale factor of k= 3. If the area
of AABC is 50 em”, find the area of triangle ADEF?
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h

2.3

Quadrilaterals ABCD and EFGH are similar, with a scale factor of & = é If

the area of quadrilateral ABCD is 64 em?, find the area of quadrilateral EFGH.
The areas of two similar triangles are 16 cm” and 25 em’. What is the ratio of a

pair of corresponding sides?

The areas of two similar triangles are 144 cm® and 81 cm®. If the base of the
large triangle is 30 c¢m, find the corresponding base of the smaller triangle.

A regular heptagon 1s mseribed n a larger regular heptagon and each side ol
the larger heptagon is 1.7 times the side of the smaller heptagon. If the area of
the smaller heptagon is known to be 100 ¢m?, find the arca of the larger
heptagon.

Volume of Similar Solids

Two solids are said to be similar if they have same shape but possibly different sizes.

Two solids are similar if lengths of the corresponding sides are proportional i.c., the

ratio of the corresponding lengths are cqual. c.g., /"'"T‘F"‘\
= sz _ - ﬂ T\--..______..--’
I'he two cylinders are similar if —=— 'T'
nooh h,
h
If =4 cm, =35 cm, ;=8 cm and A#2= 10 cm, then l' l
TN
we note that: - b TR

Ratio of volumes: —

4 p h 8 4 | Volume of smaller cylinder, | Volume of larger cylinder,
=—and —=—=-—. i
5 hy 105y oy V,=mh,
ok A x =g x52%10
r o h =250 & cm?
= 128% cm®

V, 128n 64 (47

v, 250m 125 \5)

4 x‘ll By |") i
Sﬂ*}—!l=[r—'| or h=fﬂ1
¥, e, Y, \ b,

Hence the ratio of the volume of any two similar solids is equal to the cube of the ratio
of any two corresponding lengths of the solids,
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g
hela
s Byl
. o ‘£ oy .
Since each length 1s & times of the other, we take t"_ = k. then 7Y =£".1e, Volume V|
2 2

is &’ times the volume V', - k is called scale factor.

Since mass of a substance is proportional to its volume, the ratio of the mass of two
similar solids is equal ol o the ratio of therr volumes. If' the masses ol two similar solids
are wi and w2 and volumes are Fi and Pz, then

-]
F, w,
J:- 3
: W f
Thercfore, S S et
W, £

Example 9: Find the unknown volume in the following similar solids:

1) {il}
I

25¢em ok im 5 cm

Solution: (i)

F o 3
Pl oy p;:;ﬂnglz
v, g 2 125
200 = [E] . =819.2 cm’
¥, 4 i
200 |’§ '
v, |5)
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v
(ii) Using formula Pa —)
v, ‘f:z J
Vv wT £, =5cm, £,=7cm |
E:Eﬁ Sy ¥, =7 F, =686 cm’ |J
¥ 123
686 343
= L_EEK aRE
343
=250 cm’
Example 10: A solid cone C is cut into two pieces A and B with sloping edges 6 cm
and 4 ¢cm. Find the ratio of: C
(1) the diameters of the bases of the cones 4 and .
(11} the area of the bases of the cones 4 and . T“a

(111) the volumes of the two cones 4 and .

(iv) If volume of cone A is 72 cm’, find the volume
of solid B. %
Solution: Let diameter of cone 4 = 4|

Diameter of cone C = o>

(1) The ratios of the corresponding lengths are equal because of similarity of the
COTNES.
aq_ft_6
d, £, 10
3 ; E
= — e, —+—=—
5 .3
(i) Area of cone 4 "f £ ~"|
Areaof cone C |\ {, |
{52
5 25
(i) Volume of cone 4 _ ix‘
Volume of cone C | £, )
fay . B
5] 125
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(iv) Fi = Volume of cone 4 = 72 cm®

Ir=

Volume of cone C =7

V [f.“‘?
,=\% )

2_27
v, 125
5 ;
I s
* 27

Volume of sohid 8 = Volume of cone € — Yolume of cone 4

=3331—72 =2fil—| em’
3 3

Example 11: The mass of sack of rice is 50 kg and height 4 m. Find the mass of the
similar sack of rice with height of 6m.

Solution:

Mass of the smaller sack of rice w; = 50 kg
Height of smaller sack of rice A, = 44
Mass of larger sack of rice W2 = 7
Height of smaller sack of rice A, =

3
] W, h,
Using formula —=| 7~

w, A

50 (4

W, 6 )

W_8

W, 27

W, = E?’;S“ ~168.75 kg

Example 12: The ratio of the corresponding lengths of two similar cylindrical cans

(i)

(i1)

T Bt

The larger cylindrical can has surface area of 67.5 square metres. Find
the surface area of the smaller cvlindrical can.

The smaller eylindrical can has a volume of 132 cubic metres. Find the
volume of larger tin can,

Solution: (i) Surface arca of larger can = A= 67.5 m-

Surface area of smaller can = =7
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5_(3Y =
7 =| EW — _z1£=5?,5xi=3l[} m
) 9

(i) Volume of smaller can = ¥2= 132 mr

Volume of larger can = Fi1 =7
i i £
Using formula for volume of similar figures: —

! v
¥ ] (_,
¥ xfz

B _fd = r:=132x£=-¢45.5 '
132 -

-

2 8

€ EXERCISE93 )

1. The radn of two spheres are in the ratio 3 : 4. What 1s the ratio of their
volumes?
£ Two regular tetrahedrons have volumes in the ratio 8 : 27. What 1s the ratio of

their sides?

3. Two right cones have volumes in the ratio 64 : 125, What is the ratio of:
(a) their heights (b} their base areas?
4. Find the missing value in the following similar solids.

(i (i) ol

\\‘-—._____—-‘/:i

/\ D“ E

= W

£ =

L - )

[ 1]

& b =

o 2 i ...\“"'---___---""d‘J \\‘-___-—‘—/

=1 1, = 1536 cm’ e _ —
Fi = F.=171.5 cm
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(iii)

4 =392 cm’
K="

A =162 cm’
V.=T729¢m’

5. The ratio of the corresponding lengths ol two similar canonical cans 15 3 : 2.
(1) The larger canonical can have surface area of 96 m’. Find the surface
area of the smaller canonical can.
(11) The smaller canonical can have a volume of 240 . Find the volume
of larger canonical can.
6. The ratio of the heights of two similar cylindrical water tanks is 5 ; 3.
(1) [f the surface area of the larger tank 1% 250 square metres, find the
surface arca of the smaller tank.
(i1) If the volume of the smaller tank is 270 cubic metres, find the volume
of the larger tank.

9.4 Geometrical Properties of Polygons and their Application
9.4.1 Geometrical Properties of Regular Polygons
A regular polygon has all sides and all angles equal. Some of the common regular
polygons are equilateral triangles, squares, regular pentagons, regular hexagons, etc.
Sum of Interior Angles: The formula for sum of mterior angles of n-sided polygon 1s
(n—2) X180
Interior Angle: For a regular n-sided polygon:
(n—2)x 1R0°
n

For instance, a regular hexagon has » = 6, s0 each interior angle is

(6—2)x180° T2(F

6
Exterior Angle: The sum of all exterior angles of any polygon is always 360°

Size of each Interior Angle =

=120°

regardless of the number of sides. The exterior angle of each side of a regular n-sided
polygon is:
360°

H

Exterior Angle =

The interior and exterior angles are supplementary at a vertex i.e.,
Interior + exterior angle = 180°
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: s . ; can i —3

Diagonals: The total number of diagonals in a regular polygon with » sides is %
Symmetry: A regular wm-sided polygon has rotational symmetry and reflexive
symmetry both of order #. e.g., a regular hexagon has six lines of symmetry and has

o

rotational symmetry of order 6. A regular n-sided polygon can be rotated by and

I
will look the same.

9.4.2 Geometrical Properties of Triangles

A triangle is a polvgon with three sides and three angles. Triangles come in various
types based on side length and angle measure.

Angle sum: The sum of the interior angles in any triangle is always 1807, In equilateral
triangle, all sides are equal, and each angle is 60¢, It has three lines of symmetry and
rolational symmeltry ol order 3. In 1sosceles nangle, two sides are equal, and the angles
opposite to the equal sides are also equal. It has one line of symmetry,

Exterior angle of a triangle: The measurce of an cxtcrior
angle in a trnangle 15 equal to sum of the measures of two
opposite interior angles i.e..

In AABC, m£A+mLB =msBCD

Les X psw

9.4.3 Geometrical Properties of Parallelograms

A parallelogram is a quadrilateral whose opposite sides are parallel and equal in length
and opposite angles are equal. Its adjacent angles are supplementary, The diagonals of
a parallelogram bisect each other (they cross each other at the midpoint). They are not
equal in length.

Recall: Rectangle: All angles are 90° and diagonals are equal.
Rhombus:  All sides are equal, and diagonals bisect each other at right angles.
Square; All sides are equal, all angles are 90° and diagonals are equal and bisect

each other at right angles.

Example 13: Find the measure of each interior angle of a regular pentagon.

—2)= 1807
Solution: Interior angle = o
1
|'.i_ L = =
e 2)x 180"  540° L08°
2 5
Each exterior angle 1s: =J2°
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9.4.4 Application of Polygons

The consistent symmetry, predictability and simplicity of regular polygons make them
mcredibly versatile and essential across disciplines. From the fundamental strength in
construction to the visual appeal in art, they are both practical tools and aesthetic
inspirations. Their applications often exploit their symmetrical propertics and etfficient

spatial packing, creating systems that are stable, balanced, and visually cohesive.
Tessellation

A tessellation 1s a pattern of shapes that it Eayilateral triangles can tessellate perfectly
together perfectly, without any gaps or  because the inlernal angle of cach cquilateral

: iy ; :
overlaps, covering a plane. These shapes | \LAgIe 15 60, aud six of these triangics mast

) . at & point to form a 3607 angle, allowimg them
can be repeated infinitely to create a 1o fill space seamlessly, Squares can tessellate
repeating  pattern.  Tesscllations can be | perfectly because each square has an ntemal
SR W ol g : angle of 907 and four squares meet at a point
credte llhll'!g i E\]Tlg 2 s 'Id]:'!E LRl el to form a 360° ﬂﬂglE.'_
combination of shapes. They can be

regular or irregular and they can exhibil various symimetries and patlerns.

Only three regular polygons can tessellate the plane on their own: equilateral triangles,

squares, and regular hexagons. They have Regular pentagons and other polygons with

symmetries. Hexagons (interior angle 1207)  angles that don’t add up to 360° at each vertex
cannol  form  gap-free  patlerns. e,

can tessellate perfectly because three s :
3 Tessellation is not possible.

hexagons meet at each vertex to form a 360°

angle with no space creating a natural look inspired by honeycombs.

Regular Tessellation Irregular Tessellation
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Example 14: A tesscllation is created using a combination of regular pentagons and
decagons. Find the sum of the angles at a vertex where a pentagon and a decagon meet.
Solution
(n—2)x 1807
T
(102 180° 14407
) 10 10

Interior angle of regular decagon =

~ 144°

Interior angle of regular pentagon = 108

Sum of angles = 1447 + 108% = 252°, Sinee, angle sum # 360°. Tesscllation cannot be

done.

Example 15: A parallclogram-shaped room has a base of 10 meters and a height of
8m. Babar wants Lo carpet the room using rells that cover 20 m? each. How many rolls
of carpet do he need?

Solution: The area of the parallelogram = 4 = base * height =10 = 8 = 80 m*

= %0
Number of rolls needed: 75 =4 rolls

Example 16: Find the arca of the equilateral triangle ABC of side length s metres.

Solution: Draw perpendicular from A to side BC at point D. In the right angled triangle
ABD:

Perpendicular

Using trigonometric ratios: sin 60° =
Hypotenuse

A
LT RO W}
2 8 2
_ I ; 1 3 y 5
Area of tnangle ABC = = * base % height g Xy 5 §
_ o S .
Area of triangle ABC = Tj B % b E“ C

Example 17: Ali wants to create a floor design that uses regular hexagons (each with
a side length of 1 metre) and equilateral triangles (each with a side length of 1 metre)
to cover a rectangular area measuring 10 m by 5 m. Find how many hexagons and

triangles Al will need to complete the tessellation.
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Solution: To find the area of an equilateral triangle with side length s, we can use the
formula:

; . S
Area of a triangle = £ L

Multiply by 6 (since there are 6 triangles)

63 . 33
¥

r

WE e EA

Area of a hexagon = TK L TH (1 m) = 2.598 m’

Area of a hexagon =

. . 3 4 3 4 1
Arca of an cquilateral triangle = 7 X8 & ;1:{ (1m)y =0433m-

Arca of the rectangular floor=10m * 5 m
=350m’
Determine the arrangement: Assume a pattern where one hexagon is surrounded by
6 triangles. The area covered by one hexagon and the 6 surrounding triangles:
Total area covered by 1 hexagon and 6 trangles
=2.598 m’ + 6 % 0.433 m® = 2,598 m* = 5.196 m*

Calculate the total number of hexagons and triangles needed:

3 50 m*
Number of sets = —m = 9.62 sels
5.196 m°

Rounding up, vou can fit 10 sets of the pattern. Therefore, we need:

. Hexagons: 10 *  Triangles: 10 % 6 = 60
Example 18: Falak plans to tile a square patio with an area of 100 square metres. He
decides to use both square tiles and triangular tiles, each with an area of 0.25 square

metres. If 60% of the tiles will be square and 40% will be triangular, how many tiles of
cach shape are needed?

Patio Area . 100
Tile Area 0.25
=400 tiles

Number of square tiles = 400 = 0.6 = 240
Number of triangular tiles = 400 = 0.4 = 160
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':.-‘I

9.

10.

€ EXERCISE Y4 ))

(1) What is the sum of the interior angles of a decagon (10-sided polygon)?
(ii)  Calculate the measure of cach interior angle of a regular hexagon.
(iii)  What is cach exterior angle of a regular pentagon?

(iv)  If the sum of the interior angles of a polveon is 14407, how many sides
does the polygon have?

In a parallelogram ABCD, mAB =10 Cim, mAD=6¢m and m2BAD = 45°.
Calculate the length ol diagonal mAC .

In a parallelogram ABCD if m. 1248 =707, find the measures of all other angles

in the parallelogram.

A shape is created by cutting a square in halt diagonally and then attaching a
right-angled tnangle to the hypotenuse ol each hall. Explain why this shape can
tessellate and calculate the interior angle of the new shape,

A tessellation 1s created by repeatedly reflecting a basic shape. The basic shape
is a right-angled triangle with sides of length 3, 4, and 5 umits. Find: The
minimum number of reflections needed to create a tessellation that covers a
square with an area of 3600 square units.

A tessellation is created using regular hexagons. Each hexagon has a side length
of 5 cm. Find the total arca of the tessellation if it consists of 25 hexagons and
total perimeter of the outer edge of the tessellation, assuming it's a perfect
hexagon.

A rectangular floor is 12 m by 15 m. How many square tiles, each 1 m by 1 m,

are needed to cover the floor?

A rectangular wall is 10 m tall and 12 m wide. How many gallons of paint are
needed to cover the wall, if one gallon covers 350 m*?

A rectangular wall has a length of 10 m and a width of 4 meters, If 1 litre of
paint covers 2 m*, how many liters of paint are needed to cover the wall?

A window has a trapezoidal shape with parallel sides of 3 m and 1.5 m and a
height of 2 m. Find the arca of the window.
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@ REVIEW EXERCISE 9 )P

. Four options are given agamnst each statement. Encircle the correct one.

(i) If two polygons are similar, then:
(a) their corresponding angles are equal.
(b) their areas are equal.

(c) their volumes are equal.
(d) their corresponding sides are equal.
(11) The ratio of the areas of two similar polygons 15:
(a) equal to the ratio of their perimeters.
(b) cqual to the squarc of the ratio of their corresponding sides.
(c) equal to the cube of the ratio of their corresponding sides.

(d) equal to the sum of their corresponding sides.

(1)  If the volume of two similar solids 18 125 cm? and 27 ey’ the ratio of their

corresponding heights 18 -—------—- :

(a) 3:5 (by 5.3 (c) 229 (d) 9:25
(1v)  The exterior angle ol regular pentagon is:
(a)  40° (by  45° (c) (0"~ (d) T2

(v) A parallelogram has an area of 64 cm® and a similar parallelogram has an
arca of 144 cm?® If a side of the smaller parallelogram 1s 8 cm, the

corresponding side of the larger parallelogram 1s:

(a) 10cm (by 12cm (c) 18 cm (d) 16 cm
(vi)  The total number of diagonals in a polygon with 9 sides is:
(a) IR (b) 21 (c) 25 (d) 27

(vii)  Two spheres are similar, and their radii are in the ratio 4:5. If the surface
area of the larger sphere is 500x ¢m?, what is the surface area of the smaller
sphere?

(a) 256mem®  (b)  320mem®  (c) 40m cm®  (d) 4057 cm®

(viii) A regular polygon has an exterior angle of 30°. How many diagonals does
the Polygon have?

(a) 54 (b)y 90 (c) 72 (d) 108

(ix)  In a regular hexagon, the ratio of the length of a diagonal to the side length
15
@@ 31 (b) 2:1 €y 3:2 (d) 2:3
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(x) A regular polvgon has an interior angle of 165%, How many sides does it

have?
(a) 15 (by 16 (c) 20 (dy 24
2. If the sum of the interior angles of a polygon is 10807, how many sides does the
polygon has?
3. Two similar bottles are such that one is twice as high as the other. What is the

ratio of their surface areas and their capacities?
4. Each dimension of a model car 1s ﬁﬂ[ the corresponding car dimension. Find

the ratio ol

(a) the areas of their windscreens  (b) the capacities of their boots

(c) the widths of the cars (d} the number of wheels they have.
5. Three similar jugs have heights 8 cm, 12 cm and 16 cm. If the smallest jug holds

1 . x i &
5 litre, find the capacitics of the other two,

6. Three similar drinking glasses have heights 7.5 em, 9 cm and 10.5 cm. If the
tallest glass holds 343 millilitres, find the capacities of the other two.
g A toy manufacturer produces model cars which are similar in every way to the

actual cars. I the ratio of the door area of the model (o the door area of the car

is 1 cm to 2500 cm, find:

(a) the ratio of their lengths

(b)  the ratio of the capacities of their petrol tanks

(c) the width of the model, if the actual car is 150 cm wide

(d) the area of the rear window of the actual car if the area of the rear
window of the model is 3 em”,

8. The ratio of the areas of two similar labels on two similar jars of coftee 1s
144 : 169, Find the ratio of
(a) the heights of the two jars (b}  their capacities.

. A tessellation of tiles on a floor has been made

using a repeating pattern of a regular hexagon,
six squares and six equilateral triangles. Find
the total area of a single pattern with side

1
length 5 metre of each polvegon.
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Graphs of Functions

Students’ Learning Qutcomes
At the end of the unit, the students will be able to:

# Recall sketch graphs of linear functions {e.g. ¥ —ax 1 b)
#  Plot and interpret the graphs ol quadratic, cubic, reciprocal and exponential funclions.
s (Graph y = ax" where # 15 +ve mteger, e integer, rational number for x = (0 and a 15 any
real number.
e (raphyv=#ka", wherexisreal a = 1.
Discover exponential growth/decay of a practical phenomenon through its graph.
Determine the gradients of curves by drawing tangents,
#  Apply concepts of sketching and mterpreting graphs to real=life problems (such as in tax
payment, income and salary problems and cost and profit analysis)

INTRODUCTION

Graphs arc powertul tools for wvisualizing and analyzing relationships between
variables, making them essential in understanding various mathematical functions and
their applications. In this unit, we explore the graphs of linear, quadratic, cubic,
reciprocal and exponential functions. We will also examine how to determine the
gradient of curves by drawing tangents. Finally, we will connect these concepts to real-

life scenarios, learning how to sketch and interpret graphs to solve practical problems.

10.1 Functions and their Graphs
Functions arc essential tools for representing real-world phenomena using
mathematical concepts. A function can be expressed in various forms, including an
equation, a graph, a numerical table or a verbal description. For example, the area of a
circle depends on its radius.
In such cases, one variable y depends on another vanable x. This relationship 1s
expressed as:

y =M%
Here, fdenotes the function, x is the independent variable (input) and y 1s the dependent

variable (output) determined by the value of x.
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10.1.1  Graph of Linear Functions

A linear function 1s a mathematical expression that represents a straight-line
relationship between two variables. Its general form 1s fix} = mx + ¢, where “m™ 15 the
slope or gradient of the line, indicating how steep it is and “¢” is the p-intercept (the
point where the line crosses the y-axis). It can also be written as y = mx + c.

Example 1: Sketch the graph of p = 2x—1.
Solution: To sketch the graph of linear function, we can
find 1ts x and y intercepts.

Put x =0, we get y = 5. 5o (0, —1) 15 the v-intercept.

U 6 - :
Put y =0, we geix = E . S0 l E,{JJ 18 the w-ntereept.

The graph is a straight line that rises to the right because
slopc 1s positive.

10.1.2  Graph of Quadratic Functions

A quadratic [unction 1s a type ol polynomial [unction that

involves x* term. Its general form is:

y=ax +hx+c

Where a b e are constants and a=0. The graph of a guadratic Tunction is alwayvs a parabola,
s [f g = () then the parabola opens upward like """,

EIHIII]]I]E 2: Plot the graphs of y = x° | & Ifa< 0. then the parabola opens downward like® -,

and y = —x” on the same diagram.
Solution: The following table shows several values of x and the given functions are

evaluated at those values:
X y=x* y==x
R . -9
2 (=2)% =4 ~4
-1 (-1)2=1 -1
0 (0)*=0 0
1 (1ye=1 e
2 (2)'=4 -4
3 (3)°=¢9 -9
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(1) Graph of v = x° represents parabola, passing through origin and opens
upward.
(i)  Graph of ¥ = —x" represents parabola, passing through origin and opens

downward.

Example 3;: Sketch the graphof y=2x" - Tx =9 for-3<x <6,

Solution: The values of x and y are given in the table and sketched in figure below:

X _]-" .ll}-
" 30 15
B 13
1 0
0 —9
1 _14 X
>
2 ~15 -5 —4
3 ~12
4 _5
5 6 136 |
;
6 21 ¥

Graph of y = 2x% — 7x — 9 represents parabola and opens upward. [t intersects the y-axis
at (0, =9) and x-axis at (=1, 0) and (4.5, 0).

10.1.3  Graph of Cubic Functions

A cubic function is a type of polynomial function of degree 3. Its standard form 1s:
y=ax +bhxt+textd

Where a, b, ¢, d are constants and a # 0,

*  The graph of a cubic function is a curve that can have at most two turning points.

* It has a general "S-shaped" appearance and depending on the coefficients, the shape may
Wary.

*  Such functions are much more complicated and show more varied behaviour than linear and
guadratic ones.
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Example 4: Plot the graph of the following cubic function for =3 < x < 3:
e
Solution: The following table shows several values of x and the given function is

evaluated at those values:

= y=_‘r‘; ‘_T'

-3 27

= N

= 1 x X
0 0 " - | 4 o
1 -1 |3
2 —

3 o o

The curve passes through the origin.

Example 5: Plot the graph of y= 2’ =3 +x-Sfor—2<x<3

r ¥
25
Solution:

20
The following table shows several values of

x and the given function is evaluated at those

values:
x ¥ X
29 -35 g
—1 -11
0 -5
| -5
2 I
25

The graph tells us that when x = 0, the
function's value is —35.
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10.1.4  Graph of Reciprocal Functions
A reciprocal function is a function of the form:;
ol
E
X
Where a 1s any real number and x # (),
Example 6: Sketch the graph of the following reciprocal function:
1
p= r£0.5

x—035

Solution: The following table shows several values of x and the given function 18

evaluated at those values:

x ¥
—1 —.67
—0.5 -1
—0.2 —1.43 Vertical
0 7 Asymptote
0.2 -3.3
(.5 undelined
] 2
Horzontal
1.2 1.43 Asymptote
1.3 ]
2 (.67
2.2 (1.59
e
£7 i An asymptote is a line that a graph
3 0.4 approaches but never touches.

10.1.5  Graph of Exponential Functions (¢ = ka* where x is real
number, a > 1)
An exponential function is a mathematical function of the form:

y=ka'

Where a, & are constants, x 15 vanable and a = 1.
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Example 7: Plot the graph of the exponential function y=2" for-6 <x < 6.
Solution: The function v = 2* has base 2 and variable exponent x. Values of (x, v) are
given in the table below:

X -6 -4 -2 0
y=2* 0.02 0.06 0.25 I 4 16 64

]
Ny
o

Graph of the above points is given in the figure below:
Graph ofy =2
[ ¥

70
il
50
40
30

The graph of y = 2* represents the growth curve,
Example 8: Plot the graph of the exponential function, y = ¢".

Solution: The function v = ¢ has base e and variable power x. We know e =2. 7182818,
correct to two decimal places e = 2.72. Table of x and v values is given below:

Graphof y = ¢

X y=e' 1y
3 0.05
30
2 0.14
1 0.37
20
0 |
1 2.72 -
> 7.40
3 20.09 ” >
k3334 011 3 & 3
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10.1.6  Graphs of y = ax” (where n is +ve integer, -ve integer or
rational number for x > 0 and « is any real number)

The graph of the function v = ax” , where » is a positive integer, negative integer or
rational number for x > 0 and « is any real number, exhibits distinet behaviours
depending on the value of n. Following are the examples of these cases:

(i) When # is positive integer (n = 3)
Example 9: Plot the graph of y =" for-3 < x < 3,

Solution: The table [ y=x B4
shows several values of _3 7 e
x and the given [unction ;) g
is evaluated at those 1 5 .
values: 0 0 —
The curve passes 1 1
through the origin, 2 8

3 27

\ 20

(ii) When n is negative integer (m=-1)

Example 10: Plot the graph of y = x !

: a1
Solution: y=x =—

1]
X
The following table shows several 8
values of x and the given function "
is evaluated at those values:
1 4
x L= ; 3
-3 3% < -4 -3 -2 -1 ;_
2 0.5 X . t
—| -1
0.5 =3 i
={.1 =10
0.1 0 =
0.5 2 -8
| 1
2 0.5 o
3 0.3 '

The above graph consists of two branches, one in the first quadrant and the other in the
third quadrant. Both branches approach but never touch the x-axis or the y-axis.
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(iii) When #n is rational number (rz =—

. 5)
1
Example 11: Plot the graph of = 2x7.

Solution: v=2x"

The following table shows several values of x and the given function is evaluated at
those values.

o » f

5
0 0

4
0.01 (.80

3
0.5 1.74 "
1 2 ;

! x
16 3.48 >
4 R 12 16 Xy 24 28 32 36

32 4 1

¢ EXERCISE 10.1 )

l. Sketch the graph of the following linear functions:
(1) p=3x— 3 (1) yp=-2x+3
() y=0.5x-1
2 Plot the graph of the following quadratic and cubic functions:
(1) JJ—13+213-—5_1:—6; -35<x<25 (11) J:—x3+.r—2
(i) y=x+3x+2x 255x<0.5 (iv) y=5xr"-2x-3
i3 Plot the graph of the following functions:
. 5 1
(1) =4 (11) b () y= _—E XED
A=
2 h :
(iv) p==+3x#0 (v y=x7 (vi) w=3x?
x
(vi)) y=2x"
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10.2 Exponential Growth/ Decay of a Practical Phenomenon
through its Graph

Exponential growth and decay are widely observed in real-world phenomenon and their
graphical representations offer critical insights into these processes. In exponential
growth, such as population expansion, compound interest in [inance or the spread ol
nfectious diseases. the graph starts slowly but accelerates rapidly as time progresses.
The curve increases steeply, showcasing how growth becomes more pronounced with
time due to constant proportional changes, Conversely, in exponential decay, observed
in cooling of objects or depreciation of assets, the graph starts high and decreases
sharply before levelling ofT, indicating a gradual reduction over ime. These graphs are
essential for interpreting trends, making predictions and informing decision-making in
diverse fields.

Example 12: Thc population of a village was 753 in 2010, If the population grows

according to the equation p = 753"

, where p 15 the number of persons in the
population at time £,

(a) Graph the population equation for £ = 0 (in 2010} to ¢ = 30 (in 2040).

(b) From the graph, estimate the population (1) in 2020 and (1) in 2030.

Solution: (a) The general shape of the exponential is known; however, since the graph
1s being used for estimations, an accurate graph over the required interval.r=0t0¢=30,
15 required.

Calculate a table of values for different time periods and sketched in below figure:

1 P

0 753

5 874.9 |

10 1016.4 i

15 1180.9

20 1372.1 f
25 1594.1 *Egéﬁéggh
30 1852.1 HF;:buI;:innr;rn:"thH i
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(b) From graph,

(1) In 2020 (¢ = 10) the population 1s 1016 persons.

(ii) In 2030 (r = 20) the population is 1372 persons.
10.2.1  Gradients of Curves by Drawing Tangents
The gradient or slope of a graph at any pont 15 equal to the gradient of the tangent to
the curve at that poinl. Remember that a tangent is a line that just touches a curve only
at ome point (and doesn’t cross it).
The gradient between two points is defined as:

Gl = Change 1:11 y_& _¥v-n

Changemnx Ax  x, —x
Example 13: Sketch the graph ol y = x* — 3x — 2 for values ol x [rom —8 (o &, draw a
tangent line at x = —6 and determine the gradient,

Solution: Calculate the y-values for given values of x. The results arc given in the table
and sketched in below figure:

b's —8 —6 —4 =2 0 2 - 6 8

¥ 86 52 26 8 -2 —4 2 16 38

10
90
80
70
i)
50
40
30
20

N ENTIN 10

~10 % 3 _]ng’/ 5 10
y

Consider two points (=3, 10) and (-7, 70) on the tangent line.
70-10

i
T BlF

v -

So, gradient = =—15. Since the gradient is negative, this indicates that the

height of the graph decreases as the value of x increases.
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10.2.2  Applications of Graph in Real-Life

Applving concepts of sketching and interpreting graphs to real-life problems enables
individuals to visualize and analyse complex relationships, make informed decisions
and optimize solutions. In tax pavment scenarios, graphing concepts help identify
optimal income levels, tax brackets, and liability. In income and salary problems,
graphing facilitates analysis of compensation packages and income growth. By
sketching salary against experience, patterns or anomalies in compensation structures
become apparent. In cost and profit analysis, graphing cnables businesses to visualize

cost-profit relationships, determine break-even points, and optimize production levels.
Example 14: Majid’s salary S(x) in rupees is based on the following formula:
S(x) = 25000+1500x

where x is the number of years he worked. Sketch and interpret the graph of salary
function for 0 <. = 10,

Solution: Table values and graph are given below:

& 5ix)
x S(x) 40000
0 25000 i
2 28000 ped
4 | 31000 w{
20000
6 34000
15000
! 37000
HIoon
10 40000 2000
Majid’s salary increases linearly with vears of : Tt 5 & ii
service and rises by Rs. 1500 for every year.

Example 15: A company manufactures footballs. The cost of manufacturing x footballs

is  C(x) = 90,000 + 600x. The revenue from selling x footballs is R{x) = 1,800x, Find
the break-even point and determine the profit or loss when 200 footballs are sold. Draw

the graphs of both the functions and identify the break-even point.
Solution: Given that

Cost function: C{x) = 90,000 - 600x

Revenue function: R(x) = 1 800x
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The break-even point occurs when R(x) = C(x)
1800x = 90000 + 600x
1200x = 90000

90000
* T 1200
x=75

S0, al the break-even pomnt, 75 footballs are produced or sold.

Next, we find the profit for 150 footballs

When x = 150, revenue;
R 150y =1,800(150)
= Rs, 270,000
and C(130)  =90,000 + 600(150)
— Rs. 180,000

Now profit:  P(x) = R(x) — C(x)
Substtute x =150
P{150)= R(150)— C(150)
= Rs, 270,000 — Rs. 180,000
= Rs. 90,000

Thus, a company earns a profit of Rs. 90,000 when selling 150 footballs,

Table values and graph are given below:

Unit — 10: Graphs of Functions

o ) Rex) 4nn{nm}* o

0 90000 0 350000

30 | 108000 | 54000 -

60 | 126000 | 108000 Z 250000

90 144000 | 162000 £ 200000

120 | 162000 | 216000 £ 150000

150 1 ROO0O0 27000 LOGOO0

180 198000 324000 S00000 .

216000 | 378000 < o1 30 60 90 120 150 180 210 230 °)

210 w  Quality of Footballs Reduced/Sold
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¢ EXERCISE10.2 )

Plot the graph of ¥ = 2x* —4x =3 from —1 to 3. Draw tangent at (2, 3) and find
the gradient.

Plot the graph of v = 3x* + x +1 and draw tangent at (1, 5). Also find gradient
of the tangent line at this point.

The strength of students in a school was 1000 in 2016, If the strength decay
according to the cquation § = 1000 ¢ ', where S is the number of students at
time ¢.
(a) Graph the given cquation for ¢ = 0 (in 2016) to i =9 (in 2025).
(b) From the graph, estimate the student’s strength in 2019 and in 2023,
The demand and supply functions for a product are given by the equations
Pa=400-50, P.= 30+ 24
Plot the graph of each function over the interval O = 0 to Q = 300,

Shahid’s salary S(x) in rupees 1s based on the following formula:

S(x) = 45000 + 4500,

where x is the number of years he has been with the company. Sketch and
interpret the graph of salary function for 0 = x < 5,
A company manutactures school bags. The cost function of producing x bags is
C(x) = 1200 + 800x and the revenue from selling x bags 1s R(x) = 25x.
(a) Find the break-even point,
(b} Determine the profit or loss when 250 bags are sold.
(c) Plot the graphs of both the functions and identify the break-even point.
A newspaper agency fixed cost of Rs. 70 per edition and marginal printing and
distribution costs of Rs. 40 per copy. Profit function 1s p(x) = 0.10x + 70, where

x is the number of newspapers. Plot the graph and find profit for 500
NeWwspapers.

Ali manufactures expensive shirts for sale to a school. Its cost (in rupees) for x
shirts is C(x) = 1500 = 10x + 0.2x", 0 < x < 150. Plot the graph and find the cost
of 200 shirts.
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@ REVIEW EXERCISE 10/

1. Four options are given against each statement. Encircle the correct option.

(1) x =3 represents:
(a) x-axis

(c) line || to x-axis

(i) Slope of the line y = 5x + 3 is;

(2) 3 by -3
(iii) The y- intercepts of y=—2x —1 is:
(a) -2
@ -l

(iv) The graph of y = x°, cuts the x-axis at;

(a) x=0 (by x=1

(v)  The graph of 3* represents:
(a)  growth (b}  decay

(vi) The graph of y = —x* + 5 opens:

(b}
(d)

(c)

(b)
(d)

(c)

(c)

(a)  upward (b)  downward (c)

(vii) The graph of y = x* — 9 opens:

(a)  upward (b)  downward (c)
{viil) y = 5718 function.
(a) linear (b)  quadratic (c)
(ix) Reciprocal function is:
. 2
(a) y=T7 by, p== B
X
(x) y=-3x*+7 is function,
(a) exponential (b) cubic (c)
2. Plot the graph of the following functions:
(1) y=3"forxfrom-2to4 (11}
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ling || to y=axis

5 (d) -5
2
|
x=-1 d x=2

both(a)and(b) (d)  a line

leftside  (d)  right side

lett side (d)  right side

cubic (d) exponential
y=2x (dy p=35x
linear (d) reciprocal
: T
F= X #E—
¢ x+7
.
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3. Sales for a new magazine are expected to grow according to the equation:
§ = 200000 (1 — e ™), where  is given in weeks.
(a)  Plot graph of sales for the first 50 weeks,
(b)y  Calculate the number of magazines sold, when = 5 and r = 35.
4. Plot the graph of following for x from =5 to 5:
i) y=x-3 (i) y=15-x°

I
5. Plot the graph of v = - (x + dx—x-3) from-=>5to 4,

6. The supply and demand functions for a particular market are given by the
cquations:

Pi= % + 5 and Pa= ¢ — 100, where P represents price and O represents
quantity,
Sketch the graph of each [unction over the interval 0 = -20 to O = 20.

g A television manufacturer company make 40 inches LEDs, The cost of
manufacturing x LEDs is C(x) = 60,000 + 250x and the revenue from selling
x LEDs 15 R(x) = 1200x. Find the break-even point and find the profit or loss
when 100 LEDs are sold. Identify the break-even point graphically.
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Loci and Construction

Students’ Learning Qutcomes
At the end of the unit, the students will be able to:

Construct a triangle having given two sides and the included angle.

Construet a triangle having given one side and two of the angles,

Construct a triangle having given two ol ity sides and the angle opposite o one ol them.
Draw angle bisectors, perpendicular bisectors, medians, altitudes of a given triangle and
verly their concurrency.

Diraw loci and infersection of loci for set of points in two dimeansions which are

= alagven distance Irom a grven point.

= atagiven distance from a given line

= cguidistant from two given poinls

= equidistant from two given intersecting lines

solve real hite problems using the loct and interesting loe.

INTRODUCTION

A locus plural loci is a set of points that follow a given rule. Loci are also useful for
understanding and predicting patterns. For nstance, consider two people walking
around a room, each maintaining a tixed distance from the other. The possible locations
are where each person form a specific path. By studying these loci, we can predict
where each person maght be relative to the other at any time. In contexts like tracking
satellites orbiting Earth, we use the concept of loci to predict where they will be at
given times. This helps in areas hike telecommunications and GPS technology.

b . T S

W

Loci in two dimensions are triangle, circle, parallel , :

lines, perpendicular bisector and angle bisector. o
There are three types of tnangles
w.r.t sides:

11.1 Construction of Triangles Scalene triangle: All sides are of

A triangle is a closed figure having three sides and | different length. :
Isosceles triangles: Two sides are

three angles. We construct triangle in the following | oreoual length,
CAses: Equilateral triangle: All sides of
(a) When measure of all three sides are given. equal length.

(b)  When measure of two sides and their | There are three types of triangles
w.r.t angles:

included angle are given, Acute angled triangle: All angles
B x . (i
(c) When measure of one side and measure of | & of measure less than 50"
; Obtuse angled triangle: One angle
two angles are given. is of measure greater than 90",

(d)  When measure of two sides and an angle | Right angled triangle: Onc angle
i5 of measure equal to 907,

opposite to one of them is given.
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Triangle Inequality Theorem
The sum of the measure of any two * An equilateral triangle

sides of a triangle is always greater
than the measure of the third side. For
example, we can see in the figure
adding any two lengths then this wall
be greater than the third side ie..
3+ V=8, 5+8>=Yand T+E8=35

15 acute angled triangle.
* A right angled triangle
cannot be equilateral.

(a) Construction of a triangle when measure of three sides is given
C

Example 1: Construct a triangle of sides 5.3 cm,

59 cmand 6.2 em.

Solution: Steps of construction:

(i) Draw a line scgment AB of length 5.3cm long.

(11} Using a pair of compasses, draw two arcs with
centres at points A and B of radii 3.9 ¢cm and
6.2 cm respectively.

(iii)  These two arcs intersect cach other at point C.

{iv)  Join 4 and B with C.

Hence, AABC is the required triangle. A 33 cem B
NOTE: The angles 30°, 45°, 60°, 75°, 50°, 105°, 120°,
135" and 1507 are constructed with the help a pair of When three sides are given, we
compasses. Other angles are drawn using protractor. can draw any length first.

(b) Construction of a triangle when the

measure of two sides and their included angle are given

Example 2: Construct a triangle £CD in which

measures of two sides are 5.5 cm and 4.2 cm and

measure of their included angle is 607,

Solution: Steps of construction

(1) Draw a line segment BC of length 5.5cm.

(11) Draw an angle 60° at point B lJ_.ﬁ:in a pair
of compasses and draw a ray 8X through
this angle. B 5.5 em k7

—
(i)  Draw an arc of radius 4.2 em with centre at point B intersecting BX at point .

(iv)  Join Cand D.
Hence, ABCD 15 the required triangle.

A 201 A




Mathematics - 9 Unit = 11: Loci and Construction
{c) Construction of a triangle when measure of one side and two angles are given

Example3: Draw a triangle CDE when mDE = 43 cm, msD = 30° and

m=E = 120°,

Solution: Steps of construction:

(1) Draw m DE = 4.3 cm.

(i)  Draw angles 30° and 120" at
points D and £ respectively
using a pair of compasses and
draw two rays through these
angles from 2 and £,

(i) These two rays intersect each 4. 3cm E

other at point C.

Hence, ACDE 1s the required tnangle.
(d) Construction of a triangle when measure of two sides and angle opposite
to one of them is given
Consider the given two cases:

(1) If the measure of one angle is greater than or equal to 90°,

(11) [T the measure of angle 1s less than 90°.

Example 4: Construct a triangle DEF when mDE =6 cm, m. D= 110° and
mEF =9 c¢m.

Solution:
Steps of construction:

(1) Draw m DE = 6 cm.
(ii) Construct m=D = 110°
using protractor and draw

—_—
DX through this angle,
(i)  Draw an arc of radius 9
cm with centre at point £
—

intersecting DX at point .
(iv)  Join £ and F. N - E

Hence, ADEF is the required triangle

[f the given angle opposite to the given side 18 obtuse, only one trangle 1s possible.
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Example 5:

Construct triangles DEF and £2EF when mDE =

Cm

Solution:

Steps of construction:

(1) Draw mDE = 6 cm.

(ii)  Construct an angle 30 at point
D using a pair of compasscs

_. :

and draw DX through this

Umit = 11: Loci and Construction

6 em, m. D=30° and mEF= 3.6

angle.
(iti)  Draw an arc of radius 3.6 cm Y
with centre at point £,
2 5 - _- a
(iv)  This arc intersccts DX at two points [~

and F".
(v) Join F and F'with E.

& cm &

The Ambiguous Case (S5A) occurs
when we are given two sides and the
angle opposite one of these is less
than 907,

We get two tnangles DEF and DEF
This is known as ambiguous case.

Example 6: In the above example if we take:

(a) mEF =3 cm (k) mibt
we see that in case (a), only one triangle is possible and in case (b), no triangle is

possible.

Solution: Steps of construction:
Follow the same steps (i) and (ii) as in Example 5.
Case (a)

(1) Draw an arc of radius 3 cm witll

centre at point £ which touches DX

at point F.

(i)  Join £ with F. Here, EF will be

=2.5¢cm.

perpendicular to DX, "

& cm

Hence, ADEF 1s the required triangle, which 1s a right angled triangle.
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Case (b) X

(i) If we take mEF = 2.5¢m less than
dcm and draw an arc of radius

2.5cm with centre at £,
—

(11) This arc does not intersect DX

S0, in this case, no triangle can be formed .

) 6 om E

We considered three cases when acute angle is given.

= IF w0 = 3om, two tnangles are possible.

I mEF = 3com, only one triangle is possible,

= CIF mﬁ = A¢m, no trangle is possible.

11.2 Perpendicular Bisectors and Medians of a Triangle
Perpendicular Bisector: A perpendicular biscetor is a line that intersccts a line
segment at right angle and dividing it into two equal parts. In other words, 1t intersects
the line segment at its midpoint and forms right angles (907) with it.

Median: A median of a triangle is a linc scgment that joins a vertex to the midpoint of

the side that is opposite to that vertex.

Point of concurrency: A point of concurrency is the single point where three or more
lines, rays or line segments intersect or meet in a geometric figure. This concept is
commonly used in tniangles, where several important types of points of concurrency

exist.
Example 7: Draw perpendicular bisector of the triangle £FG with mEF = S5cm,
mFG=2.5cmand mEG =43 cm.
Solution: First we draw perpendicular bisectors and then medians.
Steps of construction:
1. Draw AGEF as explained in the previous examples.
1i. Draw two arcs above and below EF with more than halfof mEF with
centre at £.
111. Draw two arcs above and below EF with radius more than half of
mEF with centre at F.
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v, Draw a line through the
points of intersection of
the arcs in steps (i1) and
(iti), we get the
perpendicular  bisector
LL'of the side FF at 4.

V. Draw two more :
perpendicular  bisectors
MM'" and NN' of the
sides FG and EG at B

and C respectively.

Vi Join the point G with opposile midpoint 4 so (74 15 the median.

vil.  Join the point F with opposite midpoint C, we get median ﬁ?andjoin
point E with opposite midpoint 8, we get median EB.

4+ o+

Hence, we see that the perpendicular biscetor LL', MM and NN arc concurrent
at point O or 4 and the medians GA . FR and FC are concurrent at point O,
Circumeentre: The point of concurrency of perpendicular bisector of the sides of a
triangle 1s called circumcenire.
Centroid: The point of concurrency of the medians of a triangle is called centroid
of the triangle.

11.3 Angle Bisector of a Triangle
An angle bisector is a line or ray that divides an angle into two equal parts, creating
two smaller angles that are congruent (each having half the measure of the original
angle).
Example 8: Draw angle bisector of a tnangle FGH if:
mFG =52, mGH =4.1 and m£FGH =12(°
Solution: We first construct triangle £'GFH, then draw its angle bisector.
Steps of construction:
(1) construct AFGH with given lengths and angle.
(i1) Draw an arc of suitable radius with centre at point F intersecting sides FG

and FH at points 4 and 5.
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(ii1)  Draw two arcs with centres at points 4 and B with suitable radius.
(iv) Draw a ray from F
passing through the
point of intersection of
the arcs n step (111).
Which is the required
5 —
angle bisector P of the

angle F.
(v) Draw two more angle
bi GQ and IR of
1scetors GO an - ST s b
the angles { and H.
respectively.

4, —_— — — ] i fy
We sce that all the angle bisectors f7P, Q) and /IR intersect at one point 0. i.c, the
angle bisectors of the tnangle are concurrent.

Incentre: The point of concurrency of the angle bisectors of a triangle is called
incentre of the triangle,

11.4 Altitudes of Triangle

Altitude is a ray drawn perpendicular from a vertex to the opposite side of the triangle.
There are three altitudes of the trangle which meet at a single point 1.¢. the altitudes of

a triangle are concurrent.

Orthocentre

The point of concurrency of the altitudes of the triangle 1s called orthocentre of the
triangle.

Example 9:

Construct a triangle GH/ in which mGH = 5.7, m/ G = 68° and m/ G = 50°. Prove that
altitudes of the AGH/ are concurrent.

Solution:

First, we construct AGH! using the given measurements and then draw altitudes of the
triangle.

Steps of construction.
(1) Construct AGH/T using the given measurements.
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(11)

(111)

So, GA, HB and IC are the altitudes of AGHI
and they intersect at one point (). lLe., the
altitudes ol AGHT are concurrent.

Draw perpend icular GA from G to the \

opposite side HI . /;
I]raw_}_wn more perpendiculars Eﬁ?
and IC . The first is from point f{ to

the opposite side GI and the other is

from point { to the opposite side GH .

L - 37 cm H
C

@ EXERCISE 11.1))

Construct AABC with the given measurements and verify that the

perpendicular bisectors of the triangle are concurrent.

(1) mAB=5¢cm, mBC=6cm and mAC=7Tcm

(i)  mAB=7.1cm, m=sB=135" and mBC=6.5 cm

Construct ALMN of the following measurements and verify that the medians of
the tnangle are concurrent.

(1) miM =49 cm, mZL=51° and msM =38
(i)  mMN=48cm, msN=30° and mLM =8.1 cm

Verify that the angle bisectors of AABC are concurrent with the following
measurement:

(1) mAB=4.5 cm, s A =45 and mAC =53 cm
(i) mAB=6cm, mZA=150° and msB = 60°

Given the measurements of ADEF mﬁ = 4.8 cm, mﬁ =4 ¢m and

ms E =457, draw altitudes of ADEF and find orthocentre.

Construct the following triangles and find whether there exists any ambiguous
Case.

(1) ABCD ; mBC =5 cm, m=B=62° and mﬁ =4.7¢cm

(i) AKLM: mLM =6 cm, moM=42° and mLN = 5 cm
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11.5 Loci and Construction

In Latin, the
word focus is delined by the
English term, location,

A locus (plural loci) is a set of points that follow a given
rule. In geometry, loci are often used to define the

positions of points relative to one another or to other

geometrie figures. Some common types of loct along | Lquidistant: Let 4 be a fixed
point and B be a set of points.

If 4 is at equal distance from

o be equidistant from 5.

with detailed explanations will be discussed.

We study the loci, circle, parallel lines, perpendicular

: ; ; : P Locus
bisector and angle bisector in two dimensions and apply
them to real life situations.
Circle
The locus ol a point whose distance 1s constant [rom a [ixed P
point is called a circle.
For example, the locus of a point P whose distance is 3 ¢cm
[rom a lixed-pomnt O 15 a cirele of radius 3 cm and centre at
. . p
point . P =
L
Parallel Lines ks
n = . . L.a0m
The locus of a point whose distance [rom a
fixed line is constant are parallel lines, fand m  « W ] —
: : : A B
¢. g. the locus of a point P whose distance is v
L. ACITY

2.5 ¢m from a hixed line AB are parallel lines S
at a distance of 2.5 em from AB. m ] i o

=T JI'J L
For example, a locus of points equidistant from a line segment
creates a sausage shape. We can think of this type of locus as ( . ;)
a track surrounding a line segment.
Perpendicular Bisector 4

P
L
The locus of a point whose distance from two fixed s 1 S
points is constant is called a perpendicular bisector. e 5 L
For example, the locus of a point P whose distance from TJ - ! | = .
fixed points 4 and B 1s constant 1s the perpendicular
bisector of the line segment 45, e it
basector
¥
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Angle Bisector

The locus of a point whose distance is constant from two intersecting lines is called an
angle bisector. o .

For example, the locus of a point P whose

Angle
asacton

distance 15 constant from two lines A8 and «&

CI) intersecting at (O is the angle bisector
(#) of £A0C and ~BOD,

*  Locus of ponts equidistant from a hxed point s g eirele and equidistant from two [ixed points
1% 4 perpendicular bisector,

*  Locus of points equidistant from a fixed line are two paralle] Iines and equidistant from two
fixed interseeting lines 15 angle iscetor.

11.5.2  Intersection of Loci
[f'two or more loct intersect at a point P, then P satisfies all given conditions of the loci.

This will be explained in the following examples:

Example 10: Construct a rcctangle ABCD with mAB =5 cm and mBC = 3.2 cm.
Draw the locus of all points which are:
(1) at a distance of 3.1 cm from point A. (ii)  equidistant from A and B.

Label the point P inside the rectangle which is 3.1 cm trom peint 4 and equidistant
from A4 and B.

4  Perpendicular

Solution: Construct rectangle ABCH with " bisector
given lengths. D
(1) Draw a circle of radius 3.1 cm with e
s 3, e
centre at A. =
(=

(11) Draw perpendicular bisector of A5. P =

The two loci intersect at P inside the

rectangle which is 3.1 cm from point

T ; A 5em 1 8
A and equidistant from A and B.

'

Example 11: Construct an isosceles triangle 2£F with vertical angle 807 at E and

mEF = mDE = 4.8 cm. Draw the locus of all points which are:

(i) at a distance of 2.8 ¢cm from poeint F,
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)

(i)  equidistant from DE and EF .
Label the point X inside the triangle which 1s 2.8 cm

from point £ and equidistant from ED and EF .

Solution: Construct triangle DEF with  given
measurements.

Angle
biseclor

(1)  Draw a circle of radius 2.8 cm with centre at E.

(ii) Draw angle bisector of angle DEF. The two loc
intersect at X inside the triangle whichis 2.8 cm £ 28cm / Circle £

from point £ and equidistant from ED and EF

Example 12: A field is in the form ol a triangle LMN  with mLM = 69 m,
mZ L =60° and msL M= 45°,
(i) Construct ALMN with given measurements. | Scale: 10m = lcm]
(11) Draw the locus ol all points which are equidistant [rom L and M, equidistant
from LM and LN and at a distance of 13 m from LM inside the trangular
ficld.
(1)  Two trees are to be planted at points P and (2 nside the field.
(a) Mark the position of point * which is equidistant from L and M and
equidistant from LM and LN .
(b) Mark the position of point € which is equidistant from LM and LN
and 13 m from LM .

(c) Find the distance mF_Q‘.
Solution:

(1) Construct triangle LMN with given measurements using a scale of 10 m to
represent 1 cm.

(11) Draw perpendicular bisector ¢, of LM . Draw angle bisector of angle MLN.

Draw a parallel line mside the tnangle LAN, 1.3 em from LM .
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(ii1) (a) Label the point P which is

(b) Label the point {) which 1s

equidistant from L and M and
equidistant from LA and
LN . Mark the point F inside
the trangle which 1s
equidistant from £ and A

Unit = 11: Loci and Construction

Perpendicular
bisector

Angle
hisector

Parallel
line

.

F 3

equidistant from LM and

e
e

L \
.3 cm

ﬁ and 1.3 ¢cm from LA . L

(c) mPQO=12x10=12m

11. 6 Real Life Application of Loci

The concept of loci has many applications across
ficlds where spatial relationships, distances, or
specific constraints are important. Here, are

detailed examples illustrating the use of loci in
different contexts.

(i)

(i1)

A park has two water sources at X1 and
Az, A fire hydrant needs to be placed so it
15 equally accessible to both sources.

Let X1 and A2 represent the two water
sources in the park. Draw the
perpendicular bisector of X1 and X3 and
represents the locus of all points
equidistant from X1 and A%,

A robotic arm n a factory 1s programmed
to work within a specific area without
crossing into arcas where it could
interfere with other equipment. The loci
of the robot's possible positions would be
a defined space, such as a circle or
rectangular region, ensuring 1l operates
safely within its designated zone,
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6.

9.

10.

11

{( EXERCISE 11.2 )

Two points 4 and B are 8.2 cm apart. Construct the locus of points 5 cm from
point 4.

Construct a locus of point 2.2 c¢m from line segment D of measure 5.7cm.
Construct an angle 4BC = 105°, Construct a locus of a point 7 which moves
such that it 15 equidistant from BA and BC.

Two points £ and F arc 5.4 cm apart. Construct a locus of a point P which
moves such that 1t 15 equidistant from £ and F.

The 1sland has two main cities 4 and 5 8 km apart. Kashif hives on the 1sland
exactly 6.8 km from city 4 and exactly 7.3 km from city #. Mark with a cross
the points on the 1sland where Kashif could live.

Construct a triangle CIF with mCD = 7.6 cm, m~D = 45° and mDE = 5.9 cm.
Draw the locus of all points which are:

(a) equidistant from C and D (b) cquidistant from CD and CE
Mark the point X where the two loci intersect,

Construct a nmangle LMY with mLM = 7 cm, m<L = 70° and m2M = 45°,
Find a pomnt within the triangle LMY which 18 equidistant from L and M and

3em from L.

Construct a right angled triangle RST with mRS = 6.8 cm, m S = 90° and
mST = 7.5 ¢m. Find a point within the triangle RS5T which is equidistant from
RS and RT and 4.5 cm from R.

Construct a rectangle UVWX with mUV = 7.2 cm and mFW = 5.6 cm. Draw

the locus of points at a distance of 2 em from UF and 3.5 em from W.

Imagine two cell towers located at points A and B on a coordinate plane. The
(GPS-enabled device, positioned somewhere on the plane, receives signals from
both towers. To ensure accurate navigation. the device is placed equidistant
from both towers to estimate its position. Draw this locus of navigation.

Epidemiologists use loci to determine infection zones, especially for contagious
diseases. to predict the spread and take containment measures. In the case of a

disease outbreak, authorities might determine a quarantine zone within 10 km
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13.

L.

of the infection source. Draw the locus of all points 10 km from the source
defining the quarantine area to monitor and control the discase's spread.

There 15 a treasure buried somewhere on the island. The treasure 15 24
kilometres from 4 and equidistant from B and C. Using a scale of lcm to
represent 10 km, find where the treasure could be buried.

There 1s an apple tree at a distance of 90 metres from banana tree in the garden
of Sara’s house. Sara wants to plant a mango tree M which is 64 metres from
apple tree and between 54 and 82 metres from the banana tree. Using a scale of
lem to represent 10m, Find the points where the mango tree should be planted.

@ REVIEW EXERCISE 11)p

Four options arc given apainst cach statement. Encircle the correct option.

(1)

(11)

(iii)

(iv)

A tnangle can be constructed 11 the sum of the measure ol any two sides 18
the measure of the third side.

(a) less than (b) greater than

(c) equal to (d)  greater than and equal to

An cquilateral triangle
(a) can be 1sosceles (b) can be right angled
(c) can be abtuse angled (d) has each angle equal to 50,

[f the sum of the measures of two angles is less than 90", then the triangle

IS .
(a) equilateral (b) acute angled
(c) obtuse angled (d) right angled

The line segment joining the midpoint of a side to its opposite vertex in a
triangle is called B

(a) median (b) perpendicular bisector

(c) angle bisector (dd) circle

The angle bisectors of a triangle intersect at

(a) one point (b} two points

(c) three points (d) four points

Locus of all points equidistant from a fixed point is

(a) circle (b) perpendicular bisector
(c) angle bisector (d) parallel lines
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(vii)  Locus of points equidistant from two fixed points i§ ===-=-=memcameaaa-

(a) circle (b} perpendicular bisector
(c) angle bisector (dd) parallel lines
(viii) Locus of points equidistant from a fixed line isfare --—-——-—--emeeeee-
(a) circle (b) perpendicular bisector
(c) angle bisector (d) parallel lines

(1x)

(x)

Locus of points equidistant trom two interseeting lines 1s
(a) circle () perpendicular bisector
(<) angle bisector (d) parallel lines

The set of all points which 15 farther than 2 km from a fixed point B is a

region outside a circle of radius and centre at .
(a) I km (b) 1.9 km
(c) 2 km (d) 2.1 km

Construct a right angled triangle with measures of sides 6 cm, 8 cm and 10 cm.
Construct a triangle A8C with mAB = 5.3 cm, A = 307 and moB = 1207,
Draw the locus of all points which arc equidistant from 4 and 5.

Construct a trianglc with mDE = 7.3 cm, m=D = 42° and mEF = 5.4 cm.
Construct a triangle XYZ with m¥YX =8 cm, mYZ =Temand mXZ = 6.5 cm,
Draw the locus of all points which are equidistant from XV and XZ .

Construct a triangle FGH such that mFG = mGH = 6.4 cm, msG = 1227,
Draw the locus of all points which are:

(a) equidistant from £ and G,

(b)  equidistant from FG and GH .

(c) Mark the point where the two loci intersect.

Two houses ) and R are 73 metres apart. Using a scale of 1 cm to represent
10 m, construct the locus of a point P which moves such that 1t 1s:

(1) at a distance of 32 metres from ¢

(i) at a distance of 48 metres from the line joining O and R.

The field is in the form of a rectangle ABCD with mAB = 70m and

mBC = 60 m. Construct the rectangle ABCD using a scale of lem to represent

10 m. Show the region nside the field which 1s less than 30 m from C and

farther than 25 m from AB .
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Information Handling

Students’ Learning Qutcomes
At the end of the unit, the students will be able to:

¥  Construct a grouped frequency table, histogram {(with unequal class interval) and [requency

polygon.

#  Cualeulate the mean modal elass and median of a grouped frequeney distnbution.

#  Solvereal hife situations mvoelving mean, woighted mean, median and mode for given data (such
as allocation of funds in different priyects. forecasting future demographics, marketing,

forecasting government budgets).

INTRODUCTION

Betore knowing about information et us think how
can we answer the question like how many students
were there in each class of a particular school.

How many patients visited in a hospital within a
particular week.

To answer these questions, we need to have
guantitative mlormation and 1t can be obtamed by
counting.

It should be kept in mind that simple numbers 85,
96, 70, 80, 73, 70, 65, 83, 89,75 are not data but if
we say that the above data indicates the marks of
students of different classes, the above figures are
considered as data and have precise meaning.
Hence, to know about something is known as
“Information™ and to represent that information m a
manageable way so that useful conclusions can be
drawn is called information handling. So, the

In statistics, information handling
15 also known as data handling.
“Data Handling™ plays vital role to
represent the information in a
manageahle way,

The word “Data landling was first
used by Sir Ronald Fisher.

Sir Ronald Aylmer Fisher
{17 February 1890 — 29 July 1962)
For further information scan the
followimg QR Code:

collection of meaningful information in the form of facts and numerical figures is

known as data.

The numerical figures are obtained from any field of study e. g.. the mass of the students
of your class, the number of pair of shoes sold by a shopkeeper in a month ete. Data
can be obtained from existing sources 1.¢., office records, published papers or the same
can be obtained dircctly from the ficld according to needs,
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Information Handling
[nformation handling 1s the process of collecting, orgamzing, summarizing, analyzing

and interpreting numerical data,
Data is further classified into two categories.

(i) Discrete data: It can take only some specific values. whole numbers are used
to write discrete data. e.g., number of books sold by a shopkeeper, number of
patients visited a hospital in a week ete. This data is only obtained by counting.

(ii)  Continuous data: It can take every possible value in a given interval. Decimal
numbers are used to write continuous data. The data 15 only obtained by

measuring e.g., the mass of students in class i.e., 28.5 kg, 26.5 kg, 27.5 kg etc.
12.1 Ungrouped and Grouped Data

Data which is not arranged in any systematic order (groups or classes) is called
ungrouped data. For example, the number ol loys sold by a shopkeeper in a month 1s
given below:

10, 5, 8, 12, 15, 20, 25,30, 23, 15,23, 21, 18,15 17, 23, 22, 15,20, 21, 24, 1%, 16, 21,
23,21, 17, 19, 21, 23, This data 15 called ungrouped data.

If we arrange the above given data in groups or classes, then | Ungrouped data is also
known as raw data.

it 1s called grouped data.

Classes Tally marks No. of toys sold

5-9 [ 2
10— 14 I 2 By using more examples, clear
1519 N N 10 el il aa o e
20 - 24 WO 14 i
25-29 | 1
30 - 34 | l

In above grouped data, 5. 10, 15, 20, 25 and 30 are lower class limits and 9, 14, 19, 24,
29 and 34 are upper class limits.

12.1.1 Frequency Distribution

A distribution or table that represents classes or groups along with their respective class
frequencies 1s called frequency distribution. In other words, the various items of data
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are classified into certain groups or classes and the
number of items lying in each group or class is put | If the size of class limits is 6. The

: . greatest value is 80 and the smallest
against that group or class. The data organised and

> : ; value is 25. Can you find the number
summarized in this way 15 known as frequency | of class limits for the data?

distribution.

Formation of Frequency distribution

[n this method, the raw data or the ungrouped data 1s presented into a grouped data.

Choice is yours to select the number of classes.

Generally, the size of class limits 1s determined on the basis of the greatest value,

smallest value and the desired number of groups or classes.

Following arc the major steps to construct frequency distribution:

(i) Find the range of the data. Range 15 the difference between the greatest value
and the smallest value L.e., Range = Xiar — Xuwin | Keep in mind! JENEN

(ii) Find the size of the class by dividing the range by the | The number of times a
number of classes or groups you wish to make. value occurs in a data

For example, the greatest value is 136, the smallest value is 30 | s called the frequency

] . .| of that wvalue. It is
and il we have to make 10 classes or groups, then the size of | 4. 4 by /™

class limits is found by the given formula,

" Range Grreatest Value — Smallest Value
Size of class = = -
Number of classes Number of classes
136 -30 IUE}—I{,}.Er:: y
10 10

S0, size of class hmits = 11

(111)  Prepare four columns.
(a) Class limits {b) Tally marks
(c) Frequencies (d) Class Boundaries

(iv)  Make classes having size of 11. Start from the smallest value.
For example, 30 — 40, 41 — 51, 52 — 62 and so on.

(v) Look for the class in which each element of ungrouped data falls. Draw a small
tally mark (]) against that class and also tick the element concerned with a sign
(¥"). In this way you can remember that you have counted for the element.

Continue this way with the next element that upto the last element of the data
set. If 5 or more tallies appear in any class, mark every 5™ tally diagonally

as [}/.
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(vi)  Class boundaries usually are found by the

following method: Class boundaries may also be
» Chose the upper class limit of the 1% class and | ebtained from the midpoints (x)

lower class limit of the 2™ class. i |:’T + ﬂ:|, K AP S 1
*  Find the difference between these two limats. 2

»  The difference is divided by 2 and subtract jt | difference  befween any two
from the lower class limit and add it to the [ S°MFSCUYe Valsics e,
upper class limit,
Example 1: Following are the number of telephone calls made in a week to 30 teachers
of a high school.
5 & 11 25 13 16 20 17 15 16 30 21 14 18 19
6 22 26 15 19 35 29 31 23 25 20 10 9 7 26
Construct a frequency distribution with number ol classes 7.
Solution: (1) Find range
Greatest value (maximum valuc) = 35, Smallest value (minimum valuc) = 3
Range = Xmax — Xoin =35 -5 =130
Range _ 30
Number of classes 7
(mm)  Make class limits having si1ze 5. For example, 5-9, [0-14, 15 - 19 and s0 on.
(see 1* column of table: 1).
(iv)  Tally marks arc used to count the values. fall in the given class limits. (See 2™
column of table; 1).
(v) Now, count the number of tally marks and write the number as frequency in the
third column (see 3™ column of table: 1).
(vi)  Class boundaries
The difference between lower class limit of the | Collect data of height of 50
second class and upper class limit of the first | students in your class, and

class is 1. i.e.. 10 — 9 = 1. Now. divide the | convert the data into
grouped data.

(i)  Size of class limits = =428 = 5

- 5 i e i
difference of the limits by 2 i.e. o 0.5.

4

Lower class boundaries are obtained by “subtracting 0.5” from the lower class
limats.
Upper class boundaries are obtained by “adding 0.5™ to the upper class limits.
Lower class boundaries LUpper class boundaries
5-0.5 9 +0.5
4.5 and so on. 9.5 and so on.
(see 4™ column of the table: 1)
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Table 1
_Class limits | Tally marks | Frequency (f) | Class Boundaries (C.B)
5-9 Ik 5 45-95
10-14 Il 4 (L R .
15-19 I |l 8 14.5-19.5
20-24 i) 5 19.5-245
25-29 1] i 24.5-29.5
J0-34 | 2 29.5-345
35-39 | 1 34.5-39.5

12.1.2  Graph of Frequency Distribution

The following arc the types of graphs which can be used to represent a frequency

distribution on a graph.

(a) Histogram {b) Frequency polygon

(a)  Histogram (with equal class limits)
This is a graph of adjacent rectangles constructed on xy plane. A histogram is similar
Lo bar graph but 1t is constructed lor a [requency distribution. In a lustogram, the values
of the data (classes) are represented along the horizontal axis
and the [requencies are shown by bars perpendicular to the
horizontal axis. Bars of equal width are used to represent mostly represented by
mdividual classes of frequency table. The procedure for | using histogram and
making histogram is explained below: frequency polygon.

(1) Draw lines as x —axis and as y — axis on a graph paper
perpendicular to each other.

(11) Class boundaries are marked on x — axis and a rectangle 1s made against each
group with its width proportional to the size of the class limits and height
proportional to the class frequencies.

(111) Setting a scale, draw frequencies on v — axis. The resulting figure is called histogram.
Histogram of table: 1 is given below:

m Histogram of telephone calls made in a week

Continuous data s

Mo
o
- = " Iyl Seale gy,
&7 Ounx=-axis: | box=1 unit
g Onjy-axis: | box= | teacher
L
il
3 —
L
-
0 9.5 i
Class bnndaries
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12.1.3 Histogram (with unequal class limits)
The procedure for making histogram is explained below:
1. Draw lines as x —axis and vy —axis on a graph [ i Wistogram of unequal class limits

paper perpendicular to each other,

it.  Class boundaries are marked on x—axis and a
rectangle 15 made against each group with its
width proportional to the size of class limits

and height

frequencies.

proportional (o

the class

W

Adjusted frequency

X

il

Class boundaries >|

iii.  This can be achieved by adjusting the heights of rectangle. The height of each
rectangle 1s obtained by dividing each class [requency on 1ts class limit size.

Example 2: The frequency distribution of ages (in yvears) of 76 members of a locality
15 avatlable. Draw a histogram for this data.

Class limits -

4-9

9-12

1217

17 =20

20-27

27-30

Frequency (f) 7

10

15

20 10

A

Solution: Look at the table, indicates that the width of the class limits 1s not equal as
first class has width 2, second has 5, the third has 3, the fourth has 5, the fitth has 3,
sixth class has 7, seventh class has width 3. So, there is need to adjust the heights of the

rectangles i.e., for the first
class we have 2 as width of
class and 7 as a frequency,
50 the height of the first

o R g
class is e 3.5, similarly

10 18

for the other—=2, — =6,
5 3
20 10
'_"='4.. —— T 3'3‘ 1: ]‘
2 3 7
o3
3

These proportional heights
are also called adjusted
frequencies.

Class |Frequency| Width of | Height of rectangle
limits ) Class  |[(Adjusted frequency)
¥
2-4 7 4-2=2 ';=3..'3
10
4-9 10 G—4=5 ;_2
18
9-12 18 12-9=3 ?—ﬁ
20
12-17 20 17-12=5 ?=4
10
17 =20 10 20=-17=3 ?=3.3
7
20-=-27 7 27=20=7 E—l
4
27-30 4 3027 =3 — =13
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Taking class boundaries along m Histogram of ages (in years) of 76 members
x — axis and corresponding .J,Ji""
: ; =
adjusted frequencies along | Zs-
: 2z iy Seale
v — axis, rectangles are drawn E"'z O x-axis: | bk =2 umits
. - - ) O p-pxis: [ hox =1 um
and the histogram is given | E,_ e e
below. &2
-
] =
0T 3 4 6 8 1012 14 16 18 20 22 24 26 28 30
{lass houndaries

12.1.4  Frequency Polygon
A frequency polygon 18 a closed geometrical lgure used to display a frequency
distribution graphically. A line graph of a frequency distribution 15 known as frequency
polveon in which frequencies are plotted against their midpoints.
Midpomnt 15 the average value ol the lower and upper class limits. Midpoint 1s also
known as class mark. Midpoint is calculated by the given formula:
Lower class limit + Upper class limit

7

F

Midpoint =

The following steps are followed to draw a frequency polygon for a frequency
distribution:

(1) Draw lines as x — axis and y — axis _
perpendicular to cach other, E
(1)  Take midpomnts on x = axis and class %
frequencies on y — axis. 12

(iii) Put a dot mark against each midpoint
corresponding to its class frequency. Join
all the dotted marks by straight lines to get the required frequency polygon.

(iv)  The lines at both ends are joined together with the next midpoints to touch the

bases of x — axis.

(Midpoint)

Example 3: The following are the marks obtained by 30 students out of 100 in the
subject of Mathematics at their final examination. Construct frequency polygon for the
following frequency table.

Marks 45 =49 50 =54 55 =39 60 - 64 65 - 69 T0 =74
Frequency 2 9 4 7 3 5
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Solution: | Marks | f | Midpoints
45 + 49
45-49 | 2 7 =47 > Frequency polygon
lihy Scale |
50— 54 Y 30 + 54 = &7 ,_,\H-] =] |;t-::xli!: Tnl:r:ti"iul‘
s :_': g — O p-axis; | box =2 unils
55_59 | 4 :I':I"I':l'g:i? %ﬁ—
£ T 4
ol + 64 =
60 —-64 | 7 =Hl 2 -
2 X
>
| I L L L L
ieugs | g | BEEOR . 47 52 57 62 67 T2
2 Midpoint (x)
70-74 | 5 m;ﬂ:?z

Frequency polygon on histogram: In histogram, we mark the midpoints on the top of rectangles and
juin all the points. To touch the base of x — axis, we cxtend the line at both ends tw the next midpoints.

The resulting graph 15 a frequency polygon.

KT8 Histogram of ages (in vears) of 76 members

L
gf’_ Ll Seale ),
i Omv-uxis: 1 box =2 unils
Ei_ |L'lir_|y-u.xisr.l I:IU:*:: =1 uniI:l_ I
25—
52
i
00 2 4 6 81012 14 16 18 20 22 24 26 28 30
Class boundaries
{( EXERCISE 12.1 ))
. The following distribution represents the scores achieved by a group of
chemistry students in the chemistry laboratory.
Scores 24 —-28 [29-33 [34-38 | 39-43 [ 44 -48 | 49-53 | Total
No. of students | 3 6 12 23 15 6 | 65

Answer the following questions,
(1) What is the upper limit of the last class?
{11) What 15 the lower limit of the class 39 — 437
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(iii)
(iv)

(vi)
(vii)
(viii)

What is the midpoint of the class (34 — 38)7

What are the class frequencies of the classes 29 — 33 and 44 — 487
What 1s the size of the class limits in the above frequency distribution?
In which class or group does minimum number of students fall?

What 15 the lower limit of the class having 15 as its class frequency?
What 15 the number of students having scores between 24 and 437

For a school staff, the following expenditures (rupees in hundred) are required
for the repair of chairs.

145, 152, 153, 156, 158, 160, 146, 152, 155, 159,

161, 163, 165, 147, 148, 151, 154, 156, 158, 160,

144, 167, 151, 150, 152, 149, 145, 153, 152, 155
Prepare a frequency distribution by tally bar method using 3 as the size of class
limits and also write down what are the frequencies of the last three classes?

(riven below are the weights n kg of 30 students of a high school.
30, 33, 24, 21, 15, 39, 37, 44, 42, 33,
33, 28, 29, 32, 31, 28, 26, 32, 34, 33,
38, 36, 41, 30, 35, 41, 23, 26, I8, 34
Taking 5 as the size of the class limit. prepare a frequency table and construct
a frequency polygon.
A group of Grade - 10 students obtained the following marks out of 100 marks
in English test.
58, 59, 58, 33, 40, 58, 45 46, 43, 45, 45,
50, 52, 49, 50, 57, 52, 55, 49, 50, 62, 49,
48, 44, 42, 47, 46 47 46, 53, 40, 44
Classify the data into a frequency distribution by (direct method) taking 6 as
the size of class limut. Also find the class limit with least class frequency and

construct histogram for the data,

From the table given below. Draw a frequency polygon on histogram for the
given frequency distribution.

Weight (kg) 0—14 | 15-19 | 20-24 | 25-29 | 30-34 | 35-39

Frequency (f) 06 17 23 30 22 13

6.

The following data shows the number of heads in an experiment of 50 sets of
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tossing a coin 5 times. Make a discrete frequency distribution from the
information.
I L 44 8.8 .5 24 2042 4.4 0.0 0.5 5. 3081
4.5 2. % 3, 2. 1,3, 3, 4, 2133.],31¢3,L413,2.2¢4
[ The marks obtained h}f thz: students of Grade - 100 in mathematics test were
grouped into the following frequency distribution.
Marks 3537 38—-44 [ 45-54 | 35-6]1 | 62-67 | 6GR-T72
Frequency 2 12 16 13 9 3
Draw a histogram for the above distribution.

4,
3,

8. Make a frequency polygon on histogram for the following grouped data:
Class limits 5-8 §—12 | 12-20 | 20-25| 25-27 | 27-32
Frequency ( f) 2 12 23 32 14 5

12.2 Measures of Location (Central Tendency)

The measure that gives the centre of the data is called measure of central tendency.
Therefore, measure of central tendency 15 used to find out the middle or central value
of a data set.

We have seen that when the raw data has been condensed mto a frequency distmibution,
the information was easily understood. The information given in the data can be further
condensed to a single representative value [or the entire distribution. It 18 more or less
the central value around which the data appear to be crowded. For example, usually,
we make statements such as:

(1) Hassan studies 6 hours daily.

(i1)  The monthly expenditure of Ayesha’s house 1s Rs.50,000.

(1ii)  The speed of Maham’s car is 72 km per hour,
(1v) [n a country, vearly income 1s 70,000 rupees per head.
(v) The price of onion in the market is Rs.150 per kg etc.

[f we look at the first statement, we come to know that Hassan does not study exactly
6 hours daily. Sometimes, he studies more than 6 hours and sometimes less. But still
why do we say that he studies 6 hours daily? As he studies near about 6 hours daily so
in his study time, 6 hours becomes an important figure because of its approximated
statement, which we call Average. Such an average value 1s known a measure of central
tendency because it is a representative value of the daily study time. Similarly, other
statements can also be treated as representative values. As each statement locates the
centre of a distribution so it is also known as a measure of central tendency.,
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The following measure of central tendency will be discussed in this section:
(1) Arithmetic Mean (A.M.) (i)  Median
(1) Mode (iv)  Weighted mean

12.2.1 Arithmetic Mean (A.M.)

It is defined as a value of variable which 1s obtained by dividing the sum of all the
values (observations) by their number ol observations. Thus, the arithmetic mean of a

set of values x1, x2, x1... xn is denoted by X (read as X-bar) and is calculated as:

» =n-

E i Tk h R

A :
gl (Dircet method)
i) I

where, the sign X stands for the sum and # 15 the number ol observations.

Example 4: The marks of a student in five examinations were 64, 75, R1, 87, 90. Find
the arithmetic mean of the marks.

Solution:
= ZI The mean of 10, 30, 40, x,
A= = 67 and 81 is S0. Vind the
" value of the x.
_ 64+75+81+87+90
- 5
or X-= 35£ = 79.4

Example 5: A government allocates funds of Rs.200,000 to five sectors of a school i.¢.,

(1) School Library: Rs. 35,000 | Try Yourself ! NN
(11) Sports facilities: Rs. 25,000 The mean of 15 values was

s [ e 500 It was found on
{?”} Parking area: Rk’ 40,000 rechecking that the value
(iv)  Room renovation: Rs. 45,000 25 was wrongly copied as
(v) Puriitare: Ri. 45000 32, Find the correct mean.

Find the average of fund allocation in each sector of a school.

Solution: To find out the average of each sector, we will find the mean of the given

data.
+ _ 35,000 + 25,000 + 40,000 + 45,000 + 55,000
5
= zm},_ 000
b )
X =Rs. 40,000

On average, each sector takes Rs.40,000 in funding.
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Method of finding Arithmetic Mean for Grouped Data
Let x, x5, X3, ..., X, be the midpoints of the class limits with corresponding frequencies

say fi. f2. f3.  fo. Then the arithmetic mean is obtained by dividing sum of the products
of fand x by the sum of all the frequencies.

T s ..?"‘II '.f;!'r? b I.Jﬁlx.'.' LK E‘f}:

i R if

Example 6: Given below are the marks out of 100 obtained by 100 students in a
examination. Find the average marks ol the students.

Marks =35 | 35<40 | 40~45 | 43=50 | 50~55 | 35—-60
No. of students 14 16 18 23 18 11
Solution:
Marks Midpoint (x) | Frequency (1) FAY
30 -35 32.5 14 455.0
35 -40 . i 16 600.0
40—45 42.5 18 765.0
45-50 47.5 23 1092.5
30— 55 525 18 945.0
22—l 37.5 11 632.5
Total . E=100 L =449
¥ - T _ 490
Xy 100

or X = 449 marks
Hence, the average marks is 44.9 of the surdents.

Short Formula for Computing Arithmetic Mean

The computation of arithmetic mean using direct method for ungrouped data as well as
for grouped data is no doubt easy for small values. If x and / become very large, it
becomes difficult to deal with the problems so to minimize our time and calculations
we take deviations from an assumed or provisional mean. Let 4 be considered as
assumed or provisional mean (may be any value from the values of x or any number)
and D denotes the deviations of x from A i.e.. D=x~—A4. Forx =D + A4, the formula of
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arithmetic mean becomes:
vD

X=4+2= (for ungrouped data) A1)
n
X=4+ :ij—‘D {lor grouped data) 1)
Zf
Example 7: Find the arithmetic mean using short formula
for the runs made by a batsman. If X=120: 4 =85 and
Runs: 40, 45, 50, 52, 50, 60. 56, 70. r =25, then can you hind

the value of Z7

Solution; Taking deviations from 4 = 52 (assumed mean)
x 40 45 50 52 50 60 56 70
PD=x—4 -1 =y =2 0 e h 4 B

Mow: ED=-23+30=7

Fageit

f

So, X=52+7
8

= 52 +0.875=52.88 or 53 runs.

Example 8: Dcviations [rom 2.5 of ten different values are 6, -2, 3.5, 9, 8.7, =5.5,
14, 11.3, 6.8, 4.2, find the arithmetic mean.

Solution: Deviations from 12.5 are:
6, =2, 3.5, 9, 8.7, 5.5, 14, 11.3, 6.5, 4.2

Now, £D = 34, Also, 4 = 12.5, using the formula we have.

=g
i
i, L E
10

Or X=125+34=159
Example 9: The heights (in inches) of 200 students are recorded in the following

frequency distribution. Find the mean height of the student by short formula.

Height (x) (in inches) | 51 | 52 | 53 | 54 | 55 | 56 | 57 | 58 | 59 | 60
Frequency (f) 2 3 B | 24 | 55 |45 |38 |16 | 6 1
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HoR Heights (x) Frequency 4 =55 /D
(in inches) (f) B=x=4
51 2 — —&
52 5 -3 —-15
53 8 -2 —-16
54 24 -1 -24
A+ 55 55 0 0
56 45 | 45
57 38 2 76
58 16 3 48
59 6 4 24
60 ] 5 5
Taotal Lf =200 EfD =135
Now, using the formula (11), we get
X=A4+ D
g
X =55+ 2
200
or X =55+0675

X = 55.68 inches Approx.

Hence, the mean height of the students is 55.68 inches.

Example 10: Ten students each from Grade-V section A and B of a well reputed school
were taken randomly. Their weights were measured in keg. and recorded as given below:

Wenghts.(kg) 30 | 28 g . el 34 3l L R i
Section A

Merzhits (k) 35 |31.5 (345 | 35 |328 | 38 (295 | 36 |365 | 34
Section B

(1) Compute the mean weight Tor section 4 and 5.

{11) Conclude which section 1s better on Average?
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Solution: (i) We find arithmetic mean for X X,
e : () i)
both the sections by direct method. (Any 5
: - 30 35
method can be applied). 2% 3.5
As number of observations n = 10 =
; 32 34.5
— b3 (P -
and X=—— 29.5 35
31‘"‘; 35 32.8
X = — =33 kg 34 IR
10 3l 290.5
= XX 13 36
and Xgy= —2 - 28
M 40 36.5
— 3428 | 37.5 34
Xy = gl FXia=330 | EXn=3428

(11) We have seen from the results that
Xim 18 greater than X 4. Therelore, we conclude that section B 15 better on
the average.

12.2.2 Median

Median is the middle most value in an arranged (ascending or descending order) data
sel. Median 1s the value which divides the data into two equal parts 1.e., 50% data is

before the median and 50% data after it. Median is denoted by X
Median for ungrouped data

The median of # observations x,, x,, ..., x, is obtained as:
L= n+1Y ; when # is
Median (X } = observation
z odd number

i [ / " Y (whennmis
Median (X }— % | (;J observation + LHTEJ ohservation [ ]

A2 even number

Example 11: The following are the scores made by a batsman. Find the median
of the data. 8, 12, 18, 13, 16, 5, 20.
Solution: Writing the scores in an ascending order, we have
5.8 12,13, 16, 18, 20
Since, number of observations is odd i.e., n=7

i i I x‘llh
Median (X)) = [T J observation

R e . _
= L—J observation = 4" observation = 13

Hence, 13 1s the median of the given data.
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Example 12: Following are the marks out of 100 obtained by 10 students in English.
23,15 35,48, 41, 5. 8,9, 11, 51. Find the median of the data.
Solution: Arranging the data in an ascending order.

5.8.9,11,15.23,35. 41, 48. 51

Since, number of observation 15 even, 1.e., n =10
i

, _— 1 Fa th . + w|1|'| ,
Median [.Ji.’]= = U EW observation + [ i | observation
: 2 142 J
a2
As, E=E=Sﬂm'] s 2=1—"=
. 2 2
Median = —[5'" observation + 6" Dbservatian
or Median — I [I 5+ 23] i 31—% =19
2 2

Hence, 19 is the median of the data.
Median for Grouped Data
The median [or grouped data 1s obtamed by the lollowing [ormula:
2 = e RN
Median (X) = - —L—— ¢
Fy 2

A

Where, £ = Lower class boundary of median class.

h = The si1ze of class hmits of median class,

= Frequency of the median class.

n = Total frequency i.e., Xf,

and ¢ = Cumulative frequency preceding the median class.

Remember the following points:

(1) The groups of classes must be in a continuous form i.e., we need class
boundaries.

(ii) Make the column of cumulative frequencies (c.f) from the column of
frequencies.

L
; , I I 1 y P
(11)  Locate median class Le., = | see value in ¢.[. column wherever it lies.

=

(iv)  Underline the median class, then take the values of fand h of the median class
thus obtained
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Example 13: The heights of 100 athletes, measured to the nearest (inches) are given
in the following table. Find the median.

Heights I . .
625635 035045 64,5055 [5.5-00.3 |60.5-07.5 |67 50683 [08.5—649.5 | 69.5-70.5 |70.5-71.5
(in inches)
ool 4 A 10 20 an 13 |2 3 2
Students

Solution: In the above data, class boundaries have already been given:

Heights (inches) | Frequency (/) ef
62.5 — 63.5 4 a
63.5-64.5 (§) 6+ 4=10
4.5 -65.5 10 10+ 10=20
65.5 - 606.5 20 20+20=40 — ¢
660.5-67.5 30 0+40 =70 — Median class
67.5-68.5 13 13+ T70=83
HR.5 - 695 12 12+ 83 =05
69.5-T70.5 3 3+95=08
TO.5=T1.5 ) 2+HY9YR8 =100 —h

Total Ef =100
Here, wn =100
S0, e IEI{_}_ = 50
2 2

50" item lies in the class boundaries 66.5 — 67.5.

£ =665 h=1, f=30, c=40)

-~ h [ﬂ \

[T = ==
E il 5 R

— 66.5+ .-'.-.{su ~ 40)
30

Median

(Putting the values)

T
30

= 66.5+0.33

Median = 6683 inches
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Example 14: Following are the weights (in kg) of 50 men. Find the median weight.

Wecights{kg] 110-114 | 115-119 | 120-124 | 125-129 | 130- 134
No. of men ( f) 5 12 23 6 4

Solution: As class boundaries are not given so, first of all we make class boundaries
by the usual procedure.

Weight (kg) | Frequency(f) | Class Boundaries e
110-114 3 109.5—-114.5 2
115-119 12 1145-119.5 17 —c¢
120 - 124 23 119.5—124.5 4 — Median class
125—129 6t 124.5—-129.5 46
130 — 134 4 129.5 - 134.5 ) —n
Total Ef =50 i =
Here i1 = 50 so, §= 1—{] =25, 25" jtem lies in 119.5 — 124.5.

£=1195, h=5, f=23, ¢=17

)
Median =1 + E(L’_{. l
F\2 )

7 .
=119.5+ 5{25 ~17) (Putting the values)

40

=119.5+ —=119.5+1."M4
23

Median = 121.24 kg
12.2.3 Mode

In a data the values (observation) which appears or occurs most often is called mode

of the data. It is the most common value. Mode is denoted by X.

Mode for Ungrouped Data

Example 15: The marks in mathematics of Jamal in eight monthly tests were 75, 76,
B0, 80, 82, 82, 82, 85. Find the mode of the marks.

Solution: As 82 is repeated more than any other number so, clearly mode is 82.
Example 16: Ten students were asked about the number of questions they have solved

out of 20 questions last week. Records were 13, 14, 15, 11, 16, 10, 19, 20, 18, 17, Find
the mode of the data.
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Solution: It is obvious that the given data contains no mode. It is ill-defined.
Sometimes data contains several modes. If the data 1s: 10, 15, 15, 15, 20, 20, 20, 25,
32, then data contains two modes i.e., 15 and 20,

Example 17: A survey was conducted from the 15 students of a school and asked the
students about their favourite colour.

The responses are: purple, yellow, purple, vellow, vellow, red, blue, green, yvellow,
vellow, red, blue, yellow, purple, green. Find mode of the data.

Solution: Mode 15 the most frequent colour,

Mode = }?EI low A data can has more than onc

So, the colour “yellow™ is the mode of the given data. mode. A data may or may not
- ]-Ir P d +
Mode for Grouped Data -

Maode can be calculated by the following formula: Note:
T ode  cannot s

[ i J;(‘} Mode he ily

Mode=/f+ ——=2_—~ ___x} calculated from the data

{.fr..,. _.f_ H»ﬁn _.f:j presented n a  frequency

_ distribution, As it has no
Where, ¢ = Lower class boundary of the modal class.  individual values, so we do

nol  know which wvalue
. . appears most frequently. We
fl = I"Fﬂqllﬂﬂﬂ}’ prei:edmg thE-' '['I'Iﬂ(i'tll Ciﬂ.ﬂ-‘i. ;}nh.' assume the class with

> = Frequency following the modal class and thﬂdhlik.ﬂi'ﬂﬂt frequency as a
i = Si1ze of the modal class. B

| = Frequency ol the modal class.

Example 18: Following are the heights in (inches) of 40 students in Grade - 8.

Heights (inches) 48 —50[50-52(52—-54|54—56|56— 58|58 —60

No. of students ( f) 5 7 10 9 f 3
Find mode of the above data.
Heights (inches) Frequency (f)
48 — 50 5
5052 T—=/i Collect data of weights of 50
52-54 10 — fim, here h =2 students. Make a  frequency
54 — 56 9 — f5 distribution and find mean, median
56— 58 6 ' and mode of the data.
58 —60 3
Total Tf=40
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Selution; In the above data. class boundaries have already been given. Using the

formula for grouped data we {ind mode as:
€=52, h=2, fn=10, i=17, =9 Find the mean, median
_ . and mode of the first
Mode = £ + {.f o }| :"‘_ h . twenty whole numbers,
(L~ 8)+ (L. ~h)
H) =7 2
or Mode = 52+ { } :
{ID T} A {ID 9)
o  Mode= 52+3 %2 574 8
¥+ 4
or Mode = 52 + 1.5 = 53.5 (inchcs)

12.2.4 Weighted Mean

Arithmetic Mean 1s used when all the observations are given equal importance / weight
but there are certain situations in which the different observations get different weights.
In this situation, weighted mean denoted by Ko preferred. The weighted mean of
X1, X2, X5, ..., Aw with corresponding weights W, W2, Wi, ..., Wais calculated as;

Wt o
WX WX AWt X, S ZPH{

i
W

JE o e W e T, Z W > W
i=l

Example 19: The following data describes the marks of a student in different subjects
and weights assigned to these subjects are also given:

Mark(x) 74 78 74 90
Weights(w) 4 3 5 6

Find its weighted mean.,

Solution: Weighted mean(f-\-) = L;if
T 4(74) + 3(78) + 5(74) + 6(90)
4+3+5+6
296 +234+ 370+ 540 1440
) 18 18
X. =80
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Example 20: A medicine company started marketing of a sample of medicine in seven
different areas of a city. The company distributed the packets of medicine in each area
of the city and the weight of each area based on the demand of the medicine. Find the
mean and weighted mean of the given data.

Area Number of packets | Weights (kg)
A L5 5
B 25 4
C 18 3
D 23 4
B 15 2
F L0 |
G 8 2

Total number of packets

Solution: Mcan — —
l'otal number of area

_15+25+18+23+15+10+8
7

114
— T = 16.29=16 pHCI{EtE

S0, the average number of packets of the medicie distnibuted by the company per area
is 16.
[ Number of packets x Weight]
> Weights
I5(5)+25(4)+18(3)+ 23(4)+ 15(2)+ 10(1) + 8(2)
S+ 4 +3+4+2+141

Weighted mean =

:¥=17.95x13kg

12.2.5 Real Life Situations Involving Mean, Weighted Mean, Median
and Mode

Sales and Marketing
Example 21: A tov factory sold toys in a month. Consider the following data:

Class limits 10-20 20 =30 30 —40 40 - 50 50 -60
Vi 135 28 45 29 20
(1) Calculate mean, median and mode of the number of toys sold by the factory.
(11) Also tell the modal class of the distribution.
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Solution: (i) For mean

Class limits f X | X o.f.
10-20 13 15 | 2223 135
20-30 28 25 | 700 28+ 15=43
30-40 45 30 | 1575 45 + 43 = 48 Maodal class
40— 50 29 45 | 1305 29+48 =77 Median class
50 - 60 20 535 | 1100 20+ 77 =97
Total =137 4905

Mean= (X ) = i—ﬁ I gemis A
xf 137
Average sale of the toys is 36.
137

For median: Here, n = 137, so, q = (8.5 ; 6.5 lics in 40 — 50,

=

(=40, h=10, f=29, n=137, c=48

L hin
Median {X}=f o | =]
Flz
137
e Li —43}
2 /
10

= 40+ — (68.5-48)
2

a,

10
= 40+ 5(20.)

e

= 40+ 7.07
Median = 47.07 = 47
Thus, median of the sold toys by the factory is 47.07,
For mode: ¢=30, A=10, fu=45, fi=28, =29

Mode (X)=( + . [..f_;. = .fl.'.:l -’
(fo =) ¥ Ta=15)
= 30+ (45_%3) <10

(45—28) + (45-29)
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« 10

17+16

=3HIE>¢1(I
33

= 30+5.15

Mode (X)=35.15 = 35
Thus, mode of the sold toys by the factory is 33,
(11) The modal class of sold toys by the factory 1s (30 — 40).

{( EXERCISE 12.2 )

L Find the arithmetic mean in cach of the following:
(i) 4,6, 10, 12, 15, 20, 25, 2%, 30,
(i) 12, 1819.0,-19, —18.—12
(iii)  6.5,11,123,9,8.1, 16, I8, 20.5, 25
(v) 8, 10, 12, 14, 16, 20, 22

2 Following are the heights in (inches) of 12 students. Find the median height.
53,53, 54, 58, 60, 61, 62, 56, 57,52, 351,63,
3. Following are the earnings (in Bs.) of ten workers:
88, 70, 72, 125, 115, 95, &1, 90, 95, 90. Calculate
(i) Arithmetic Mean (i) Median (iii}  Mode
4, The Marks obtained by the students in the subject of English are given below.
Marks obtained 15-19 20—24 25-29 30-34 315-39
Frequency 9 18 35 17 5
Find: (1) Arithmetic mean of their marks by direct and short formula.

(1i) Median of their marks.

5 Given below is a frequency distribution.
Class Interval | 5-9 | 10-14 | 15-19( 20-24| 25-29
Frequency l B 18 11 i

Find the mode of the frequency distribution.
b. Ten boys work on a petrol pump station. They get weekly wages as follows:
Wages (in Rs.) 4250, 4350, 4400, 4250, 4350, 4410,4500, 4300, 4500, 4390.

Find the arithmetic mean by short formula, median and mode of their wages.
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The arithmetic mean of 45 numbers is B0. Find their sum.

Five numbers are 1, 4, 0. 7, 9. Find their mean. median and mode.

A set of data contains the values as 148, 145, 160, 157, 156, 160,
Show that Mode > Median > Mean.

The monthly attendance of 10 students for their lunch in the hostel 15 recorded
as: 21,15, 16, 18, 14,17, 15, 12, 13, 11.

Find the median and mode of the attendance. Also find the mean if D = 4 — 20.

On a prize distmbution day, 50 students brought pocket money as under:

Rupees 5—10 10-15 | 15=-20 | 20-25 | 25-30

Frequency (f) 12 9 18 7 4

(i) Find the median and mode of the above data.
(11) Find the arithmetic mean of the data given above using coding method.
The arithmetic mean of the ages of 20 boys 15 13 yvears, 4 months and 5 days.
Find the sum of their ages. If one of the boys is of age exactly 15 years. What
15 the average age ol the remaining boys?
Calculate the anthmetic mean [rom the following information:
(1) IfD=X-140,Zp=500 and = 10

x—130

(11) IfU= JauU==150andn=15

(i) IfD = x—25 %/D =300 and f

x=120

=20

(vi) IfU=

/U =60 and If = 100

The three children Haris, Maham and Minal made the following scores in a
game conducted by a group of teachers in the school.

Haris scores 50 A5 70 RS a0

Maham scores Ta () 60 45 53

Minal scores 80 77 66 42 48

It is decided that the candidate who gets the highest average score will be
awarded rupees 1000, Who will get the awarded amount?
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Given below is a frequency distribution derived by making a substitution as
D = X = 20. Calculate the arithmetic mean.

D —6 —4 -2 0 2 4 6

f l 3 6 20 26 12 2

Being partners Hafsa and Fatima took part in a guiz programme. They made the
following number of points 45, 51, 58, 61, 74. 48, 46 and 50. Compute the

average number of points using deviation D = x — 58.

A person purchased the following food items:

Food item | Quantity (in Kg) | Cost per Kg (in Rs.)
Rice 10 96
Flour 12 45
Ghee 4 190
Sugar 3 49
Mutton 2 650

What 15 the weighted mean of cost of food items per kg?

For the following data, find the weighted mean.

Item Quantity | Cost of item (in thousands)
Washing Machine 5 35
Heater 3 5
Stove 2 13
Dispenser 6 18

A company 1s planning its next year marketing budget across five years: yearly
budgets (in million) are: 5, 7, 8, 6, 7. Find the average budget for the next year.

Ahmad obtained the following marks in a certain examination. Find the

weighted mean if weights 5,4, 2, 3, 2, 4 respectively are allotted to the subjects.

Urdu | English | Science | Math | Islamivat | Computer
78 65 B0 o) RS T
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@ REVIEW EXERCISE 12 )P

I. Four options are given against each statement. Encircle the correct option.

(i) Which data takes only some specific values?
(a) continuous data (b) discrete data
(c) grouped data (d) ungrouped data
(11) The number of times a value occurs in a data is called:
(&) frequency (b) relative frequency
(b) class limit (d) class boundaries.
(1)  Midpoint 1s also known as:
(a) mean (h) median
(c) class lumit (d) class mark
(iv)  Frequency polygon is also drawn ‘constructed by using:
(a) histogram (b) bar graph
(c) class boundanes (d) class limit

(v) The difference between the greatest value and the smallest value is called:

(a) class himits (b} midpoint
(c) relative frequency (d) range

(vi)  Measure of central tendency is used to find out the of a data set.
(&) class boundaries (b) cumulative frequency

(c) middle or centre value  (d) frequency
(vit) Ifthe mean of 5, 7, 8, 9 and x is 7.5, what will be the value of x?

(a) 10 (b)y & (c) 8.5 (dy 5.8
(viii) Find the mode of the given data: 2, 5, 8,9,0, 1, 3, 7and 10
(a) 5 (by 7 (¢) 0 (d) no mode
(ix)  [Ina data the values (observations) which appears or occurs most often is
called:
(a) mean (b) mode
(c) median (d) weighted mean
(x) Find the median of the given data; 110, 125, 122, 130, 124, 127 and 120
(a) 124 (by 120 (c) 125 (dy 127
2 Define the following:
(1) frequency distribution  (ii)  histogram (unequal class limits)
(111)  mean {iv}  median
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3 Following are the weights of 40 students recorded to the nearest (1bs).
138, 164, 150, 132, 144, 125, 149, 157, 146, 158, 140, 147, 136, 148, 152, 144,
168, 126, 138, 176, 163, 119, 154, 165, 146, 173, 142, 147, 135, 153, 140, 135
161, 145, 135, 142, 150, 156, 145, 128, make a frequency table taking size of
class himits as 10, Also draw histogram and frequency polygon of the given
data.
4. From the table given below. Draw a frequency polygon on histogram for the
given frequency distribution.
Weight (kg) 50-56 | 57-39 | o0—-64 | 65-72 | 73-75 | 76-80
Frequency (f) 25 32 40 30 15 8
5. (Griven below are marks obtammed by 45 students m the monthly test of Biology:
Marks 20-24 | 25-29| 30-34 | 35-39 40) 44 45 —49
No. of students 05 08 12 15 03 02
With reference to the above table find the following:
(i) upper class boundary of the 5™ class.
(11) lower class boundaries of all the classes.
(111)  midpoint of all the classes.
(iv)  the class interval with the least frequency.
6. Given below is frequency distribution.
Draw frequency polygon and histogram for the distribution.
Class limits 5-9 10-14 [ 15-19 | 20-24 | 25-29 | 30-34
Frequency 1 8 18 11 2 5
T For the following data, find the weighted mean.
Item Quantity Cost of item (Rs.)
Chair 20 500
Table 20 400
Black board 10 750
Tube light 25 230
Cupboard 09 950
4 242 -
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9.

10.

A principal of a school allocates funds of Rs.50, 000 to five different sectors:
(1) chairs: Rs. 15000 (11) tables: Rs. 12,000

(iii)  black boards: Rs.6,000 (iv)  room renovation: Rs. 10,000

(vl  gardening: Rs. 7.000

Find the average of funds allocation in each sector of the school.

The marks of a student Saad in six tests were 84, 91, 72, 68, 87, 78. Find the

arithmetic mean of his marks.

Adjoining distribution showed maximum load (in kg) supported by certain
ropes. Find the mean load using short method.

Max-Load kg | 93 -97 98 — 102 [ 103107 | 108—=112 | 113-117 ) 118—-122

No. of ropes 2 5 8 12 6 2

| 8 5

12,

Usman rolled a fair dice eight times. Each time their sum was recorded as 8, 5,
6, 6,9, 4, 3, 11. Find the median and mode of the sum.

Two partners Mr. Aslam and Mrs. Kalsoom run a company. In the following
data the weekly wages (in Rs.) of employees who work in the company are
oIVEN:

Wages (Rs.) | 600700 | 700 -3800 800900 | 900 - 1000 | 1000 -1100

Employees 3 5 7 21 11
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Probability

Students’ Learning Qutcomes
At the end of the unit, the students will be able to:

>
-
P
-
P

Calculate the probability of a single event and the probability of an event not occurring.
Solve real life problems involving probahility.

Calculate relative frequency as an estimate of probability,

Calculate expectad frequencies.

Solve real life problems involving relative and expected frequencies.

INTRODUCTION

In our daily life, we normally say that | istory!

manufacturing companies give warranly | The word “probability™ is

on their products, there is chance that | derived [rom the Latin
d o1 ) word  “Probabilitus™ It

some product might not mect Warranty | oo escibin” Girolamo

time period. A person judges the chances | Cardano is known as the

of winning cricket match of a team based | father of probability. He
was an [talian doctor and

on previous performances etc. All the
above statements have lack prediction
with certamnty. In such situations, what makes it easier for us to represent the chance of
an event occurring numerically 1.e.. probability.

Hence, Probability is the chance of occurrence of a particular event,

Probability 1s calculated by using the given formula:

mathematician,

Number of favourable outcomes

Probability = - :

I'otal number of possible outcomes
[t is written as: P(A) = nA)
HiS)

P(A)= Probability of an event A

n(A) = Number of favourable outcomes

n(8) = Total number of possible outcomes
Basic Concepts of Probability
Experiment: The process which generates results e.g., tossing a coin, rolling a dice,
etc. is called an experiment,
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Outcomes: The results of an experiment are called outcomes e.g., the possible
outcomes of tossing a coin are head or tail, the possible outcomes of rolling a dice are
1,2.3.4, 5, or6.

Favourable Outcome: An outcome which represents how many times we expect the

things to be happened e.g., while tossing a coin, there is | favourable outcome of getting
head or tail. While rolling a dice, there are 3 favourable
outcomes of getting multiples of 2 1.e. {2, 4, 6}

Sample Space: The set of all possible outcomes of an
experiment 15 called sample space. It 15 denoted by °5° e.g.,
while tossing a coin, the sample space will be 5= {H, T}.
While rolling a dice, the sample space will be S= {1, 2, 3, 4, 5, 6}.

Event: The set of results of an experiment 1s called an event e.g., while rolling a dice
getting even number is an event i.e., A= 12,4, 6} n(d) = 3.

Remember!

Each clement of the
sample space 15 called
sample point.

Recall! Types of Events:

* Cerlain event: An cvenl which 1s sure to occur. The probability of sure cvent s 1.

*  Impossible event: An event cannot occur in any trial, The probahility of this event is (.

* Likely event: An event which will probably vecur. It has greater chance 1o oceur.

*  Unlikely event: An cvent which will not probably occur. It has less chance to oceur.

* Equally likely events: The events which have equal chance of occurrence. The probability of these
events is 0.5,

Impossible Unlikely Equally likely Like Certain
event event event even event

< } } } >
0 or 0% 25% 0% T75% 100%

13.1 Probability of Single Event

Example 1: Abdul Raheem rolls a fair dice, what 1s the probability of getting the
number divisible by 37

Solution: When a dice is rolled, the sample space will be: | The range of probability

§=1{1,2,3.4,5,6) :n(5)=6 for an event is:
; J ©) 0=Pd)=1

Let 4" be the event of getting the number divisible by 3.
A=1{3,6},n(4)=2
_n(d) 2

Plfh="2 X
) nS) 6

I

3 Clear the concept of all the
types of events by using

i different colours of balls or

: pencils erc,

L 245 A

The probability of getting the number divisible by 3 is




Mathematics - 9

Unit — 13: Probabhility

Example 2: [If Zeeshan rolled two fair dice, find the probability of getting:

Can you find out the
sample space when 3 dice

are rolled,

(1) Even numbers on both dice.
(11) Multiples of 3 on both dice.
(111)  Even number on the first dice and the number 3 on the second dice.
(iv) At least the number 3 on the first dice and number 4 on the second dice.
Solution: When a pair of fair dice 1s rolled, the sample space will be:
‘[5'-
ond 1 2 3 4 5 O
1 B 1.2 | 1.3 1.4 IS5 1. 6
2 2.1 2.2 | 2 2.4 | 2,5 | 2.6
3 1 1.2 | & |38 | &5 | 36
4 4,11 42|43 |44 | 45| 4,6
3 5 2 | B | B | 5.3 | 36
6 6, 1 6,2 | 6,3 | 6,4 | 6,5 | 6,6

(1)

Even numbers on both dice.

P(A) =

Let “A" be the event of getting even numbers on both dice.
A= 12,2).(2,4),(2.0), (4. 2) (4, 4). (4, 6). (6, 2). (6, 4), (6, 0)}
niA)= 9; n(&) =36

nld) 9
n(s)

36 _

1

"4

Thus, the probability of getting even numbers on both dice is i :

(i)

Multiple of 3 on both dice.

Let “B” be the event of getting multiples of 3 on both dice.
B = {(3,3). (3, 6), (6, 3), (6. 6)}
n(B) = 4; n(8) =36

P(B)=

n( By

n(.S)

4 1

36 9

Thus, the probability of getting multiples of 3 on both dice is é ;
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(ii1)  Even number on the first dice and the number 3 on the second dice.

Let “C™ be the event of getting even numbers on the first dice and the number
3 on the second dice.
C = {(2,3), (4.3),(6,3)}
n(C)=3; n(8) =736
nCy 3 1

PO= % "% 13

Thus, the probability of getting an even number on the first dice and the number 3 on
|
the sccond dice ISE 3

(1v) Al least the number 3 on the [irst dice and number 4 on the second dice.

Let 13" be the event of getting at least the number 3 on the first dice and number
4 on the sccond dice.

D =1(3,4)L(4,4), (5. 4), (6. 4)}
a (I =4, 85 =136

n(y 4 1
a8y 36 9
Thus, the probability of getting at least the number 3 on the first dice and number 4 on

P(D)=

the 2™ dice is 1
Y
13.2 Probability of an Event Not Occurring
Sometimes, we are interested in the probability that the head will not occur while
tossing a coin.
Let “4™ be the event of getting head while tossing a coin, then the event * A" be the
event of not getting head while tossing a coin.
The probability of not getting head while tossing a coin s known as the complement

of that event. It is written as P(A") or P(4°).
The complement of an event “4” is calculated by the | Give more examples 1o
given formula: explain complement of events

e.g., if the desired outcome is

P(A4') =1-P4) head on a flipping coin, the
For example, while tossing a coin, the probability of | complement is tail. The
getting a head is: compliment rule states that the

| sum of the probability of an
P(d) = — event and its complement
2 must be equal to 1.
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and the probability of not getting a head is:
P(4) = 1 - P(A)

=2

B | —

I
2
= ; i 3

I'hus, the complement of the event of getting a head is 5

Example 3: Zubair rolls a dice, what is the probability of not getting the number 67
Solution: Let 4" be the event of getting the number 6.
The sample space while rolling a dice 18: §= {1, 2, 3. 4, 5, 6}
n(5)=06
A= {6} )=1

The sum of the probabili
n(A) 1 e

— =— of an event A7 and the
n(s) 6 probability of an evenl nol

To find out probability of not getting the number 6, we | @ecurring “4™ is always “17
P(4)+ P(A) =1

P(A)=

have

P(A) = 1— P(A)
= —l = ﬁ_] =

2
6 6 6

o : oy
Thus, the probability of not getting the number 6 is =
1

Example 4: [f two fair dice are rolled. What is the probability of getting:
(1) not a double six (11)  not the sum of both dice 15 8
Solution: Sample space of two fair dice is given by:
§={(L1),(1.2),(1.3),(1.4), (1,5). (1,6).(2,1),(2.2),(2,3).(2.4),(2.5), (2,6),
(3,13, (3,2), (3.3), (3.4}, (3,5), (3.6). (4,1), (4.2), (4.3), (4.4), (4.5),
(4.6}, (5,1}, (5,2), (5,3), (5,4). (5.5), (5,6), (6.1), (6,2), (6,3), (6,4),
(6.5), (6:6)}
n(8) = 36
(i) not a double six.
Let “A™ be the event that a double six occurs,
A= {{6,6)};n({4)=1
nA) 1

n(S) 36
I 248 A |
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Let “ A" ™ be the event that not a double six occurs
As we know that
P(AY=1-P(A)
B 1 36-1 35

6 36 36

Thus, the probability ol not getting the double six 18 %

(11) not the sum of both dice 15 8.

Let A" be the event that the sum of both dice 15 8.
B ={(2,6),(3,5), (4,4). (5, 3), (6, 2)}

n(B)=3
P(B)= nl B =i
(&) 36
Let © B ™ be the event not sum of both dice is 8.
P(BY=1-P(B)
. i: 36-35 o ﬂ
36 36 36

Thus, the probability of not the sum of both dice be 8 1s ;—;

13.3 Real Life Problems Involving Probability

Example 5: Let 4, 8 and C are three missiles and they are fired at a target. If the

probabilities of hitting the target are P () = %: P(B) = % , P(C) = %, respectively.

Find the probabilities of

(1) mussile A does not hat the target. (11) muissile B does not hit the target.
(i11)  missile C does not hit the target.
Solution: (1) missile 4 does not hit the target.

. I
Since, Pld)= 5
Let © 4" be the event that missile 4 does not hit the target
PlAY=1-P(A)
1 4-1 3

=l-—-=—="-

4 4 4

Thus, the probability of missile 4" does not hit the target is % =
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(ii) missile 5" does not hit the target.

-

Since, P(B)= =

.
Let * B' " be the event missile £ does not hit the target
P(B)Y=1-P(B)
s
7
s o
-

s i ; . 4
Thus, the probability of missile *£” does not hit the target is i

(iii)  missile "C" does not hit the target.

Since, P(C) = %

Lel * C' " be the event missile C of not hitting the largel
PCH=1-P(C)

e 5 : .4
Thus, the probability of missile *C'" does not hit the target is =

Example 6: A bag contains 5 blue balls and 8 green balls, Find the probability of
selecting at random:

(1) a blue ball (11) a green ball. (111} not a green ball.
Solution: (i) a blue ball
Let *A4" be the event that the ball is blue

Blue balls = n(4) =35
Total balls = n(S) =5+ 8 = 13 Can you find out the
complement of selecting
pay= 14D a blue ball?
(&)
.
13

Thus, the probability of selecting a blue ball is % i
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(ii) a green ball

Let *B° be the event that ball 1s green

| e The probability that a person A4
Green balls = n(B) =8 will be alive (0.75, Can vou find
Total balls =n(8)=5+8=13 out the complement of that event?
B 8
P(B)= n(B) __
niyy 13

Thus, the probability of selecting green ball is % :

(iii)  not a green ball

let * B' " be the event that the ball is not green,

P(B)=1- P(B)
8
= f—
13
I C
1313

Thus, the probability ol not selecting a green ball 15 % .

Example 7: A card is drawn at random, trom a pack of 52 playing cards. What is the
probability of getting:

(1) a card of heart (11) neither spade nor heart
Solution: (i)  acard of heart
Total number of cards = 52 ; »(5) =352
Let *4" be the event of selecting a card

4
of heart. Jr ¢ Jr ‘1’

Number of heart cards = 13 ; n(A)=13 13 Spades 13 Clubs 13 Hearts 13 Diamonds

Total cards = 52

4 suits

(Black) {Black) (Red) (Red)
P(A)= 1n{ A) E k;lr 4 b
n(S) ng 1 king | 1king 1 king
| Queen 1 Queen 1 Queen 1 Queen
- E =l 1 Jack 1 Jack 1 Jack 1 Jack
52 4 [ Ace [ Ace  Ace T Ace
Thus, the probability of getting a card of |2 10y cards| |(2 = 10) cards | |2 - 10) cards | [(2 = 10) cards

heart 1s l ;
4
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(ii)  neither spade nor heart
Let “8" be the event of selecting a card of spade or heart
Number of spade and heart cards = 26 ; n(B)= 26

P(B) = n( 8
nis)
2%
52
—
2
Let ‘B’ be the event of selecting neither spade nor heart card.
P(B") =1-F(B)
b
2
1
2

- : : .
Thus, the probability of getting neither spade nor heart cards is %

€ EXERCISE 13.1 )}

1 Arshad rolls a dice, with sides labelled L, M, N, O, P, U, What is the probability

that the dice lands on consonant?

2. Shazia throws a pair of fair dice. What will be the probability of getting:

(1) sum of dots is at least 4.
(11) product of both dots 1s between 5 to 10.

(111)  the difference between both the dots is equal to 4.

(iv)  number at least 5 on the first dice and the number at least 4 on the second dice.
3 One alphabet is selected at random from the word “MATHEMATICS". Find

the probability of getting:

(1) vowel {11} consonant an E
(iv) an A (v) not M not T

5. Aslam rolled a dice. What is the probability of getting the numbers 3 or 47 Also
find the probability of not getting the numbers 3 or 4.
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0.

L1,

Abdul Hadi labelled cards from 1 to 30 and put them in a box. He selects a card
at random, What is the probability that selected card containing:

(1) the number 25 (11) number between 17 to 22

(1i1)  number at least 20 (iv)  number not 27 and 29

(v} number not between 12 —-135

The probability that Ayesha will pass the examination 15 0.85. What will be the
probability that Ayesha will not pass the examination?

Taabish tossed a fair coin and rolled a fair dice once. Find the probability of the
following evenis:

(1) tair] on con and at least 4 on dice.

(ii)  head on coin and the number 2,3 on dice.

(111)  head and tail on coin and the number 6 on dice.

(1v) not tail on com and the number 5 on dice.

(V) not head on coin and the number 5 and 2 on dice.

A card 1s selected at random from a well shufiled pack of 52 plying cards. What
will be the probability of selecting:

(i) a queen (it} neither a queen nor a jack

A card is choscn at random from a pack of 52 playing cards. Find the probability
of getting:

(1) a jack {ii} no diamond

13.4 Relative Frequency as an Estimate of Probability

Relative frequency tells us how often a specific event occurs relative to the total number

of frequency event or trials. It is calculated by using the following method:

Frequency of specific event  x

Relative frequency = = where N=1f

Total frequency

Example 8: Find the relative frequency of the given date.

X 2 3 4 5 6
I 3 3 6 9 10 | 8 2
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Solution: X I Relative frequency
2 3 %— 0.07
3 5 ; =1{1:12
4 6 % =0.14
5 0 fq =121
6 10 % =0.23
7 8 % =0.19
8 2 % =0.04
Total | Xf =43

13.5 Real Life Application of Relative Frequency

Example 9: A survey was conducted on 80

% . The sum of all the relative frequencies s
students of Grade - IX and asked about their 4

always equal to or approximately equal to 1.

favourite colour, The responses are:

(i) Red colour = 23 students (i)  Green colour = 15 students

(iii)  Pink colour = 25 students (iv)  Blue colour = 10 students

(v)  White colour = 7 students.

Find the relative frequency for each colour, Relmive froguincy (& an

" R estimated probability of an

Solution: Total number of students = 80 event occurring when an
: : 23 experiment is repeated a fixed

(1) Relative frequency for red colour = —=10.29 e =

number of timeas,

It means that 29% students prefer red colour,
(1i) Relative frequency for ereen colour = 5— (.19

It means that 19% students prefer green colour.
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(ii1)  Relative frequency for pink colour = A 0.31

Try Yourself!

It means that 31% students prefer pink colour. Out of 200 students in a
school, B0 play cricket, 50
(iv)  Relative frequency for blue colour S 0.12 play football, 25 play
80 volleyball and 45 do not play
any game, Can you find out
the probability of the students
whao do not play any game and
relative  frequency of the
students who play cricket”

It means that 12% students prefer blue colour,

(v) Relative frequency [or white colour = —=0.09

It means that 9% students prefer white colour.

Example 10: Abdul Rehman obtained different marks in different subjects out of
100 marks. The detail 15 as under:

Subject Urdu | English |Islumiyat| Mathematics | Science | Computer Science

Marks Obtained | 75 50 72 23 8l 835

Find the relative frequency of above given data.

Solution:
Subject Marks obtained Relative frequency
Urdu 75 LT
488
sl
English 80 —=10.16
nglis P
72 =
[slamiyat 72 —=0.15
S hh
95
Matl ti 95 —= )19
athematics P
81
Science 81 —=0.17
ShT
83
{?1nlrnputer 45 —0.17
sSclence 488
Total | Ef=488
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13.6 Expected Frequency

Expected frequency is a measure that estimate

how often

an event should be occurred

depended on probability, Expected frequency

is found by using the following method:

Expected frequency = Total number

of trials * Probability of the event.
=N x P(4)
Example 11: 5ix [air dice are rolled 50 times. The probability of occurrence of
different number of sixes are given below. Find the expected frequency of the

following data:

Clear the concept to the students that
relative frequency as an estimate of
probability by using different real life
problems.

Unit — 13: Probabhility

X 0 1 2 3 4 3 6
By 009 | 010 | 012 024 | 010 | 0.20 | 0.15
Find the expected [requency ol ocecurrence ol each six.
Solution:| Ng, of Sixes (x) | P(x) | Expected frequency =N x P(x) = 50 x P(x)
0 0.09 50 = 0.09=435
1 0.10 50 x 0.10=3
2 0.12 50 x0.12=6
3 0.24 50x024=12
4 0.10 50 % 0.10=35
5 0.20 50 = 0.20=10
6 0.15 50x0,15=175

13.7 Real Life Application on Expected Frequency

Example 12: Find the average number of times getting 1 or 6, when a fair dice is

rolled 300 times.

Solution: Let “S™ be the sample space when a fair

dice is rolled:

5§=11,2,3,4,5,6};

als) =06

Let “B” be the event that 1 or 6 comes up.
B={1.6} ; n(B)=2
I

256

Sum of all expected frequencies 15
always equal to or approximately
equal to a fixed number of trals.
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() 2

I
n(S) 6 3
Therefore, E (B) =N x P(B)

S0, F(B)=

=300 = 1 =100
3

Thus, the average number of times 1 or 6 comes up is 100,

Example 13: Il the probability ol a defective bolt 1s 0.3, Find the number of non-
defective bolts in a total to 800,

Solution: The probability of defective bolt is = 0.3
Probability of non-defective bolt = 1=03 =0.7

Number of non-defective bolts = 0.7 = 500 = 560
Thus, the non-delective bolts will be 560.

@ EXERCISE 132 ))

I, A researcher collected data on number of deaths from Horse-Ricks in Russian
Army crops over to yvears. The table is as follows:

No. of death 0 1 2 3 4 5 6

Frequency 60 | 50 87 40 32 |

I_""
=

Find the relative frequency of the given data.

[ ]

The frequency of defective products in 750 samples are shown in the following
table. Find the relative frequency for the given table.

No. of defectives per sample | 0 | 2 3 4 5 6 7} 8

No. of sample 120 | 140 | 94 | 85 [ 105 50 | 40 | 66 | 50

i N A guiz competition on general knowledge is conducted. The number of

corrected answers out of 5 questions for 100 sets of questions is given below,

X 0 1 2 3 4 3
! 10 43 13 25 18 9

Find the relative frequencies for the given data.
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4. A survey was conducted from the 50 students of a class and asked about their

favourite food. The responses are as under:

Name of food item Biryani | Fresh Juice | Chicken | Bar. B.Q Sweets
No. of students 40 07 21 15 25
(i) how many percentages of students like biryani?
(11) how many percentages ol students like chicken?
(1)  which food is the least like by the students?
(iv)  which food is the most prefer by the students?
5. In 500 trials of a thrown ol two dice, what 1s expected requency that the sum
will be greater than 87
6. What is the expectation of a person who is to get Rs. 120 if he obtains at least
2 heads in single toss of three coins?
y Find the expected frequencies of the given data 1f the expenment 15 repeated
200 times.
'y 0 1 2 3 4 5 §
Plx)| O0.11 | 021 | 017 | 0.18 | 0.09 | 0.17 0.07
8. The probability of getting 5 sixes while tossing six dice is % . How many times

would you expect it to show 5 sixes?

@(REVIEW EXERCISE 13)Pp

I. Four options are given against each statement. Encircle the correct option.
(i) Each element of the sample space is called:
(a) event (b) experiment
(c)  sample point (d) outcomes
(11) An outcome which represents how many times we expect the things to be
happened is called:
(a) outcomes (b) favourable outcome
(c) sample space (d) sample point
I 258 A
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(iii)

(iv)

(v)

(vi)

Which one tells us how often a specific event occurs relative to the total
number of frequency event or trials?

(a) expected frequency (b) sum of relative frequency
(c) relative frequency (d) frequency

Estimated probability of an event occurring 1s also known as:

(a) relative frequency (b) expected frequency

(<) class boundaries (d) sum of expected frequency
The sum ol all expected [requencies 1s equal to the lixed number of:
(a) trials (b) relative frequencies

(c)  outcomes (d)  events

The chance ol oceurrence of a particular event 1s called:

(a) sample space (b) cstimated probability

(c) probability (d) expected frequency

(vi1)  An event which will probably occur. It has greater chance to oceur 1%

(1x)

called:
EY] equally likely event (b) likely event

(c) unlikely cvent (d) cerlain event
(viii) Find out the total number of possible sample space when 4 dice are rolled.:
(a) 67 by 6 (c) 6t (d) 6"
While rolling a pair of dice. what will be the probability of double 27
] 1 5 I
a - by = C - d —
(a) P ( 3 (¢} . (d) ¥

A card is chosen from a pack of 52 playing cards, find the probability of
getting no jack and king:
2 11 2 11
@ 5 ® 3 v &> 52
Define the following:
(i) relative frequency (ii) expected frequency
An urn contains 10 red balls, 5 green balls and 8 blue balls. Find the probability
of selecting at random.,
(1) a green ball {11} a red ball (11} a blue ball

(1v)  nota red ball (v) not a green ball
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4. Three coins are tossed together. what is the probability of getting:
(1) exactly three heads
(11) at least two tails
(iii)  not at least two heads
(1v) not exactly two heads
. A card is drawn from a well shuffled pack of 52 playing cards. What will be the
probability of getting:
(1) king or jack of red colour
(i)  not*2" of club and spade

a. Six coms are tossed 600 umes. The number of occwrrence of Lails are recorded
and shown in the table given below:

No. of tails 0 I 2 3 d 5 6
Frequency 1 90 | 105 R0 76 123 16

Find the relative Irequency ol given Lable.

T From a lot containing 25 items, 8 items are defective. Find the relative
frequency of non-defective items, also find the expected frequency of non-

defective items.
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{( exerasen )

1. (i) Rational (i) Rational (i) Irrational (1) Trrational (v} Irrational
{vi) Irrational (vi1) [rrational (w111} hrrational {1x) Ratiomal (%) lrational
2.
(1) J//,[* {1 .
e
1
« . I i
A B
{1ii) {iv)
a3 T T I I I t I # I IIII > < IHH:TI ] } Il } 1 2
L T I P4 L 25 a4 3 I1 _! I 1 II ] {
(v) fvi)
< e o » PR R TR TR S 7Y+« MY
2 1 601 3 N
4 37 21
& A = (i) — (iii) —
9 o9 99
4. (i) Associative property over addition (1) Commutative property over addition
{111} Additive inverse (1v) Left distributive property
{v) Additive identity i(¥1)  Multiplicative identity
{(vii)Associative property under multiplication  (viiy Commutative property under multiplication
5. (i) Additive property (i) Reciprocal property (111} Additive property

{iv) Multiplicative property  (v) Multiplicative property  (vi) Trichotomy property

{( exerciser2 )
f6 + 15 "
1. (1) 131’4-\1";] {11} vt’:+—1~..15 {1i1) M (iv) 17-12»{5 {»-}S-E-JE

- -

2 8 10} . I
o 23WT-N5 2 = Gz i PO A O
21
] 27
G) T T G243 @019 3B 6 ) 2V (iii) 34
- 1375 2
) 128 ) 1154 632 4 P=25gm18 5 @) - () -
512 3
(1) = (iv) a = #
5
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((exerciser3 )

13, 14, 15 2. AB=4> 25 3. (I2-2m 4 4523
1184 6.20years 7. 1748 8. Rs.6225 9, Rs.52500

REVIEW EXERCISE 1
(i) ¢ (i) d (i) d (iv) d () a (vi) b (vi) b (viii) a (ix) d (x) d

I.'}I 7 Baw =
(1) —— (11) 3+ (i) 27 8. 15, 17,19 9. 34,62 10. 5340750

3 {( exercise2a )

() 2210° (i) 489 x 10" (i) 42%107 (V) 9x 107 (v) 7.3 x 10"
(vi) 6.5%10" 2. (i) 804 (i) 300000 (i) 0.015  (iv) 17700000
(v) 0.0000055  (vi) 0.00004 3. 300,000,000 misec 4. 40075 % 107 m
6779 km 6. 12756 km

{( Exeraise 22 ) |

(i) log,, 1000 =3  (ii} log,256 — & (iiiy log, —=-3 (iv) log,, 400 =2
Sl a2 i) log, 121 = i _—- i) Tog., — =
(v) log . Z__?‘ —; (vi} log, 121 =2 (vii} log, p=r (vi) log, E ey

(i)Y 5 =125 (i) 2*=16 (iify 23 =1 (iv) 5'=35
™. | ;

(v) 27 =~ (vi) 9% =3 (vii) 10°= 100000  (viii) 4~ =—

B 16

I
(i) x=4 (ii) x=0 (iidx=8 (ivyx=——y (¥} x=8 (vi)x=10
1000
( exercise23 )

(i) 3 (i) 1 (iii) -2 {iv) 2 (v) =5 (vi) §

(i) 1.6335 (i) 2.7624 (iii) 0.2975 (iv) -1.0570  (v) -1.3279  (vi)-3.4518
(i) 3.5019 (ii) 1.5019 (iii)—1.4981 4. (i} x=1015 (i) x=1556

(iii) x = 0.0003681 (iv) x = 002675 (vi x=2270  (vi) x=0.009585
((exercise24 )
(i) 1 (i) 7 (iii) -2 (iv) 2 (v} 5 (vi) 1
(iylog4s  (ilog27 (iii)6log,b  (iv)leg,@y  (¥) |ogf—j (vi) In ‘h
¥ ¥

11 3
(i) IUE? (it} éiﬂg. 2+3log. e {iiid2Ina+Inbd-Inc  (iv) [lclg x+log y—logz ]

4
(V) —In2+Inx (vi) S[log,(1-a)~log, b] 4 (i) x=5 (ijx=4 (ii))x=-10
.}
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)
{ivix=5 {(Vyx=22 {u-i};f=5% 5. (1) 2960 (i) 23.62 (iii) 1.339

{iv) 14.21 6. M=37.14 years 8. 17.17 °C

(( REVIEW EXERCISE 2 ))

(i) ¢ (idb ()b (w)d (via (vi)ec (vipd (viile (x)d (xX)c
(i) 5.67=10% (i) 7.34x 107 (1) 3.3 = 107 3. (i) 2600 {11 0LO00RT94

(iii) 0.000006 4. (i) log, 2187=7 (i) log c=h (iii) log,, 144 =2
5. () 4=8 (i) 9*=729 (i) 4° = 1024

[

1

! 3 ;
6 () x=3 @) xr=-oGi)r=-3 % 0) log (i) log2 (iii) log,2
..L.‘

1 2
8. () logx=logy 6Glog:z {11} —[Slugmm+3lugﬂn] {111 —[[ug2+]ug.r]
& Z
9. (i) 4.086 (i) 1133 (i) 24.01 10, 2035
€ Eexeraisesa )
I. () fx|x=n’meNal=x=3500} (if) fx|x=2"ne Nal=x=150}
(i) {x |x e Z Al =x = 1000} (iv) {x|x=6nne Nrl=n=20}
(v) {x|x=100+2, pe Nr1l=n=150} (vi) {x|x=3"nc W}
(vii}{ x| x is a divisor of 100} (vililx |x=5m, me N Al = n =20}
I
(ix) x| v Z A =100 < x 1000 %) {3.6,9,...35) (i) {——E
A
L 2 T I o (iv) 11,2, 4, 8. 16, 32, 64, 128} (v) §2.4.8.16,32,64,128}
{vi) { } (vid) £1.2,3. 4, 5,...} {viil) § }
4. ves,|{}or ¢ 5. {a, b} is a set containing two clements o and b while {{a, b} } isa
sel containing one clement {a, b}
6. (i) I (ii) 4 (iif) 128 (iv) 256 (v) 4 (vi) 9
7. () i, 19Y, {11} 49, 11}
UL IR 4 0 16 o R e i Lt B e 18 S 8 ot B et 8 o i P i B ] i P 8

() 2 () {&, {¢}} (v) {4, {a}, {{b,ct}). {5, {b.c}}}

{( exeraises2 )

1. (i) A4=16,12,18 24, 30}, B= {8, 16, 24! (i) A B=124Y (i) U /"]‘“E _“\ 2%
2. () G=1{1,2,4,8, 16,32, 64, 128}, s nfu) s )n
H=11,4,9, 16,25, 36,49, 64, 81, 100, 121, 144} 4 '\‘i_“* u}/
(i) GuUH=1{1,2,4,809,16,25, 32, 36,49, 64, 81, 100, 121, 128, 144} | 1 I4 20

(i) & A= {1, 4, 16, 64}
. () Pn@=42,3,57 () PupP=1{1,2,3,56,7.10,11,13,14,15,17,19}
7 9 8. 130 9. 9 10, 18 11. (a) {L1,2,... .49, 90, fill J00} (b) 40

VT S ‘
|4.;:I1.-| f : : -':ull:l
L = B \f{({;\—'f" g 13, (a) 85 (b} 45 (c) 27 (d) AvA
g 6 a
— = .
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€ exercises3))

L
q
Domain of (i) = {1, 2, 3, 41 ki
Range of (i) = {1, 2, 3, 4} 31 *i3.3)
2 {12
TRETIRY
F5 BIIEEER R
a4
o i1 = (L4) . i
(ii) i i LAY (2, 3043, 2), (4, 1)
" ’ - Domain of (i) = {1, 2, 3. 4}
it Range of (i} = 1.2, 3, 41
I ®(4.1)
————
¢l 1 2 3 4 5 £

(iii) (L, 1), (1L 2001, 3), 2. 10.(2, D), (3, 1)}
Domain of (iii)= {1, 2, 3}
Range of (i) = {1. 2, 3}

- b &= LM
=

y
5
d ® W R
i+ ® o
ﬁ""l} 2 W '3{2-. 4}5 {By ].I':- {35 4}:- {45 2}:- {4~ R.I'-. {‘1'-. 4}}
! Domain of (iv) = {2. 3, 4}
I T Range of (iv) = {2, 3, 4}
#l 1 2 3 4 5 %

2. Fig (1) does not represent a function.  Fig (2) represents a function, which is a bijective function.
Fig (3) represents a function, which is a bijective function,
Fig (4) represents a function, which is an into function.

s 10 5
3o 2 ()7 e @2 ()17 6D 4 a=2,b=1 8 a=—, b=-=
a A

4 14

6. x=6 7. c==,d=—

3
(( REVIEW EXERCISE 3 ))

1. (i) b (i) ¢ {ii)a (vid (vI d (vidbh (viidb (viidd (ix)a (x)b
2. () {2,4,6,810,..} (i) 13,5, 7.9, 11, ...F {iii} 0. 11,22, 33, 44, 55, 66, 77, 8%, 99, 110!

(ivie (v ¢ (vide (vi){0]  (vii) 0O 3. (i) {1,3,57.9)
(i) {6, 7. 8, 9. 10 (i) {1. 2, 3.4, 5. 6, §. 10} (iv) 16, 8. 108 (v) ¢
{vi) {1,2,3,4,5,6,7,8,9, 10} (vii) 11,3,5, 7.9} (viii) ¢
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41
8. {10,20,30,40,50,...} 10, (i) -2 (i) -9 [iii}"'T (iv) 5 (v) 645 (vi) 95
716 103 15
11. a=—_,h=— 12. — 13. m=— _n=>5
§ 3 7 16
14. 4=11,2,3,...,30}, B= {31, 32, 33, .... 55%, C={76,77.78, ..., 100},
AUBUC=11,2,3,..30,31,32, ..., 55 76. 77, ....100}
15. (a) 150 (h) 30 (c) 30 (d) 90 16. (a)} (60 (b 160 {c) 140 {d) 30
{(exercise41)
I () 6(x+2)  (i)53r+4) (i)=3xddx+1)  (iv) 4abla+ 2b) L‘f}::[v— I+2)
x+3 X
{vi) 3abla — 3b + 5) 2. (1) 5(x+3) fn} {(x+1)x+3) \
X+ 4
(i) -+ 2)0r+4) ;‘ \ (iv) ?_; (r2)
3. (@ +dx-3) (i) (x+x—2) i) k—x—2) (V) (x—K)x +T)
(V) (x—12%x + 2} (vid{y * 6Mp—2) (v B 4y (viin) (e — 2)x ¢ 1)
4. (i) (Zr+ Dix+3) (i) Qx+0x+3) (i) (dr+ Dix+3) (v (3x + 2)(x + 1)
(V) Bp—20y—3) (vid(2y—1Dy—-2) (vild{d4z—3z—2) (vii) (3 + 2W3 — x)
(exercise 42)
L. (i) (2x7— 6xp + 9N 207 + ixy = D) (i) (o dab + 867 e’ + dab + BH)
(iii) (x7 = 2x + 4} + 2x + 4) (iv) (" = dx — 1)x" + dx + 1)
(V) (X — 6y + 1AW + 6y + 3 (vid (= 3oy + 0 + 3y + )
2. (i) (2 +5x+5) (i) (2~ S+ 3)(x? - Sx - 13)
(i) (22 + Te + 4% (V{3 +5c+6)3A +5x+2)
(V) (x + dx + 6)(x* + Bx + 6) (Vi (x® -2+ 2) x° + 2x + 2)
3. @ (2Zx+17 (ii) (3a + 4bY (iii) {x + 6 (iv) (2x = 3y)
4. (1) (5a— 125"+ 5a+1) (1) (4x — :l'][llﬁx"— 20x + 25) (111} (= 3 =3+ 9)
{iv) (10g + 1100’ = 10a + 1) (¥) (Tx = 6049 = 42x + 36)  (vi) (3 = 89 + 24y + 6447)
(exErcise 43))
1. (1) HCF = Txy (1) HCF=2x -3y (in) HCF=x+x+1 (v} HCF = ala + 3)
(VIHCF=t+1 (viiHCF=x+7 2. (DHCF=3x-2 (ii) HCF = x-3
{11) HCF = 2(x+1) (iv] HCF=x — 2x 3. LCM= 12a'b¢ (i) LCM =x(x+ 1)
(iii) LCM = ala — 2)° (iv) LCM =y 2% — 16) (VILCM=4(4-xD(x+3) 4. 37— 12y+35
5 gx)=9%" (- 6, 125t - oY)
{(exercise 4.4)
Lo(i) +(x—4) (i) +(3x+2) (i) = (6a + 7) (iv) £ (By —2)
(V) 4 (100 —3) (vi) = VTO(2x + 3)
2. (i) = (2F-Tx-3 fiij (11 —9x-12) (i +(r— S +y) (VM+EE—3x+T)
J x=2andx=4 x= S.x=0,x=landx=2 b.x=landx=3
((m«_» IEW EXERCISE 4)))
. () a ()b (b {(vic (¥ ¢ (vida (vic (viiila (ix)c (x)a
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2. () 2x2x7H9x—6) (i) (== dp—1607) (i) (xp — 2)xy +2xp+4)
(V) =(x+3)x+20) (v) (2e+1D{x+3) (Vi) (-8 —=dc+8) (vii} (£ 20+ 1) =2x+3)
(viii) x(x+9)(x"+9x +38) {ix) (x* + 6 — 3)?

3. () LCM =8 (x+2)(x+3), HCF = 4x {ii) LCM =x{x - 1Hx—3)}x+4), HCF=x-1
() LCM = (x - 4)ix + 4% HCF=x+4  {iv) LCM =x(x—2)(x’ - 9), HCF=x 3

4. +(4c'+1) 5. 3 vears or 5 years
((exercisesa)

b 3 b .

& X =— -f-l-—r-l—r-l-—-l—-—h—!—-—rrl—-l-—l-—-l-} = = -'i:—i—l-'-'l-'-l—I—I—I‘—'I—'l—'l'—'-'l-:’I
1 {1] X 3_.;; - S A | it a n [4 {"} X 54 T, LS | R LT[ [ T - | S [ SR [
By oo vom v oow e e el SRE G BE o
{1m1) -'t__;{—l . R _+|'- ] 3 i o4 {""‘} —H —hn = =2 |_I’,'. 2 4 6 8
V) r=-l4 by (Vi) x =06 ——————+ —

IR SRR S B L T (T | 8
£ ] . £ -]
2. (1) x=4t—t—t—t+—+—t+—4+—+ (1) 3 < T i
- == =2 0 I 4 6 8 -H —=Hh =4 =2 g0 T 4 a6 R
—————————% B ;
(i) xz0et+—+—++4+—t++++> (iv) x< 10
§ 642 0 2 4 § 38 —0-15-11-5 § 5 10 15
z‘f ? N - &
(v) x<§<—|—l—l—l—l1+ﬂi—l—l—l—> (vit x<0 e—4+—+—+—+++—+++>
~4 =3 =2-1 g1 2 3 4 Ja agal 5 1 3%
.
i, F— i :; X
(1) { (11) 4
B (aGy | L)
h
ol —]
Bt | {3l
AT B
; [E] [ T
X' - X g —1— L = -
A | T
|
|
|
Y 4
¥ ¥
H _1_-
(i) i (iv) 1
.l
A
.'f? s
Ty ':u.l
P e X # AT
T T T T 1A i 5
i B A | "rﬁ\:

= -
]
.
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A
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Answers
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{(exercises2))

1. Maximum at the corner point (16, 12) 2. Maximum at the corner point (0, 5)
3. Maximum at the cormner point (1,2) 4.  Minimum at the comer point (), 3)
(2 20
5. Maximum at the cormer point iy
R I

6. Maximum at the corner point (3.0) and munimum at the corner point (0,3)

@ REVIEW EXERCISES )P

Liiye (e {ui)e (iv)d {vyb  (vitb (viDb (viije (ix)b (x)b

1 ; 1
2.() s=—o 4P - s P
(TR SE R S T T T T N e o o T o e S B
L N ¥
3“} N A ['I'I:I [ v
=N 1T TR T =
#q\. | g }
k : .#. : - |
LH s b | i
&y T = 4'!'“' r T e - : ::‘I'\“:I
#.4 |
|| ankale] | z
A \ .
.,.r"f \'t 1
. r4 | | | | i
Y L Y ;
; ¥ y o ¥ :
4. Maximum at the comer point (0, 4). 5. Mimmum at the comner point (2.0).

{( exercisesa )

. (i) 1% () 2 (i) 4™ iv) 3 (v) 3
T ) 123°27° 216" (i) 58°47 20,76 (iii) 90° 34" 4.08"
(i) 65.5375° (ii) 42.3125°  (iii) 78.76°
n n In
4. (D ;rad {ii};:" {iii]*ﬂ—md 5. (i) 11.25° (i) 396%  (ii) 210°

6. (i) (a) 6.28cm (by 1884 em* (i) (a) 4 cm (b} 3.06 cm?
7. 6283 cmf 13.89% 8. 25% 9, 10x, 5em

(( EXERCISE 6.2 ))

1. (a) (i) : (11} 2 (iii {1v) ]' [ { :I (vl - (i 2 (x) :
s @y — () — (1) — (v) = (v 1.1] — {viil— (wiid — Xl — (x) —
5 5 J 3 3 [ 3 3 J 4 5

_ . B oo I8 o B oo LT I.' B i lf- vir o 8

by (1) — (u) — () — {1iv) — (¥} — (vi) — (v} — (v} — (1) — (x) —

17 17 | 5 15 by 15 by 15 by 17
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i o o 3 |3 K] 5 12 13 13 5
() (i) — (i) — (@i} — {n} p— {v] —  (vi) = (vii} — (viii) — (ix) — (x) —
13 13 12 2 13 ] 12 13
2 M = Gi) = (i) — (M = W= ()=
. 1 — 11 — Hny — 1¥)] = V= L R
b b a b b c
4. (1) cos60” (1) s 60° (m) cot 607 (v} cot 30° (v) cos 30° (vi) sin 30° (vin) cos 457
g : - ; o e R, 41 ) h a
(vinn) cot 45% (1x) s 437 5 ) — )= ()= {Ov)— (v) —
il N o Pl o
; 2
R st emien? pE
h il e & a
((exercisesa ))
| 5 2 3 V5
1. (i) costh=— | fan#=—=, cosecl=—, HL.L.H=— Co —
3 5 2 5 2
7 7 4 4 3
{i1) sin £.m:1[l' £.msec{! —  secll=—,cotl=- —
4 3 J7 3 7
1 2 5
{1i1) sin b = \F,mﬁﬂ— Leosec 0= wﬁ 3&50—% cot =2

{iv) sin = Jeos b= — lanb= 242, coscc B = col =

3 3 zxr wr

, E 3 f ! 5
(V) sinb= [— . cosfl= [—.tan B =, [—, cosecH= Jsecl=,[—
] 3

(( EXERCISE 6.4 ))

[ 3 3 | 3 3

By = (i) — (111} JJ_ (v} -Jq vy 2 (vi) — Wii]£ Eviii]£
2 2 3 2 3 2
23 2 2

{ix) J_ (x) 2 (X1} £ (i) —
3 2 2

B 3 1 3

2. (i) : (i1} T {111} EﬂE (v} | iv) O (vi) a (i) - (viu) 2

3. ()0 (i) T (it} 2
2

{(exercise s )

L (@) .r=%,:=% (i) r=+3, 2=+/6 (i) x=Ly=3 (V) x=4 2=42

2. (i) b=4,4=2564° C=064.306" {ii} & 4~\E..ﬂf' C=43" 3. 60y2m
4, a=3cm, b=6cm, m=A4d=30° 5 b=38+2 cm,c=8cm, m=oA =45°
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6. b=6+5cm msA=634" msC=266° 7. b=Rcm,a=4+3cm, m=T =3P
8. a=2cm,b=3cm, msC = 60" 9. (i) e=8cm, mod=369% m=C=53.1°

10. 12km 11 Sv":': 12, 7.75m 13, 8m 14. 16 cm, 5 cm

{(exErcisess )

1. 6928 m 2. 289 cm 3.35:°7° 4. 11.55m 5. 806.6m . 449 97 7. 33.609°
B. B74dm 9, 251.7m 10, 91,92 m

Q(reviEw ExErCISE6)))

B
'

1. (i) d (myb (ija (vib (v} c (vibb (vidd (viija (ix (x) 1|
2. (a) (1) i (i) i (i <. raci by iy 1277307 i) 105° (i) 123°4
. (A [y — i i1y — radians Dy )y 1277307 (0 5% (i 3745
12 240 24
, 3 - 3 i 3
4, () sin0=— (i) cos®=— (i) tanl=— (iv} escb=— (v) secO=—
5 5 4 3 4
: 4 : .
{vi) coltb=— &5 5642m 6. 906 m
((=xErcse71)
I. (i) Right hall planc {11} The 1" quadrant (i) veuxis  (iv) x=uxis  (v) 4™ quadrant
and negative v-axis  (vi) Origin (vii} It is a line bisecting 1* and 3" quadrant.
(vii) The set of points lying on and right side of the line x =3,
(ix) The set of points lying above v-axis. (%) The set of points in 2™ and 4™ quadrants.

2. 1) 3«!’1_3 {i1) 4\;@ {jii‘,lw"S_l {i»-}ﬁ 3. (i) (a) 5@ (h) ::«J'ﬁ
240109 [I -3
3

; 70
—,—) (b} (-3, 1) (<) [—2 5,— |
2D =

(c)

4, (w“ Tﬁ,?) is at distance of 13 units from the origin, 5 (Notreguired) & h=10

7. h=1 8. C(0,-3): radius = 'u'il.r:l 0. H=-10orh=6 10. (Notregqured)

(( Exercise 7.2 ))

. {(im=1,a=45° (i)m=-9a=96"20" (ii)m=o0e¢=90° 3 (i) k=-11

23
(i) k= ? 5. (a) lines are neither parallel nor perpendicular.
(b) lines are neither parallel nor perpendicular. 6. (a) »+9=0 (byx+5=0

(c) Ix—p+47=0 (d) y+3=10 el x—8=I0 H x-T-16=0
(g) Sx+p+7=0 (h) 4x-3w+12=10 (i) dx+34+9=0

7. dx+2y-37=0 8. 2e-3-10=0 9., 24x+y-259=1
. | 11 " X ¥ . . . 11
10. (a) (i) y=—x+— (i) —+-—=1  (iii} xcos (116.57%) + ysin (116.57°) = —=
174 —11 11 25

2 4
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11.
12.

rh

1.

| B

b) (i) Youl @ Zal (i) 60.26%) + v Sin(60.26%) = —=
by (i) yv=—x+— iy —+ == iii) x cos (60.26%) + v 5in{60.26%) =
777 1 J65
2 7
e g | R 3
() i) y=—x~— (ii) —+—=1 (iii) xcos (298.07%) + psin (298.07%) = —
5 5 3 3 17

B 5
{a) Parallel (b} Perpendicular  {¢) neither parallel nor perpendicular.

2x-Ty+57=0 13. x+p+3=0

(( Exercise 7.3 ))
J85 = 922 km 2. (10,5 3. /61~ 7.81 miles 4. /89 = 9.43 km

3,2y 6. (57 7. 4420=215unit 8 26umls 9. 1045 = 22.4 unit
Perimeter = 20 units 11, 16 unils

(( REVIEW EXERCISE 7 ))

() ¢ (i)a (b (vIa (v} b {vi)a (vidb (viila (ix)c (x)d

£ 4 2
23| —1—) 4, 5. y=2+1 6 =
v 2 3 % 3
- . = u 1
97 = 983 miles 8 (6,35 9 5,414'13 = 14.4 units 10. (a)y=-3x+2
. p=d 5] ¥ X ¥ Ix 2
{b) ¥—2=3(x1) (c) = () —+-=1 (g =
o, 2 2 10 10 410

(B * cos(—T1-56% + X gin(~71.56%) 3

@(REVIEW EXERCISER)))
{da (u) d (i) ¢ (iv)a (v b {viya (vil)e (vin)b (ix)c (x)

((exercisear))

Similar 2. DF =8cm., EF =10cm 3. {()x=808 (i) x=4, (iijx=45 4. 1833cm

2 I = 5
7.01m 6. x=10=cm.y=8cm, z=13—em 7. CE=I15cm 8 32em
3 3

{(exercise92))

(i) 1:9 (i) 9:16 (i) 4:49 (iv) 64:81 (v) 36:25 2. (i) B6.4cm’
(i) 106. 67cm* (iii) 7.03125 cm®  {iv}125em® (v)T7em 3. (a) 100 cm®

" = 5 . 4 ;
(by6dem® 4, 450em® 5. SSem’ 6. 1024em® 7. — 8.22.5cm’ 9,289 cm’

((II:;IXERCIS £9.3)) 5

(i) —; 4, (Y 602 cm® (i) 62.5 cm? (iii) 2744 cm® 5. (1) 42.67 inch?

27 2
i,
B 3
(i) 810 em? 6. 32m* 7. 18Otiles .1 gallon 9, 20 litres 10, 4.5 m’

((m XERCISE 9. 1))

(i) 1440 iy 1200 (i) 727 (iv) 10 sides 2T13cm 3 ZDAB = N ZABC = T

ol
3.(i) —
3
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LZBCD=110° £ZCDA=110° 4, The shape can tessellate, with interior angles summing to 360°,
5. 600 reflections needed to cover the square. 6. Total shaded area after 5 iterations: 85,25 square units,
7. 180 tiles needed to cover the floor, 8. | zallon of paint needed for the wall.

9, 20 liters of paint needed for the wall. 10, Area of the trapezoidal window: 4.5 square meters.

@ rREVIEW EXERCISE9 )

. (i) a (i) b (i) b {ivid (vic (vi) d 3. 41,81
4. (a) 1100 (b)) 1:1000 (¢) 1:10 (d) 1:1 5. 3.375 liters, 8 liters
6. 125 malhiliters, 216 milhiliters 7. (a) 1:50b)y 1125000 fcy 3em fd}?ﬁﬂﬁcm"
8. (a)12:13 (b) 17282197 9. 41.57 m?, 42 tiles 10. 2.8m°
€( Exercise 101 )
1. (i) y=3x-3 (ii) y=-Ix+4§
<14 ‘ 2}
3 5
6 4 =2 0] 2 g
{(in) y=x+2y —5x-6
- : 1 P
_5_4_3_1_|n/1.45' HEPN
05 - /\
5 [ ‘-1.5 25 -1 -1}5-I%0ls 0
-3
425
3 -8
3.5 i, LN
(i) y=x+x-2 (1) y=x+i¥+2x
ey 1w
& S
[} fr
4
2 - - 2
2 ¥ X 4
T SNCT 2 3 347 ey _1ls_| b M5 | 115 2 25
_/[ 1 257 _15_1 0 !
4 4
# =
8 8L
Ty
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{i\-’} _].'—5.1'1 —2x=-3 i U::' Graph nf}.‘:.{r
F 9 _1-'
14 i fl
12 6l |
10 ) I.'
! 40 f
f !
4 30 /'
2 M
-5—4—3—2—1{/ T3 4 3 10 /
. - x ) X
+ >—o—o 0 >
—4 i i =" R T e ot T A B T R
-
() Graph ofy =57 i} s
B . ¥ x—-3
| ki
| 0] 1
| .
| 60 | 8
|I G
I|I 50 | Vertical 4
\ 40 | Asymplotle 3
\ |
” 30 -0 -8 -6 —4 -z_f\i\
5\ 20 R | Hortzontal
1 E & Asymptote
.'-l.'I X g
¢ o o
-3 -2 -1 0 1 2 3 4 5 G {1
{iv) ym ¥ (v)
10 y=x
8 = < R
fr
4 H
— W] 6
_10 -8 -6 -4 2 2 4 6 8 10 T
#
. i
M 1 2 3 3 3 6
8
1
_—— m  —
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vl I+ (wii
{vi) e T T 1 )
B
fl' |
4
x x
4 L
—4 —j;? I 2 3 4
=6
=H
_“}u}:l |
{( exErcisE 102 )
1 2.
y=2¢ 4x+3
4
1
3
2
1
-4 -3-2-10 1 2 3 4 % 6 fy
Cradent =4 | ik
¥
Gradient =7
i = 100e™ 4.
F Y -l|p
12403 . . . . . _ _ 500
o f - - { 10k
B0 . ~sap
o] '1}
P 50 150 200 2650 300 g
iy Lsan
20 —Hi¥N
0 - — ' ® | iS00
Wil M7 20E NG 00 2021 02T 2027 W24 2005
L 3

A 273 A



Mathematics - 9 Answers

{b) From the graph, students’™ strength in 2019 is
approximately 50, and in 2023 approximately 1.

5. S(x) = 43000 + 4500x B (a) x=H bags
¥y {b) Profit=Rs 6300
100000 (c)h ty
ket M Break-evenpoint | Loy |
60000 i \' A
2000 T
40000 T T
X
1 - =
0000 < 0 10 20 30 40 50 60 70
E Clx)= 1500 + Wy + 01 24
0 1 2 3 4 5 6 g rF Y1
] . . p ] 24t 1
Shald’s salary mercases hincarly wath years of
__ : : 4 4 ECT
service and rises by Rs. 4300 for every year. il
T- JL_]_‘ : :
i T
mi 12006
TG
il B
a0 il
20 10
: il
> X
of 2 4 8 10 12 14 16 o 000500 40
Profit for 500 newspapers = Rs, 4930 Cost of 200 shirts = Rs. 11500

@(REVIEW EXERCISE 10)])
1. (i) d (e (i) ¢ {iv) a (v} a (vi)b (viDya (viibd (ix)b (x)b
. @ | u - (i} y= :

x+7
JI:“'

L 274



Mathematics - 9 Answers

200000
HRO000
HaEHIOG
LRG0
120000
HOCHO0

80000
HOOO0
ARG
200060

X
o' 10 20 30 40 50 60
{(b) Fort=35,5 = 44239 84 and [or 1 = 35,

5=1652452
4. (b) y= 15— ¢ 5.
F 1 ¥
lag] |
-
¥ X
T = o T
II
d
-5 I 2 3
vy
. “.I” . & ¥ h@".—
— 1100 T HOEEH] — '.;{;‘ I:‘m*_z_:‘m

BOODO|— Syt

G H) ey \ i

il O (63.75790)

IO 1 Break-sven pount

X
ol 20 40 60 80 100120140 160 180
Profit = Rs. 35000
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(: REVIEW EXERCISE 11 ))

I. {10 b {(un}a {(mjec {(vhla (v} a

1. ()53

{vi)a Ovudb (vindd (x)c (%) c©

( exeraise 121 )

|

[H

el 2 S LN [ | QR g O L

[}

Total

nf=30

4. |Class limits

Tally marks| f

33-38

39 44

45 50

==

I
WM |5

3l - 56

s

34 b2

=

Total

0

0. | No. of heads | Tally marks F
5

[

M )
Lol Y

A

I
2
3 LN 14
4 LI )
5 m G
Total yf=50
R, Frequency polygoen on histogram
T ' — S
A |0 xaxis 2 hoxes=3 ynils
T PO -axs .| hax =1 wml .
£ 7 -
: ==
1 ' /
g4 '
Z3 '
)
I L }
X
[ B TN AR RERERE
b Boundaries [

(i) 39 (1136 (iiGand 15 (V)3 (vi) (24 - 28) (vii) 44  (viii) 44
2. | Class limits | Tally marks
44 — 146
147 - 149
150 - 152
153 - 135
136 138
159 - 161
162 164
165 - 167

Class limits | Tally marks I
15-19 | 2
20-24 I 3
2520 H 5
30-34 o 10
35 39 M| fi
40 — 44 I 4

Tuotal Ef=30
BRI Froguency gidyzim on bistogram

e ]
0n xr-zoctis: I hopper=d umits
Clin p=dinsd” 1 e =5 amiits

- /7\“{_.— e

NI
i W5 145 W5 | 145 s | 5 #E o=

| |Class Bounduries | |

B tistogram of marks ohesined by students

.‘.-.
UK Un v 2 boes=5 mmats
On y-amie: 2 hooper=1.5 unit
|2 Sl
E.. I—
i
Zhsl || —
- | |
|
L |
| |
- |
L
| X
[ IHEDE GRS >
Class Boundaries

{( exercisen22 )

1. (11667 (n) X=0 {111} X=14.04
(v} X =14.57 2. Median height = 56.5 inches
3. (i) X=92.1 (i) X =90 (iii) X =90 and 95
4, () If=84, TX=2223, X =2646

(i) Median=26.64, ./ =9, 27, 62, 79, B4

5. Mode=17.44
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6. X =Rs.437, X =Rs437, X=Rs 425, Rz, 435, R5. 450 7. Ex=3600
. Mean = 4.20, Median = 4, No mode 9, Mode = Median > Muode
10. Median = 15, Mode = 15, Mean =152 160 = 1565 > 134.33

11. Median = 16.11, Mode = 17.25, Mean =15.70
12. 266 years,11 months and 10 days, average age of 19 boys = 13 years, 3 months and 4 days approx.

13. () X=190 (i) X =710 Ry X=40 (W) X198
14, (i) Xouw=T0 (i) Xoun =586  (ii1) X oo =40, Haris will get awarded amount.

15. () X=21.17 16. X=54.13 17. X,=Rs12074 18. X.=Rs20.25 (in thousands
19. Average budget = 6.6 (million) 20, I"., = 76.9 marks

@(reviEw ExerCiSE 12))
L. ()b (pa (m)d (v)a (vid (vi)u {(vii} ¢ (vin) d (ix) b (x) a

1. I::lll [ Frequency table iaking siee of class limits ax 18 iL'l-:I ETT Mistuzram of weight of 40 siudenis
i Class Tally i ¥ [ i
1 1 | O
limits marks i i | { rzn — E'::m'-—ll'!‘lmlllzl_
119 125 |= 4 :: | | | n el e = T nmils]
[29— |38 H | 7 — L N RN 0| N R N NN ]
139 144 | B |‘}\ If 13 i 1
A
149158 | #L ]| E] Rt ]| |
159 - 168 | 5 i
69— 178 | | 2 : [ i  HEER
Total =40 [ THR=T RS ;:f:mlr:::“:ilﬁ 1A | IR
D ¥requency palvaon of weighd of 40 studenis i D Froquency pulygan an bisheram
(©) P RN EESE RO ’ XL | | oy

el
L0 T-axis 2 banas=l unis
40N j-axis | b =2 unns

L%
e

: |
= e
R B

Adjiisred I"I'qul!-ut |
& &

= m & =

K] LELS | 1054 1454 BARS | DS [Th% | > 495 (583 WA WA s T TA ER
| Claws Hounddrics

Milfprass |

5 () 44 () 195,245,295, 34,5, 395,445 (i) 22,27, 32, 37,42, 47 (iv) 5

6. I Fremnes pudsens an hisregram 7. Rs 4738
¥ L | Sl !5 8. The average of funds allocation in each
It O /\ (i i | b s | sector is Rs. 10,000
4 2 \ EEEE g, B0 marks 10, 108 kg
e AREE / \ N 11. Median = 6, Mode = 6
_f: ! {r 1 12, Mean = 218,09, Median = 940,44,
: __,_[ \/7\ Mode = 958,33
[¥ .-l_j.!._-’.l-la W5 1 ma TP
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((ExercisE 13.1)

Answers

2 L i1 I I 4 T 1 2 & o
. = 2 {)— {ii}y— {uw—- () - I n— i — i) —{iv) — () — (vi) —
3 “]2 S A : EL £ B B I[ 11 H{}ll : ]I{ Il
4. Pilgetting 3 or 4) 1 Pinot getting 3 ar 4) 2 5 (i) I {ii) l (i} H {iv) L { ]-13
" etting 3ord4)= — |, Plnot getting Yar4l= = 5 (i) —{ii) — (i) — iv) — v} —
. ¥ 3 i ¢ 1 20 5 A 15 15
I 1 1 11 5 | 11 | 3
a. 015 7. i i (ini [iw [+ L A i 9, il i
fjl=1 [}-.r: J: ']ii {}: 13 ( 13 ['13 {]4
{(exercise 132))
1. 3 Mo, ol 3.
I:m E: K it defective r v X i r.f
ent per sample
il 1 |
0 il 0 124 L] 10
147 25 1]
15 K ]
1 30 1 1441 —~t I 23
147 5 1
Py 47 i
2 87 — 2 4 7 15 Chi,
G 375 20
. 17 |
3 40l ! 3 HA 3 23 -
147 1510 4
L& 21 Q
) 32 1 105 e 4 18 =2
147 130 S0
= S . 1 u
3 15 3 50 ] e
93 15 T
6 10 - 5 40 2 Total | 5= 100
147 15
33
Total | =294 7 o6 e
150
|
bt bt .
15
Total ¥ =750
4. (i) I (i) 20% (i) fresh juice  (iv) birvani 5 [ 3H.H9 = 139 6. Rs 60
X 0 I 2 3 4 5 f
PrX) 0.11 0.21 417 013 .09 017 0.07
Expected Frequency 22 41 34 3 18 34 14
((RE‘VIEW EXERCISE !3)) _
; i : ]
. (e (mybh (e (Wla vda (vide iviipb (wiiyc (ix)d (x)b 3.() —
23
i 3 5 45
{ii) ; (it} ;_3 {iv) Lr_': i) E 4. (i} [II]-I2 l!-ll'l]'; |:11+]'-3 5. (i) ]]3 i1} i:
. Mo, of tails i l 2 3 4 5 4] Total
r 10 a0 105 B 10 123 ¥l Zf=a00
Reatve | 0 [ 3 | 1 | 2 [ » | & [ 2
Fregquency il il 40 15 150 20 75
7. Relative frequency = ﬁ = 1154
Expected frequency of non-defective items = 17
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Glossary

Antilogarithm: An antilogarithm is the inverse operation of a logarithm.

Axiom: An axiom is & mathematical statement that we believe o be true withoul any evidence or
requiring any proof.

Biconditional p « g: The stalement p — ¢~ g — p 15 shorily wrillen as p +— ¢ and is called the
biconditional or cquivalence.

Binary Relation: Any subset of A x B 1s called a bmary relation, or simply 2 relation, from A to B..

Centroid: The pomnt of concurreney ot the medians of a tnangle 15 called centrod of the mangle.

Characteristic: The characteristic is the mtegral part of the logarithm. 1t tells us how big or small the
number is.

Circular Measurc (Radian): It is defined as. “the angle subtended at the centre of a circle by an arc
whose length 15 equal to the radius of the circle™.

Circumeenter: The point of concurrency ol perpendicular bisector of the sides of a triangle 15 called
circumcenter.
Common Logarithm: The common logarithm is the logarithm with a basc of 10, It is written as log,

or simply as log (when no base is mentioned, it is usually assumed to be base 10}
Conditionals related with a given conditional: Let p and ¢ be the statements and p2 —» ¢ be a given

conditional, then

(1) g — p s called the converse ol p — g
(ii) ~ p—» ~ ¢is called the inverse of p — ¢
{111} ~§ —» ~ pis called the contrapositive of p — g.

Conjecture: A conjecture is a mathematical statement or hypothesis that is believed to be true based on
observations but has not vet been proved.

Conjunction: The conjunction of two statements p and g is symbolically writlen as p A g (p and g).
A conjunction is considered to be true only if both statements are true.

Deductive Proof: Deductive reasoning is a way of drawing conclusions from premises believed to be
true. If the premises are true, then the conclusion must also be true,

I'I- 1h
Degree: A degree (%) is a unit of measurement of angles, It represents L— of a full rotation around

360
a point,
Disjunction: The disjunction of p and g 15 symbolically written as pw g (p or g). The disjunction
P g is considered to be true when at least one of the statements is true. It i1s false when both of them

are False.
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Domain: The set of the first elements of the ordered pairs forming a relation is called its domain.

Event: The set of results of an experiment is called an event

Expected Frequency: Expected frequency is a measure that estimate how often an event should be
occurred depended on probability.

Experiment: The process which generates results e.g., tossing a coin, rolling a dice, ete. is called an
experiment.

Favourable Qutcome: An outcome which represents how many times we expect the things to be
happened,

Feasible region: A region which is restricted to the first quadrant is referred to as a feasible region for
the set of given constraints,

Feasible solution: Each point of the feasible region is called a feasible solution of the system of linear
imequalities {or for the set of a given constraints).

Frequency Polygon: A frequency polyvaon is a closed geometrical figure used to display a frequency
distribution graphically.

Implication or conditional: A compound statement of the form § p then g also written as p implies g 15
called a conditional or an implication. p» i3 called the antecedent or hypothesis and ¢ is called the
consequent or the conclusion.

Incentre: The pomt of concurrency ol the ungle bisectors of a tnangle s called meentre of the nangle.

Linear Equation: An equation of the form ax + b = 0 where "o’ and "5 are constants, o =0 and *x" is a
variable, is called a linear equation in one variable,

Linear Functions: A linear function s a polynonnal funchon of degree 1.

Laoci: A locus (plural loci) 15 a set of points that follow a given rule. In geometry, loci are often used to
define the positions of points relative to one another or to other geometric figures.

Logarithm of a Real Number: The logarithm of x 1o the base b is v, means that when b is raised to
the power v, it equals x. The relationship between logarithmic form and exponential form is given as
log(x)=y< b =xwhereb=0,x>0and b £ | ..

Logic: Logic is a systematic method of reasoning that enables one to interpret the meanings of
statements, examine their truth, and deduce new information from exasting,

Mantissa: The mantissa is the decimal part of the logarithm. It represents the "fractional” component

and is always positive.

Measures of Location (Central Tendeney): The measure that gives the centre of the data is called
measure of central tendency.

Natural Logarithm: The natural logarithm is the logarithm with base ¢, where ¢ 15 a mathematical
constant approximately equal to 2.7 1828,

Negation: If p is any statement, its negation is denoted by ~p. read *not p°, It follows from this definition
that if p2 is true, ~p is false, and if p2 is false, ~p 15 true.

Non-negative constraimts: The variables used i the system ol linear inequalities relating to the
problems of evervday life are non-negative and are called non-negative constraints,
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Non-Terminating and Recurring Decimal Numbers: The decimal numbers with repeating a pattern
of digits after the decimal point are called non-terminating and recurring decimal numbers.

Objective function: A function which is to be maximized or minimized is called an objective function.
Optimal solution: The feasible solution which maximizes or minimizes the objective function 15 called
the optimal solution.

Orthocentre: The point of concurrency of the altitudes of the triangle 15 called orthocentre of the

triangle.
Outcomes: The results of an experiment are called outcomes e.g., the possible outcomes of tossing a
coin are head or fail.

Point of concurrency: A point of concurrency is the single point where three or more lines, rays or line
segments intersect or meet in a geometric Agure.

Problem comstraints: The svstem of linear inequalities involved in the problem concerned is called
problem constraints,

Range; The set of the second elements of the ordered pairs forming a relation is called its range
Relalive Frequeney: Relative [requency is an estimaled probability of an evenl occurring when an
experiment is repeated a lixed number ol limes.

Sample Space: The set ol all possible oulcomes ol an experiment is called sample space.

Scientific Notation: A number in scientitic notation 1% written as: a=< 10, wherel <g< 10andr € 7.
Here “a ™ s called the coctheient or base number.

Similar Solids: Two solids are said to be similar if they have same shape but possibly different sizes.
Two solids are similar 1f lengths of the corresponding sides are proportional.

Similarity of Polygons: Similar ligures have same shape bul not necessarily ol same size.

Slope or Gradient of a Line: The measure of steepness (ratio of rise to the run) is termed as slope or
gradient of the inclined path.

Square Root of an Algebraic Expression: The square root of an algebraic expression refers (o a value
that, when multiphed by itself, gives the original expression.

Statement: A sentence or mathematical expression which may be true or false but not both is called a
statement.

Terminating Decimal Numbers: A decimal number with a finite number of digits after the decimal
point is called a terminating decimal number.

Tessellation: A tessellation is a pattern of shapes that fit together perfectly, without any gaps or overlaps,
covering a plane,

Theorem: A theorem is a mathematical statement that has been proved true based on previously known
facts.

Triangle Inequality Theorem: The sum of the measure of any two sides of a triangle 1s always greater

than the measure of the third side.
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Symbols / Notations

Symbols Stands for Symbols Stands for
= 15 equal to W Lor all
# 15 not equal to n pi
(S belongs w/element ol & euler constant
& not belongs to/not element of 8 degree celsius
A logmieal and F degree fahrenheit
v logical or log logarithm
L URIOH In natural logarithm
ﬁ intersection AB line scgment A8
is greater than s Al measure of line segment 48
“ is less than AB ray AB
= 15 less thun or equal to B line AR
> is greater than or equal to ZABC angle A8C
* 15 not greater than AR measure of angle ABC
+ 15 not less than AABC triangle ABC
| such that E| length of A8
c subset Al arc A8
T not a subset I 15 parallel to
= proper subset # 15 not parallel to
2 superset L 15 perpendicular to
e not a superset — if . . . then or implies
& or{} empty sel 0 theta
therefore/so i phi
since ] alpha
= is approximately equal to c degree
- 15 similar to telly mark
= implies that X arithmetic mean
= if and only if e weighted mean
|.1-| absolute value of x ¥ median
square rool ¥ mode
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y Difference
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Mean Inetteremce
v : o : 24 3] ® . G R i T o e e
55 | vl | TAIE | VIS | T4ET | V43S | TAAL | P45 | TASY | Tde6 [ AV |1 2 213 4 5|5 & 7
Ap | T4E2 | T490 | 497 | VE05 J513 | 7520 | VRS | TS3e | TRHAA | VE51 1L 2 3|3 4 5|5 4 %
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